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A THEORY OF DORMANT OPERS
ON POINTED STABLE CURVES
— A PROOF OF JOSHI’S CONJECTURE —
YASUHIRO WAKABAYASHI
Abstract. In this paper, we develop a general theory of opers on families
of pointed stable curves. After proving various properties concerning the
moduli stack classifying pointed stable curves equipped with a dormant
oper, we give an explicit formula, which was conjectured by Kirti Joshi, for
the generic number of dormant sln-opers.
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Introduction
Joshi’s conjecture. (cf. [J1], Conjecture 8.1)
(1) deg(Op
Zzz...
sln,X/k) =
p(n−1)(g−1)−1
n!
·
∑
(ζ1,··· ,ζn)∈C×n
ζ
p
i
=1, ζi 6=ζj(i6=j)
(
∏n
i=1 ζi)
(n−1)(g−1)∏
i 6=j(ζi − ζj)g−1
.
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We shall explain what is displayed just above. Let k be an algebraically
closed field of characteristic p > 0 and X a connected proper smooth curve
of genus g > 1 over k. Suppose that p > C, where C is a certain explicit
constant depending on g and a fixed positive integer n. It is known (cf. [JP],
Theorem 5.4.1 and Corollary 6.1.6) that the moduli functor Op
Zzz...
sln,X
classify-
ing dormant sln-opers on X may be represented by a nonempty finite scheme
over k. Toward a further understanding of this k-scheme Op
Zzz...
sln,X
, Kirti Joshi
proposed, in [J1], the conjectural formula (1) displayed above, computing the
degree deg(Op
Zzz...
sln,X
/k) of Op
Zzz...
sln,X
over k. Here, the sum in the right-hand side
of the equality (1) is taken over the set of n-tuples (ζ1, · · · , ζn) ∈ C×n of p-th
roots of unity in C (= the field of complex numbers) satisfying that ζi 6= ζj if
i 6= j.
0.1. Before preceding, recall that an “oper” (or, a “g-oper” for a semisimple
Lie algebra g) is, by definition (cf. Definition 2.2.1), a principal homogeneous
space (in other words, a torsor) over an algebraic curve equipped with an
integrable connection satisfying certain conditions. Opers on an algebraic curve
over C play a central role in integrable systems and representation theory of
loop algebras. They were introduced in [BD1] in the context of the geometric
Langlands program, providing a coordinate-free expression for the connections
which appeared first in [DS] as the phase space of the generalized Korteweg-de
Vries hierarchies. Opers on a fixed proper hyperbolic curve XC over C form an
affine space, modeled on the base space of Hitchin’s integrable system on the
cotangent bundle of the moduli space of bundles.
Also, various equivalent mathematical objects, including certain kinds of
differential operators (related to Schwarzian equations) between line bundles,
have been studied by many mathematicians. For example, sl2-opers were in-
troduced and studied, under the name of indigenous bundles, in the work of
R. C. Gunning (cf. [Gu], § 2). One may think of an indigenous bundle as an
algebraic object encoding (analytic, i.e., non-algebraic) uniformization data for
Riemann surfaces. Moreover, it may be interpreted as a projective structure,
i.e., a maximal atlas covered by coordinate charts on XC such that the tran-
sition functions are expressed as Mo¨bius transformations. Also, one may find,
in the work of C. Teleman (cf. [Te]), the objects corresponding to sln-opers,
under the name of homographic structures.
In the case of characteristic zero, we refer to [Bi], [BB], and [Si], etc., for fur-
ther studies of sln-opers, and moreover, [FB], [Fr1], and [Fr3], etc., for reviews
and expositions concerning g-opers in C (for an arbitrary g).
0.2. In the present paper, we study g-opers in arbitrary characteristic, i.e.,
including the case of positive characteristic. Just as in the case of the theory
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over C, one may define the notion of a g-oper and the moduli space classifying g-
opers in characteristic p > 0. If g = sl2, then various properties of such objects
(over families of pointed stable curves) were firstly discussed in the context of
the p-adic Teichmu¨ller theory developed by S. Mochizuki (cf. [Mz1], [Mz2]).
(In a different point of view, Y. Ihara developed, in, e.g., [Ih1], [Ih2], a theory
of Schwarzian equations in arithmetic context.) Also, for the case where g is
more general (but the underlying curve is assumed to be proper and smooth
over an algebraically closed field), the study of g-opers in positive characteristic
has been carried out by K. Joshi, S. Ramanan, E. Z. Xia, J. K. Yu, C. Pauly,
T. H. Chen, X. Zhu et al. (cf. [JRXY], [JP], [J1]).
One of the common key ingredients in the development of these works is the
study of the p-curvature of the underlying integrable torsor of a g-oper. Recall
that the p-curvature of a connection may be thought of as the obstruction to
the compatibility of p-power structures that appear in certain associated spaces
of infinitesimal (i.e., “Lie”) symmetries. We shall say that a g-oper is dormant
(cf. Definition 3.6.1) if its p-curvature is identically zero. The diverse aspects
of dormant opers are our principal objects of study in the present paper.
For example, if the underlying curve X is as introduced at the beginning
of the Introduction, then the dormant sl2-opers on X correspond, in a certain
sense, to a certain type of Frobenius-destabilized vector bundles of rank 2
(cf. [Os2], § 4, Proposition 4.2). This correspondence gives us an approach
to understand the Verschibung map between the moduli space of semistable
bundles. Also, it follows from work of S. Mochizuki, F. Liu, and B. Osserman
(cf. [Mz2], [LO], [Wa2]) that there is a relationship between combinatorics
concerning rational polytopes (and spin networks) and geometry of the moduli
stack of dormant sl2-opers.
For another example, the sheaf of locally exact differentials on X may be
obtained (cf. [Ra1], Remark 4.1.2) as the sheaf of horizontal sections of a certain
dormant sl(p−1)-oper twisted by an integrable line bundle (or, in other words,
a certain GL(p−1)-oper (cf. Definition 4.2.1 (i)) with vanishing p-curvature).
It has remarkable features, as well as profound importance. Indeed, the theta
divisor associated to this bundle (cf. [Ra1], Theorem 4.1.1) gives information
on the fundamental group of the underlying curve. It leads us to the sort
of phenomena studied in anabelian geometry for hyperbolic curves in positive
characteristic (cf. [PS], [Ra2], [Ta1], [Ta2]). (But, we note that the phenomena
studied in the cited references is mostly related to the theta divisor of a certain
vector bundle and not based on properties of the oper structure on this bundle.)
Thus, dormant g-opers occur naturally in mathematics, and hence, the fol-
lowing natural question relevant to such objects may arise:
Can one calculate explicitly the number of dormant g-opers on
a general curve?
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On the other hand, in the context of the p-adic Teichmu¨ller theory, it is also
worth studying g-opers with nilpotent p-curvature, which will be referred to
as a p-nilpotent g-oper (cf. Definition 3.8.3). I. I. Bouw and S. Wewers set
up (cf. [BW]) an equivalence between indigenous bundles (i.e., sl2-opers) with
nilpotent p-curvature and certain deformation data. This equivalence allows us
to translate the existence problem for such deformation data into the existence
of polynomial solutions of certain differential equations with additional prop-
erties. In [Hos], Y. Hoshi obtained an advanced understanding of indigenous
bundles with nilpotent p-curvature in characteristic three, including a complete
list of them (cf. [Hos], Theorem 6.1) for the case where the underlying curve is
of genus two. But, in the present paper, we focus mainly on dormant g-opers
rather than g-opers with nilpotent p-curvature.
0.3. We shall review previous results concerning the explicit computation (i.e.,
the answer to the question displayed above) of the number of dormant g-opers.
All the results that have been shown previously are of the case where g = sl2.
A theorem (cf. [Mz2], Chap. II, § 2.3, Theorem 2.8) in the p-adic Teichmu¨ller
theory due to S. Mochizuki implies that if X is sufficiently general in the
moduli stack Mg of proper smooth curves of genus g (> 1), then Op
Zzz...
sl2,X
is
finite (as we mentioned above) and e´tale over k. Hence, the task of resolving
the above question (for the case where g = sl2) may be reduced to the explicit
computation of the degree deg(Op
Zzz...
sl2,X
/k) of Op
Zzz...
sl2,X
over k, that is, to proving
Joshi’s conjecture (for the case where g = sl2) displayed at the beginning of
the present paper.
In the case of g = 2, S. Mochizuki (cf. [Mz2], Chap.V, § 3.2, Corollary 3.7),
H. Lange-C. Pauly (cf. [LP], Theorem 2), and B. Osserman (cf. [Os3], Theorem
1.2) verified (by applying different methods) the equality
(2) deg(Op
Zzz...
sl2,X
/k) =
1
24
· (p3 − p).
Moreover, by extending the relevant formulations to the case where X admits
marked points and nodal singularities (i.e., X is a pointed stable curve), S.
Mochizuki also gave (cf. [Mz2], Introduction, Theorem 1.3) the combinatorial
procedure for computing explicitly the value deg(Op
Zzz...
sl2,X
/k) according to a sort
of fusion rules. (These fusion rules will be generalized, in § 7.10 of the present
paper, to the case for an arbitrary g). As a result, we have obtained (cf. § 7.11)
an explicit description of dormant sl2-opers on each totally degenerate curve
(cf. Definition 7.5.1) in terms of the radii of atoms (cf. [Mz2], Chap.V, § 0
for the definition of an atom). This explicit description leads to the work by
F. Liu and B. Osserman. They have shown (cf. [LO], Theorem 2.1) that the
value deg(Op
Zzz...
sl2,X
/k) may be expressed as a polynomial with respect to the
characteristic p of degree 3g− 3. This was done by applying Ehrhart’s theory,
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which concerns computing the cardinality of the set of lattice points inside a
polytope.
For an arbitrary g and g = sln, Kirti Joshi conjectured, with his amazing
insight, an explicit description, as displayed in (1), of the value deg(Op
Zzz...
sln,X
/k).
In [Wa1], the author proved, by grace of the idea and discussion due to K.
Joshi et al. (cf. [JP], [J1]), the conjecture of Joshi for the case where n = 2
and g is arbitrary. (Notice that in the statement of [Wa1], Corollary 5.4, we
supposed that p > 2(g − 1). But, by combining [Wa1], Corollary 5.4 (applied
to infinitely many primes p), with [LO], Theorem 2.1, one may conclude the
asserted equality even if g is an arbitrary. See also [Wa2], Corollary 8.11.)
That is, the following equality holds:
(3) deg(Op
Zzz...
sl2,X/k) =
pg−1
22g−1
·
p−1∑
θ=1
1
sin2g−2(π·θ
p
)
.
After easy calculations, one may verifies that both the equalities (2) and (3)
consist with the equality (1). A goal of the present paper is to give (cf. Theorem
H asserted below) an affirmative answer to this conjecture of Joshi for the case
where n is an arbitrary integer > 1. In [J1], the conjectural formula (1) was
formulated under the condition that p > C where C = n(n− 1)(n− 2)(g− 1).
But, (even if n > 3) the left-hand side of this conjectural formula now makes
sense for all n with p > n, and we shall give its proof for all n with p >
n ·max{g − 1, 2}.
0.4. The proof of Joshi’s conjecture given in the present paper may be thought
of as a simple generalization of the discussion of the case where n = 2. As we
carried out in [Wa1], our discussion for proving Joshi’s conjecture follows, to
a substantial extent, the ideas discussed in [JP], as well as in [J1]. Indeed,
certain of the results obtained in the present paper are mild generalizations of
the results obtained in [JP] concerning sln-opers to the case of families of curves
over quite general base schemes. (Such relative formulations are necessary in
our discussion, in order to consider deformations of various types of data.)
For example, Proposition 9.3.1 in the present paper corresponds to [JP],
Theorem 3.1.6 (or [JRXY], § 5.3; [Su], § 2, Lemma 2.1); Proposition 9.3.2 cor-
responds to [JP], Theorem 5.4.1; and Proposition 9.3.3 corresponds to [JP],
Proposition 5.4.2. Also, the insight concerning the connection with the formula
of Y. Holla (cf. Theorem 9.6.1), which is a special case of the Vafa-Intriligator
formula, is due to K. Joshi. According to the discussion in [Wa1], we verify
the vanishing of obstructions to deformation to characteristic zero of a certain
Quot-scheme associated with Op
Zzz...
sln,X
(cf. Proposition 9.3.3, Proposition 9.4.1,
and the discussion in the proof of Theorem 9.6.2). Thus, in order to complete
the proof of Joshi’s conjecture, we relate the value deg(Op
Zzz...
sln,X
/k) to the degree
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of the resulting Quot-scheme over C, and apply directly the formula of Y. Holla
(cf. Theorem 9.6.1, the proof of Theorem 9.6.2).
An essential fact that allows us to carry out this discussion is the generic
(relative to X) e´taleness of Op
Zzz...
sln,X
over k. If n = 2, then this fact was,
as we mentioned above, proved by S. Mochizuki. Unfortunately, however, the
remaining case (i.e., n > 2) was still unknown. For an arbitrary n, we will prove
the generic e´taleness ofOp
Zzz...
sln,X
/k. This is one of the main results of the present
paper (cf. Theorem G asserted below). To this end, as worked in [Mz2] (for
the case of n = 2), it will be necessary to begin with formulating the notion
of an sln-oper (or, more generally, a g-oper for an arbitrary semisimple Lie
algebra g) on a family of pointed stable curves, as well as developing a theory
of such kind of opers. Moreover, for convenience in, e.g., proving Theorem B,
as well as, in future research, we shall deal with a sort of generalization (cf.
Definition 2.2.1 (i); [BD1], § 3.1.14; [BD2], § 5.2) of g-opers which we shall refer
to as (g, ℏ)-opers for some parameter ℏ.
0.5. The rest of the Introduction is denoted to describe the organization of
the present paper.
We begin in § 1 with a general theory of logarithmic connections (in arbitrary
characteristic) twisted by a parameter ℏ, which will be referred to as ℏ-log
connections (cf. Definition 1.2.1 (i)). We shall describe (cf. Corollary 1.4.2) the
behavior of the change of ℏ-log connection under a gauge transformation of the
underlying torsor. This fact will be used in the proof of the representability of
the moduli functor (by a relative affine space) classifying opers (cf. Proposition
2.2.5, Proposition 2.7.3, and Proposition 2.7.5). Also, we define, in Definition
1.6.1, the notion of the monodromy of an ℏ-log integrable torsor (cf. Definition
1.2.1 (iii)) at a marked point of the underlying curve.
In § 2, we study a general theory of (the moduli of) (g, ℏ)-opers (for a
semisimple Lie algebra g) defined on families of pointed stable curves of ar-
bitrary characteristic. To proceed our discussion, we are forced to work under
a certain condition concerning the characteristic char(k) of the base field k,
i.e., one of the three conditions (Char)0, (Char)p, and (Char)
sl
p described in
§ 2.1. Here, the condition (Char)0 means that char(k) = 0, and the conditions
(Char)p and (Char)
sl
p mean, roughly speaking, that char(k) is a sufficiently
large prime relative to the rank of g. One of key ingredients in this theory is
an invariant called the radius (cf. Definition 2.9.1) associated with each (g, ℏ)-
oper and each marked point of the underlying curve. This invariant is defined
as a point of the GIT quotient c (cf. (167) and the discussion in § 2.8) of the
action on g by its adjoint group G. Let ρ be a k-rational point of the product
c×r of r copies of c. Then, for each ℏ ∈ k and each pair of nonnegative integers
(g, r) satisfying that 2g − 2 + r > 0, one may define the moduli functor
(4) Opg,ℏ,g,r (resp., Opg,ℏ,ρ,g,r)
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(cf. § 2.3, § 2.9, and § 3.12) classifying pointed stable curves over k of type (g, r)
together with a (g, ℏ)-oper (resp., a (g, ℏ)-oper of radii ρ) on it. Here, denote
by Mg,r (cf. § 1.5) the moduli stack classifying pointed stable curves over k of
type (g, r). By passing to the morphisms determined by forgetting the data
of a (g, ℏ)-oper, both Opg,ℏ,g,r and Opg,ℏ,ρ,g,r may be considered as functors
on the category of schemes over Mg,r. The main result of § 2 is Theorem A
asserted below, i.e., the representability of these moduli functors, which is a
generalization of the results proved by A. Beilinson-V. Drinfeld (cf. [BD2] § 3.4,
Theorem; [Ba], Lemma 3.6) and S. Mochizuki (cf. [Mz1], Chap. I, Proposition
2.11)). Note that, for convenience of introducing the various notations involved,
the assertion in the text corresponding to Theorem A will be described in § 3 (cf.
Theorem 3.12.1). Also, the assertion under the condition (Char)slp is satisfied
will be proved in § 4 (cf. Corollary 4.11.3).
Theorem A (Structures of Opg,ℏ,g,r and Opg,ℏ,ρ,g,r ).
Suppose that either one of the three conditions (Char)0, (Char)p, and (Char)
sl
p
is satisfied. Let ℏ ∈ k and ρ ∈ c×r(k) (where we take ρ = ∅ if r = 0). Then,
Opg,ℏ,g,r (resp., Opg,ℏ,ρ,g,r) may be represented by a relative affine space over
Mg,r of relative dimension ℵ(g) (resp., cℵ(g)), where
ℵ(g) = (g − 1) · dim(g) + r
2
· (dim(g) + rk(g))(5) (
resp., cℵ(g) = (g − 1) · dim(g) + r
2
· (dim(g)− rk(g))
)
(cf. (135)).
In particular, Opg,ℏ,g,r (resp., Opg,ℏ,ρ,g,r) is a nonempty, geometrically con-
nected, and smooth Deligne-Mumford stack over k of dimension 3g−3+r+ℵ(g)
(resp., 3g − 3 + r + cℵ(g)).
0.6. In § 3, we study a theory of p-curvature associated with an ℏ-log con-
nection and a theory of (the moduli of) (g, ℏ)-opers in positive characteristic.
In addition to the class of dormant (g, ℏ)-opers, there is an important class
of (g, ℏ)-opers satisfying a certain condition concerning p-curvature, which we
refer to as p-nilpotent (g, ℏ)-opers (cf. Definition 3.8.3). The moduli stack clas-
sifying p-nilpotent (g, ℏ)-opers may be obtained as a spacial fiber of a certain
p-curvature analog of the Hitchin fibration (cf. (273)), which was also studied
in [JP] under the name of the Hitchin-Mochizuki morphism. We shall write
(6) Op
Zzz...
g,ℏ,g,r
(
resp., Op
Zzz...
g,ℏ,ρ,g,r; resp., Op
p-nilp
g,ℏ,g,r; resp., Op
p-nilp
g,ℏ,ρ,g,r
)
for the moduli stack classifying pointed stable curves over k of type (g, r) to-
gether with a dormant (g, ℏ)-oper (resp., a dormant (g, ℏ)-oper of radii ρ; resp.,
a p-nilpotent (g, ℏ)-oper; resp., a p-nilpotent (g, ℏ)-oper of radii ρ) on it. The
8 YASUHIRO WAKABAYASHI
main result of § 3 is the following Theorem B (cf. Theorem 3.12.2) and Theo-
rem C (cf. Theorem 3.12.3). Theorem B may be thought of as a generalization
of the results proved by S. Mochizuki (cf. [Mz1], Chap. I, Theorem 2.3).
Theorem B (Structures of Op
p-nilp
g,ℏ,g,r and Op
p-nilp
g,ℏ,ρ,g,r ).
Let us assume the condition (Char)p. Also, let ℏ ∈ k and suppose that if
r > 0, then we are given ρ ∈ c×r(k) satisfying the equality ρFℏ = ~[0]k (cf.
(269)). Then, Op
p-nilp
g,ℏ,g,r (resp., Op
p-nilp
g,ℏ,ρ,g,r) may be represented by a nonempty
and proper Deligne-Mumford stack over k of dimension 3g − 3 + r, and the
natural projection Op
p-nilp
g,ℏ,g,r → Mg,r (resp., Opp-nilpg,ℏ,ρ,g,r → Mg,r) is finite and
faithfully flat of degree pℵ(g) (resp., p
cℵ(g)).
If, moreover, ℏ = 0 and ρ = ~[0]k, then the natural composite
(7) (Op
p-nilp
g,0, ~[0]k,g,r
)red → (Opp-nilpg,0, ~[0]k,g,r)→Mg,r,
where (Op
p-nilp
g,0, ~[0]k,g,r
)red denotes the reduced stack associated with Op
p-nilp
g,0, ~[0]k,g,r
, is
an isomorphism of k-stacks.
In particular, Op
p-nilp
g,0, ~[0]k,g,r
is geometrically irreducible.
Theorem C (Structures of Op
Zzz...
g,ℏ,g,r and Op
Zzz...
g,ℏ,ρ,g,r ).
Let us assume the condition (Char)p. Also. let ℏ ∈ k and ρ ∈ c×r(k) (where
we take ρ = ∅ if r = 0). Then, both OpZzz...g,ℏ,g,r and OpZzz...g,ℏ,ρ,g,r may be represented,
respectively, by (possibly empty) proper Deligne-Mumford stacks over k, and
the natural projections Op
Zzz...
g,ℏ,g,r →Mg,r and OpZzz...g,ℏ,ρ,g,r →Mg,r are finite.
Moreover, the following assertions hold:
(i) If ℏ ∈ k×, then the natural morphism
(8)
∐
ρ′∈c×r(Fp)
Op
Zzz...
g,ℏ,ℏ⋆ρ′,g,r → Op
Zzz...
g,ℏ,g,r
is an isomorphism of stacks over Mg,r.
(ii) If ℏ = 0, then ρ = ~[0]k and the natural composite
(9) (Op
Zzz...
g,0, ~[0]k,g,r
)red → (OpZzz...g,0, ~[0]k,g,r)→Mg,r
is an isomorphism of k-stacks, where (Op
Zzz...
g,0, ~[0]k,g,r
)red denotes the re-
duced stack associated with Op
Zzz...
g,0, ~[0]k,g,r
. In particular, Op
Zzz...
g,0, ~[0]k,g,r
is
nonempty and geometrically irreducible of dimension 3g − 3 + r.
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0.7. In § 4, we consider a translation of (sln, ℏ)-opers on a fixed pointed stable
curve X/S = (X/S, {σi}ri=1) (cf. (70)) (in arbitrary characteristic) into various
equivalent objects defined on X/S. To this end, we shall introduce, after fixing
a certain data U := (B,∇0) called an (n, ℏ)-determinant data (cf. Definition
4.9.1 (i)), the moduli functors described as follows:
Op♠sln,ℏ,X/S : the moduli functor classifying (sln, ℏ)-opers on X/S;
Op♥GLn,ℏ,X/S : the moduli functor (cf. (438)) classifying equivalent classes
(cf. Definition 4.2.2) of (GLn, ℏ)-opers on X/S (cf. Definition
4.2.1 (i));
Op♦GLn,ℏ,U,X/S : the moduli functor (cf. (438)) classifying isomorphism classes
of (GLn, ℏ,U)-opers (i.e., certain ℏ-log connections on a pre-
scribed rank n filtered vector bundle determined by U) on
X/S (cf. Definition 4.9.4);
ℏ-Diff♣
n,U,Xlog/Slog : the moduli functor (cf. (424)) classifying ℏ-twisted logarith-
mic crystalline differential operators (i.e., ℏ-tlcdo’s) on the
line bundle B of order n with unit principal symbol and with
subprincipal symbol prescribed by ∇0.
Here, a (GLn, ℏ)-oper on X/S is, roughly speaking, a rank n vector bundle on
X equipped with both an ℏ-log connection (relative to S) and a complete flag
which is not horizontal but obeys a strict form of Griffiths transversality with
respect to the connection. The main result of § 4 is as follows (cf. Corollary
4.11.3):
Theorem D (Comparison of the moduli of opers).
Let n be an integer with 1 < n < p. Suppose that we are given an (n, ℏ)-
determinant data U := (B,∇0) for X log over S log. Then, there exists a canon-
ical sequence of isomorphisms
ℏ-Diff♣
n,U,Xlog/Slog
ΓΛ♣→♦n,ℏ,U,X/S−→ Op♦GLn,ℏ,U,X/S(10)
ΓΛ♦→♥GLn,ℏ,U,X/S−→ Op♥GLn,ℏ,X/S
ΓΛ♥→♠GLn,ℏ,X/S−→ Op♠sln,ℏ,X/S
of functors.
If the fixed curve X/S is a unpointed proper smooth curve XC over C and
U is taken to be (T ⊗
n−1
2
XC/C
, dXC/C) (for some theta characteristic T
⊗ 1
2
XC/C
), where
dXC/C denotes the universal derivation OXC → ΩXC/C, then a result similar to
Theorem D will be seen in, e.g., [BD2], [BB].
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In the case of positive characteristic, there is a nice (n, ℏ)-determinant data
Ug,r for the universal family of pointed stable curves over Mg,r (cf. Proposition
4.14.2). By applying Theorem D to such Ug,r, one obtains (cf. Corollary 4.14.3
(i)) a canonical isomorphism of stacks
(11) Op♦
Zzz...
GLn,ℏ,Ug,r,g,r
∼→ OpZzz...sln,ℏ,g,r
over Mg,r, where Op
♦Zzz...
GLn,ℏ,Ug,r,g,r (cf. (475)) denotes the moduli stack clas-
sifying pointed stable curves over k of type (g, r) together with a dormant
(GLn, ℏ,Ug,r)-oper (cf. Definition 4.14.1) on it. In particular, any dormant
sln-oper may be constructed, via projectivization, from a (GLn, ℏ,U)-oper (for
some (n, ℏ)-determinant data) with vanishing p-curvature. This fact will be
used in the proof of the generic e´taleness of Op
Zzz...
sln,ℏ,ℏ⋆ρ,g,r asserted in Theorem
G.
In § 5, we discuss a certain duality of (g, ℏ)-opers for some types of classical
groups. Let us consider the condition (Char)†p on a semisimple Lie algebra g
described as follows (cf. § 7.3):
(Char)†p : g is equal to either sln (with 2n < p), so2l+1 (with 4l < p), or
sp2m (with 4m < p).
If g satisfies (Char)†p, then each (g, ℏ)-oper E♠ may be described as an ℏ-log
integrable vector bundle (V,∇V) equipped with certain additional structures.
By means of this description, we construct the dual (g, ℏ)-oper E♠⊻ of E♠ (cf.
Definition 5.7.2) in such a way that (E♠⊻)⊻ is isomorphic to E♠. More precisely,
the duality E♠ 7→ E♠⊻ arises from taking the dual (V∨,∇∨V) of (V,∇V) under the
change of structure group via a natural inclusion g →֒ sln. As a consequence,
we obtain the following theorem (cf. Theorem 5.8.1; Theorem 5.9.2).
Theorem E (Duality of opers).
Let us assume the condition (Char)†p. (Hence, g admits an involution, which
induces, via the quotient χ : g → cg (cf. (168)), an involution (−)⊻ of cg(k),
as well as of c×rg (k).) Also, let ρ ∈ c×rg (k) (where we take ρ := ∅ and ρ⊻ := ∅ if
r = 0). Then, there exist canonical isomorphisms
d♠g,ℏ,ρ,X/S : Opg,ℏ,ρ,g,r
∼→ Opg,ℏ,ρ⊻,g,r,(12)
d♠
p-nilp
g,ℏ,ρ,X/S
: Op
p-nilp
g,ℏ,ρ,g,r
∼→ Opp-nilpg,ℏ,ρ⊻,g,r, d♠
Zzz...
g,ℏ,ρ,X/S
: Op
Zzz...
g,ℏ,ρ,g,r
∼→ OpZzz...g,ℏ,ρ⊻,g,r,
over Mg,r which satisfy the equalities
d♠
g,ℏ,ρ⊻,X/S
◦ d♠g,ℏ,ρ,X/S = id,(13)
d♠
p-nilp
g,ℏ,ρ⊻,X/S
◦ d♠p-nilpg,ℏ,ρ,X/S =id, d♠
Zzz...
g,ℏ,ρ⊻,X/S
◦ d♠Zzz...g,ℏ,ρ,X/S = id
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and which are compatible, in a natural sense, with the closed immersions
Op
Zzz...
g,ℏ,ρ,g,r →֒ Opp-nilpg,ℏ,ρ,g,r and Opp-nilpg,ℏ,ρ,g,r →֒ Opg,ℏ,ρ,g,r. In particular, for each
ρ ∈ c×r
✷
(Fp), we have an isomorphism
Op
Zzz...
✷,ℏ,ℏ⋆ρ,g,r
∼→ OpZzz...
✷,ℏ,ℏ⋆ρ⊻,g,r(14)
over Mg,r.
In particular, the isomorphism (14) may be a part of properties on Op
Zzz...
g,ℏ,ρ,g,r
which are necessarily to construct the dormant operatic fusion ring F
Zzz...
g,p in-
troduced in § 7.
0.8. In § 6, we study the deformation theory of (dormant) (g, ℏ)-opers by
means of cohomology. A key property is (cf. Proposition 6.8.1) that the Cartier
operator may be identified with the differential of the morphism between rele-
vant moduli stacks induced by the assignment from each ℏ-log connection to its
p-curvature. By means of this property, we describe, toward the study in § 8,
the behavior of deformations (i.e., the tangent bundle of the moduli stacks) of
(dormant) (g, ℏ)-opers in terms of cohomology (cf. Proposition 6.4.1; Proposi-
tion 6.5.2; Proposition 6.11.2; Corollary 6.12.1; Corollary 6.12.2).
In § 7, we analyze the behavior, by using clutching morphism of underlying
stable curves, of the generic degree
(15) deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r) (≥ 0)
of the moduli stack Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r (where ρ := (ρi)
r
i=1 ∈ c×r(Fp) and ℏ ∈ k×)
over Mg,r. Under certain assumptions (i.e., both (Char)
†
p and the condition
(Etale)g,ℏ described in § 7.5 are satisfied), the value deg(OpZzz...g,ℏ,ℏ⋆ρ,g,r/Mg,r) con-
sists exactly with the number of dormant (g, ℏ)-opers on a sufficiently general
pointed stable curve of type (g, r). Also, this generic degree depends on neither
the choice of ℏ ∈ k× nor the ordering of ρ1, · · · , ρr; this is why it makes sense
to abbreviate the generic degree deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r) to
(16) N
Zzz...
p,g,ρ,g,r
(cf. (743)), where ρ denotes the element
∑r
i=1 ρi of the free commutative
monoid Nc(Fp) with basis c(Fp). The key observation that we would like to
make is the following (cf. Theorem 7.10.1):
the function N
Zzz...
p,g,0 (cf. (833)) given by assigning ρ 7→ NZzz...p,g,ρ,0,r
satisfies a certain factorization property, which will be refered to
as a “pseudo-fusion rule” on c(Fp) (cf. Definition 7.6.1).
The notion of a pseudo-fusion rule may be thought of as a somewhat weaker
variant of the notion of a fusion rule. (For reviews and expositions concerning
fusion rules, we refer to [Bea] or [Fu].) The latter half of § 7 will be mainly
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devoted to develop a general theory of pseudo-fusion rules. Applying results of
this theory allows us to calculate the value N
Zzz...
p,g,ρ,g,r (for any g ≥ 0) combina-
torially from the cases where (g, r) = (0, 3) according to kinds of fusion rules
N
Zzz...
p,g,g (cf. (842)). Moreover, by means of the function N
Zzz...
p,g,0 , we construct a
certain ring
(17) F
Zzz...
p,g ,
which will be referred to as the dormant operatic fusion ring of g at level p (cf.
Definition 7.10.2). After proving some properties of F
Zzz...
p,g (or, more generally,
the fusion ring associated with an arbitrary pseudo-fusion rule), we perform a
computation, by means of an explicit description of (the characters of) F
Zzz...
p,g ,
for various values N
Zzz...
p,g,ρ,g,r asserted as follows (cf. Theorem 7.10.4 (ii)):
Theorem F (Factorization property of deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r)).
Let us assume the condition (Char)†p. Also, let ρ = (ρi)
r
i=1 ∈ c×r(Fp) (where
we take ρ = ∅ if r = 0) and ℏ ∈ k×. Write SZzz...p,g for the set of ring homomor-
phisms F
Zzz...
p,g → C and write Cas :=
∑
λ∈c(Fp) λ · λ⊻ (∈ F
Zzz...
p,g ). Then, we have
the equality
deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r)
(
= N
Zzz...
p,g,g (
r∑
i=1
ρi)
)
(18)
=
∑
χ∈SZzz...p,g
χ(Cas)g−1 ·
r∏
i=1
χ(ρi).
If, moreover, r = 0 (hence g > 1), then this equality means that
deg(Op
Zzz...
g,ℏ,g,0/Mg,0)
(
= N
Zzz...
p,g,g (0)
)
=
∑
χ∈SZzz...p,g
χ(Cas)g−1.(19)
Notice that we do not assume the condition (Etale)g,ℏ in Theorem F, although
we assume it in Theorem 7.10.4 (ii), i.e., the assertion in the text corresponding
to Theorem F. In fact, it will be proved later that the condition (Etale)g,ℏ is
automatically satisfied under the condition (Char)†p (cf. Theorem 8.8.2 and
Corollary 8.8.4). Also, notice that the proof of Joshi’s conjecture (i.e., Theorem
H) discussed in the present paper is independent of the results and discussions
in §§ 7.6-7.10 (in particular, Theorem F) and does not involve the combinatorial
classification of dormant (g, ℏ)-opers on a totally degenerate curve.
0.9. § 8 is devoted to prove the generic e´taleness of OpZzz...sln,ℏ,ℏ⋆ρ,g,r (for 2n < p)
over Mg,r. If n = 2, then this fact was already proved, as we give a comment
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in Remark 7.8.3, by S. Mochizuki (cf. [Mz2], Chap. II, § 2.8, Theorem 2.8).
According to the discussions in § 6 and § 7, it suffices to prove the claim that
there is no nontrivial deformation of any dormant sln-oper on the pointed stable
curve P/k of type (0, 3). We shall give a proof of this claim (cf. Corollary 8.7.5)
on the basis of the principle that infinitesimal deformations of a dormant sln-
oper on P/k may be determined completely by their radii and the sheaves of
their horizontal sections (as observed in [Mz2]).
Moreover, by applying the resulting generic e´taleness and the natural closed
immersions so2l+1 →֒ sl2l+1 and sp2m →֒ sl2m, one may prove the same asser-
tions for so2l+1 and sp2m. Consequently, we obtain the following theorem (cf.
Theorem 8.8.2 and Corollary 8.8.4):
Theorem G. (Generic e´taleness of Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r for g = sln, so2l+1,
and sp2m)
Let p be a prime, k a perfect field of characteristic p, and ℏ ∈ k×. Also, let
us assume the condition (Char)†p, and let ρ ∈ c×rg (Fp) (where ρ := ∅ if r = 0).
Then, the finite (relative) Mg,r-scheme Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r (cf. Theorem 3.12.3) is
e´tale over the points of Mg,r classifying totally degenerate curves.
In particular, Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r is generically e´tale over Mg,r (i.e., any irreducible
component that dominates Mg,r admits a dense open subscheme which is e´tale
over Mg,r).
In § 9, we investigate relations between the moduli stack OpZzz...sln,ℏ,ℏ⋆ρ,g,r and
certain Quot-schemes. As explained in § 0.4 above, we develop, in the present
paper, an argument parallel to the argument given in [Wa1], §§ 4-5. In partic-
ular, a canonical isomorphism between such moduli stacks will be constructed
(cf. Proposition 9.3.3). Hence, problem computing the degree of the moduli
in consideration reduces to computing the degree of a certain Quot scheme in
positive characteristic. Moreover, by deforming various objects to objects in
characteristic 0, we reduces to computing the degree of a certain Quot scheme
over C. On the other hand, there is a formula given by Y. Holla for computing
the degree of this Quot-scheme, which may be thought of as a special case of
the Vafa-Intriligator formula which computes explicitly the Gromov-Witten in-
variants of the Grassmannian. By applying this formula, we thus conclude the
following Theorem H (cf. Theorem 9.7.1). This theorem implies that Joshi’s
conjecture holds for sufficiently general curves X .
Theorem H (Joshi’s conjecture).
Suppose that p > n · max{g − 1, 2} and ℏ ∈ k×. Then, the generic degree
deg(Op
Zzz...
sln,ℏ,g,0/Mg,0) of Op
Zzz...
sln,ℏ,g,0 over Mg,0 is given by the following formula:
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(20) deg(Op
Zzz...
sln,ℏ,g,0/Mg,0) =
p(n−1)(g−1)−1
n!
·
∑
(ζ1,··· ,ζn)∈C×n
ζ
p
i
=1, ζi 6=ζj(i6=j)
(
∏n
i=1 ζi)
(n−1)(g−1)∏
i 6=j(ζi − ζj)g−1
.
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1. Twisted logarithmic connections over log schemes
We begin by mentioning briefly the notion of an ℏ-log connection (where ℏ
is a parameter) on a torsor over a log smooth scheme. For the definition and
basic properties concerning an ℏ-connection over a smooth variety over a field,
we shall refer to, e.g., [Ar1], [Ar2], [Tr].
Let us fix a field k, a connected smooth algebraic group G over k, where we
denote by g its Lie algebra, i.e., the tangent space g := TeG (cf. § 1.2 for the
notation T(−)(−)) of G at the identity e ∈ G(k).
1.1. Adjoint actions and the Maurer-Cartan form.
First, we shall introduce our notation concerning algebraic groups and the
associated Lie algebras.
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Let h : T → G be a morphism of k-schemes. We write rh (resp., lh) for the
right-translation (resp., the left-translation) by h, i.e., the composite isomor-
phism
rh : T ×k G (idT×sw)◦((idT ,h)×idG)→ T ×k G×k G idT×m→ T ×k G(21) (
resp., lh : T ×k G (idT,h)×idG→ T ×k G×k G idT×m→ T ×k G
)
,
where m denotes the multiplication in G and sw denotes the isomorphism
G ×k G ∼→ G ×k G given by switching (h1, h2) 7→ (h2, h1). By the right G-
action r(−) on G, we often identify g with the space of right-invariant vector
fields on G. We shall write
(22) Adh := lh ◦ rh−1 : T ×k G→ T ×k G
for any morphism h : T → G. Write eT : T → G for the identity in G(T ), i.e.,
the composite T → Spec(k) e→ G. The adjoint representation
(23) AdG : G→ GL(g)
ofG is, by definition, the morphism of algebraic groups over k such that AdG(h)
coincides with the automorphism dAdh|eT of T ×k g (= TeT (T ×k G)), i.e., the
differential (over T ) of Adh at the identity eT . By abuse of notation, we often
identify AdG(h) with the corresponding OT -linear automorphism of OT ⊗k g.
Write
(24) ad := dAdG|e : g→ End(g)
(
= TidgGL(g)
)
,
i.e., ad(v)(v′) = [v, v′] for v, v′ ∈ g. We equip g (resp., End(g)) with the left G-
action determined by AdG (resp., AdGL(g)). In particular, the morphism AdG
of algebraic groups carries a left G-action on End(g), i.e., the action given by
(25) (v, a) 7→ AdGL(g)(AdG(v))(a)
(
= AdG(v) · a · AdG(v−1)
)
for v ∈ G and a ∈ End(g). Then, ad : g → End(g) is compatible with the
respective left G-actions on g and End(g).
Recall that the Maurer-Cartan form on G (cf. [GS], § 8.6) is the g-valued
one-form on G, i.e., an element
(26) ΘG ∈ Γ(G,ΩG/k ⊗k g)
(
= Γ(G,ΩG/k)⊗k g
)
determined uniquely by the condition that
(27) h∗(ΘG)(v) = dlh−1|(idT ,h)(v) ∈ Γ(T,OT ⊗k g)
(
= Γ(T, e∗T (TG/k))
)
for any h : T → G and v ∈ Γ(T, h∗(TG/k)), where dlh−1|(idT ,h) is the differential
(28)
dlh−1|(idT ,h) :
(
h∗(TG/k) ∼→
)
(idT , h)
∗(TT×kG/T )→ (idT , eT )∗(TT×kG/T )
( ∼→ e∗T (TG/k))
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of lh−1 at the T -rational point (idT , h) : T → T×kG. If πG : T×kG→ G denotes
the natural projection, then this form ΘG satisfies the following properties:
• (d(πG ◦ lh)∨ ⊗ idg)(ΘG) = dπ∨G(ΘG);(29)
• (d(πG ◦ rh)∨ ⊗ idg)(ΘG) = (idΩG/k ⊗ AdG(h−1))(dπ∨G(ΘG));
• d1ΘG + 1
2
· [ΘG ∧ΘG] = 0,
where d1 denotes the exterior derivative for one-forms, and [− ∧ −] denotes
the OG-bilinear form on ΩG/k ⊗k g obtained by tensoring the Lie bracket in
g and the wedge product of ΩG/k. If we equip Γ(G,ΩG/k ⊗k g) with the left
G-action obtained by tensoring the left G-actions dAd∨(−) on Γ(G,ΩG/k) and
AdG on g, then the first two properties in (29) implies that ΘG lies in the space
of G-invariants Γ(G,ΩG/k ⊗k g)G.
Let G′ be a connected smooth algebraic group over k with the Lie algebra g′
and w : G′ → G a morphism of algebraic groups over k. (Hence, we have the
k-linear morphism dw|e′ : g′ → g, where e′ denotes the identity in G′.) Then,
one verifies that the Maurer-Cartan form ΘG′ on G′ satisfies the equality
(30) (idΩG′/k ⊗ dw|e′)(ΘG′) = (dw∨ ⊗ idg)(ΘG) ∈ Γ(G′,ΩG′/k ⊗k g).
1.2. ℏ-logarithmic connections.
Next, we shall introduce our notation and conventions concerning torsors,
as well as the definition of an ℏ-log connection on a torsor over a log scheme.
Basic references for the notion of a log scheme (or, more generally, a log stack)
are [KaKa], [Il], and [KaFu].
For a log stack indicated, say, by Y log, we shall write Y for the underlying
stack of Y log, and αY : MY → OY for the morphism of sheaves of monoids
defining the log structure of Y log.
Let T log := (T, αT : MT → OT ), Y log := (Y, αY : MY → OY ) be fine log
stacks (cf. [KaKa], (2.3)) and f log : Y log → T log a log smooth (i.e., “smooth”
in the sense of [KaKa], (3.3)) morphism. Let us write TY log/T log for the sheaf
of logarithmic derivations of Y log over T log (cf. Remark 4.1.1 for the precise
definition of TY log/T log), and ΩY log/T log for its dual T ∨Y log/T log , i.e., the sheaf of
logarithmic differentials of Y log over T log. The log smoothness of Y log over
T log implies that TY log/T log , as well as ΩY log/T log , is locally free of finite rank
(cf [KaKa], Proposition (3.10)).
For a vector bundle (i.e., a locally free OY -module of finite rank) V on Y , we
shall denote by V(V) the relative affine space over Y associated with V, i.e.,
the spectrum of the symmetric algebra SOY (V∨) on V∨ over OY .
If Y is assumed to be either a scheme over k or a Deligne-Mumford stack
(not necessarily smooth) over k, then we write T Y for (the total space of) the
tangent bundle of Y over k, i.e., T Y := V(TY/k). If, moreover, q is a k-rational
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point of Y , then we write TqY for the k-vector space defined as the tangent
space of Y at q.
Let π : E → Y be a right G-torsor over Y in the fppf topology. (Since G is
smooth, E is also locally trivial in the e´tale topology.) If h is a k-vector space
equipped with a left G-action, then we shall write hE for the vector bundle
on Y associated with the relative affine space E ×G h (:= (E ×k h)/G), i.e.,
V(hE) ∼= E ×G h. If h′ is a k-vector space equipped with a left G-action and
d : h → h′ is a k-linear morphism that is compatible with the respective G-
actions, then we shall write dE : hE → h′E for the OY -linear morphism arising
from d twisted by E .
By pulling-back the log structure of Y log via π : E → Y , one may obtain
a log structure on E ; we denote the resulting log stack by E log. The right G-
action on E carries a right G-action on the direct image π∗(TE log/T log) (resp.,
π∗(TE log/Y log)) of the sheaf of logarithmic derivations TE log/T log (resp., TE log/Y log).
Denote by
(31) T˜E log/T log , T˜E log/Y log
the subsheaves of G-invariant sections of π∗(TE log/T log), π∗(TE log/Y log) respec-
tively. If we identify g with the space of right-invariant vector fields on G in a
natural way, then T˜E log/Y log may be identified with gE , i.e., the adjoint vector
bundle associated with E . The natural short exact sequence of tangent bundles
(i.e., the dual of the exact sequence in [KaKa], Proposition (3.12)) induces a
short exact sequence
(32) 0 −→ gE −→ T˜E log/T log
a
log
E−→ TY log/T log −→ 0
of OY -modules. The pair (T˜E log/T log , alogE ) forms (the logarithmic version of) a
Lie algebroid on Y (cf. [Kal], Definition 2.1.2), often referred to as the Atiyah
algebra of E .
Definition 1.2.1.
Let ℏ ∈ Γ(T,OT ).
(i) A T -ℏ-logarithmic connection (or T -ℏ-log connection) on E (or,
more precisely, on E log) is an OY -linear morphism ∇E : TY log/T log →
T˜E log/T log such that alogE ◦ ∇E = ℏ · idTY log/T log . (In particular, giving an
S-0-log connection on E is equivalent to giving an OY -linear morphism
TY log/log → gE .) For simplicity, a T -1-log connection may be often
referred to as a T -log connection.
(ii) Let ∇E : TY log/T log → T˜E log/T log be a T -ℏ-log connection on E . Consider
the OY -linear morphism
(33) ψ(E,∇E) :
2∧
TY log/T log → gE
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determined by
(34) ψ(E,∇E)(a ∧ b) = [∇E(a),∇E(b)]− ℏ · ∇E([a, b])
for local sections a, b ∈ TY log/T log , to which we refer as the curvature
of (E ,∇E). We shall say that ∇E is integrable if ψ(E,∇E ) vanishes
identically on Y . (If f log : Y log → T log is isomorphic to the underlying
morphism of a pointed stable curve over T (cf. § 1.5), then any T -ℏ-log
connection is necessarily integrable.)
(iii) An ℏ-logarithmic integrable G-torsor (or ℏ-log integrable G-
torsor) over Y log/T log is a pair (G,∇G) consisting of a right G-torsor G
over Y and an integrable T -ℏ-log connection ∇G on G. For simplicity, a
1-log integrable G-torsor may be often referred to as a log integrable
G-torsor.
1.3. Change of connection under a gauge transformation.
Let T log, Y log, and E be as above, and ∇E a T -ℏ-log connection on E . Also,
let F be a right G-torsor over Y and η : F ∼→ E an isomorphism of G-torsors.
By applying the functor π∗(−) composed with (−)G to the differential of η−1,
one obtains an isomorphism π∗(d(η−1))G : T˜E log/T log ∼→ T˜F log/T log of OY -modules
that is compatible with the surjections alogE and a
log
F . Hence, the composite
(35) ∇E,η := π∗(d(η−1))G ◦ ∇E : TY log/T log → T˜F log/T log
forms a T -ℏ-log connection on F .
Let us assume that F = E (i.e., η is an automorphism of E). Then, the
assignment η 7→ π∗(d(η−1))G determines a group homomorphism AutG(E) →
AutOY (T˜E log/T log), where AutG(E) denotes the group of automorphisms of the
right G-torsor E and AutOY (T˜E log/T log) denotes the group of automorphisms
of the OY -module T˜E log/T log . Moreover, the assignment (η,∇E) 7→ ∇E,η deter-
mines a right action of AutG(E) on the set of T -ℏ-log connections on E . Since
π∗(d(η−1))G is compatible with the Lie bracket operator in T˜E log/T log , the in-
tegrability of ∇E (cf. Definition 1.2.1 (ii)) does not depend on executing the
action by any element in AutG(E). In the following, we shall describe the local
behavior of the connection ∇E upon executing the action by the automorphism
η : E ∼→ E .
Suppose that we are given a trivialization τ : E ∼→ Y ×k G of the right G-
torsor E . Write πτY : E → Y (resp., πτG : E → G) for the composite of τ with the
projection Y ×kG→ Y (resp., Y ×kG→ G) to the first (resp., second) factor.
Then, since TE log/T log is naturally isomorphic to πτ∗Y (TY log/T log)⊕ πτ∗G (TG/k), we
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have
(idY , eY )
∗(TE log/T log) ∼→ (idY , eY )∗(πτ∗Y (TY log/T log)⊕ πτ∗G (TG/k))(36)
∼→ TY log/T log ⊕ (OY ⊗k g).
In particular, we have a canonical isomorphism π∗(dτ)G : gE
∼→ OY ⊗k g. Thus,
by means of the identification of g with the space of right-invariant vector fields
on G, we obtain a canonical isomorphism
(37) eτY : TY log/T log ⊕ (OY ⊗k g) ∼→ T˜E log/T log
i.e., a split surjection eτY,split : T˜E log/T log ։ OY ⊗k g of the short exact sequence
(32). If we write
(38) ∇τE := eτY,split ◦ ∇E , ∇τE,η := eτY,split ◦ ∇E,η,
then the T -ℏ-log connections ∇E , ∇E,η may be expressed, via the isomorphism
(37), as
(39) ∇E = (ℏ · idT
Y log/T log
,∇τE), ∇E,η = (ℏ · idTY log/T log ,∇
τ
E,η)
respectively.
Observe that if hη : Y → G denotes the composite
(40) hη : Y
(idY ,eY )→ Y ×k G τ◦η◦τ
−1→ Y ×k G πG→ G,
then the automorphism τ ◦ η ◦ τ−1 of Y ×k G may be expressed as the left-
translation lhη : Y ×k G ∼→ Y ×k G (cf. (21)) by hη.
Proposition 1.3.1.
The automorphism of TY log/T log⊕(OY ⊗k g) corresponding, via the isomorphism
(37), to π∗(d(η−1))G coincides with
(41) (idT
Y log/T log
, (dh∨η ⊗ idg)(ΘG) + AdG(h−1η )),
where we identify (dh∨η ⊗ idg)(ΘG) ∈ Γ(Y,ΩY log/T log⊗k g) with the corresponding
OY -linear morphism TY log/Slog → OY ⊗k g.
In particular, we have the equality
(42) ∇τE,η = ℏ · (dh∨η ⊗ idg)(ΘG) + AdG(h−1η ) ◦ ∇τE
of morphisms TY log/T log → OY ⊗k g
Proof. The latter assertion follows from the former assertion. We shall prove
the former assertion. By the above discussion, we may assume that E = Y ×kG,
τ = idE , and η = lhη . Since π∗(d(l
−1
hη
))G : T˜E log/T log ∼→ T˜E log/T log is compatible
with the surjection alogE : T˜E log/T log ։ TY log/T log , the automorphism of TY log/T log⊕
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(OY ⊗k g) corresponding to π∗(d(l−1hη ))G may be expressed as (idTY log/T log ,D1η +
D2η) for some OY -linear morphisms
(43) D1η : TY log/T log → OY ⊗k g, and D2η : OY ⊗k g→ OY ⊗k g.
We shall prove that D1η = (dh
∨
η ⊗ idg)(ΘG) and D2η = AdG(h−1η ).
By the definition of the isomorphism (37), the automorphism of TY log/T log ⊕
(OY ⊗k g) given by π∗(d(l−1hη ))G coincides with dAdh−1η |eY . This implies that the
restriction D2η of π∗(d(l
−1
hη
))G to OY ⊗k g (⊆ TY log/T log ⊕ (OY ⊗k g)) coincides
with AdG(h
−1
η ). On the other hand, for any local sections ∂ ∈ TY log/T log ,
D1η(∂) = dAdh−1η |(idY ,eY )((∂, 0))(44)
= dlh−1η ◦ drhη(eidEY ((∂, 0)))
= dlh−1η (e
idE
Y ((∂, 0)))
= dlh−1η |(idY ,hη)(dhη(∂))
= h∗η(ΘG)(dhη(∂))
= (dh∨η ⊗ idg)(ΘG)(∂).
Hence, we conclude that D1η = (dh
∨
η ⊗ idg)(ΘG). 
We shall consider the relationship between the curvature ψ(E,∇E ) of (E ,∇E)
(cf. Definition 1.2.1 (ii)) and the curvature ψ(E,∇E,η) of (E ,∇E,η). Here, note
that the curvature ψ(E,∇) may be given by assigning
(45) a ∧ b 7→ ψ(E,∇)(a ∧ b) = [∇τ (a),∇τ (b)]− ℏ · ∇τ ([a, b])
for local sections a, b ∈ TY log/T log .
Corollary 1.3.2.
We have the equality
(46) ψ(E,∇E,η) = AdG(h−1η ) ◦ ψ(E,∇E)
of morphisms
∧2 TY log/T log → gE (= OY ⊗k g).
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Proof. We shall writeD1η := (dh
∨
η⊗idg)(ΘG) andD2η := AdG(h−1η ) for simplicity.
Then, for local sections a, b ∈ TY log/T log ,
[D1η(a),D
2
η ◦ ∇τE(b)](47)
= [ΘG(dhη(a)),D
2
η ◦ ∇τE(b)]
= D2η([(id⊗ AdG(hη))(dπ∨G(ΘG))(d(idY , hη)(a)),∇
τ
E(b)])
= D2η([(d(πG ◦ rh−1η )∨ ⊗ idg)(ΘG)(d(idY , hη)(a)),∇
τ
E(b)])
= D2η([ΘG(dπG ◦ rh−1η ◦ (idY , hη)(a)),∇
τ
(b)])
= D2η([ΘG(deY (a)),∇τ (b)])
= D2η([0,∇τ (b)])
= 0.
Thus, we have
ψ(E,∇E,η)(a ∧ b)(48)
= [∇τE,η(a),∇τE,η(b)]− ℏ · ∇τE,η([a, b])
= [ℏ ·D1η(a) +D2η ◦ ∇τE(a), ℏ ·D1η(b) +D2η ◦ ∇τE(b)]
− ℏ · (ℏ ·D1η([a, b]) +D2η ◦ ∇
τ
E([a, b]))
= ℏ2 · ([D1η(a),D1η(b)]−D1η([a, b]))
+ ℏ · ([D1η(a),D2η ◦ ∇
τ
E(b)] + [D
1
η(b),D
2
η ◦ ∇
τ
E(a)])
+ [D2η ◦ ∇τE(a),D2η ◦ ∇τE(b)] +D2η ◦ ∇τE([a, b]))
= D2η([∇τE(a),∇τE(b)] +∇τE([a, b]))
= AdG(h
−1
η ) ◦ ψ(E,∇E)(a ∧ b),
where the fourth equality follows from (47) and the fact that D1η : TY log/T log →
OY ⊗k g is compatible with the respective natural Lie bracket operators in
TY log/T log and OY ⊗k g. It completes the proof of Corollary 1.3.2. 
1.4. Explicit description of a change of connection.
In this subsection, we consider (under a certain condition on the character-
istic of k) the exponential map, as well as the logarithmic map, between the
unipotent elements in G and nilpotent elements in g. Here, denote by p the
characteristic char(k) of k.
Suppose further that G is semisimple and of adjoint type. Fix a Borel sub-
group B of G, and set N := [B,B]. Denote by n the Lie algebra of N. Let Gunip
(resp., gnilp) denotes the Zariski closed subset of all unipotent elements of G
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(resp., all nilpotent elements of g). If p = 0 (resp., p > 0), then we shall define
(49) GL(g)p-unip
to be the Zariski closed subset of all elements b of GL(g) satisfying that (b −
idg)
m = 0 for some m > 0 (resp., (b− idg)p = 0). Also, we shall define
(50) End(g)p-nilp
to be the Zariski closed subset of all elements a of End(g) satisfying that am = 0
for some m > 0 (resp., ap = 0). We endow the Zariski closed subsets Gunip,
gnilp, GL(g)p-unip, and End(g)p-nilp with the reduced subscheme structures. (The
varieties Gunip and gnilp are called, respectively, the unipotent variety and the
nilpotent variety of g (cf. [KW], Chap.VI, p. 256).) In particular, one obtains
natural closed immersions N→ Gunip and n→ gnilp.
Now, we suppose that the characteristic char(k) of k satisfies either one of
the two conditions (Char)0, (Char)p described as follows:
(Char)0 : char(k) = 0;
(Char)p : char(k) = p > 2 · h, where h denotes the Coxeter number of G.
In particular, the adjoint representation AdG : G → GL(g) (cf. (23)) of G
induces an isomorphism G
∼→ Aut(g)0, where Aut(g)0 denotes the identity
component of the group of Lie algebra automorphisms of g (cf. [Ca], § 1.13).
For any a ∈ End(g)p-nilp and b ∈ GL(g)p-unip, the exponential
(51) exp(a) :=
∞∑
s=0
1
s!
· as
(
=
p−1∑
s=0
1
s!
· as, if p > 0
)
and the logarithm
(52) log(b) :=
∞∑
s=1
(−1)s−1
s
· (b− idg)s
(
=
p−1∑
s=1
(−1)s−1
s
· (b− idg)s, if p > 0
)
are well-defined. The assignment a 7→ exp(a) determines an isomorphism
(53) exp : End(g)p-nilp
∼→ GL(g)p-unip
of k-schemes and b 7→ log(b) determines its inverse.
The action AdGL(g) (resp., Ad(−)) on End(g) (resp., GL(g)) carries a left
action of GL(g) on End(g)p-nilp (resp., GL(g)p-unip), which induces a left action
of G on End(g)p-nilp via AdG : G → GL(g). Then, exp and log are compatible
with these GL(g)-actions (hence the induced G-actions) on End(g)p-nilp and
GL(g)p-unip.
By restricting the natural isomorphism End(g)
∼→ Tidg(GL(g)), one may
identify End(g)p-nilp with Tidg(GL(g)p-unip). The differential of exp coincides,
via this identification, with the identity morphism of End(g)p-nilp.
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It follows from the condition on p := char(k) supposed above that the image
of gnilp (resp., Gunip) via ad : g → End(g) (resp., AdG : G → GL(g)) lies in
End(g)p-nilp (resp., GL(g)p-unip); denote by
(54) ad|gnilp : gnilp → End(g)p-nilp (resp., AdG|Gunip : Gunip → GL(g)p-unip)
the resulting morphism obtained by restricting ad (resp., AdG). It follows from
the definition of exp that for each a ∈ gnilp, its image exp(ad(a)) in GL(g)p-unip
defines a Lie algebra automorphism of g. This implies (since G ∼= Aut(g)0)
that the composite exp ◦ ad|gnilp : gnilp → GL(g)p-unip factors through the injec-
tion AdG|Gunip. Moreover, by the identification End(g)p-nilp ∼→ Tidg(GL(g)p-unip)
obtained above, the resulting morphism gnilp → Gunip defines, by restricting, a
morphism
(55) expN : n→ N
of k-schemes. Since n and N are irreducible and have the same dimension, the
morphism expN turns out to be an isomorphism. Thus, we obtain a commuta-
tive square
(56)
n
ad|n−−−→ End(g)p-nilp
expN
y≀ ≀yexp
N
AdG|N−−−→ GL(g)p-unip,
where the arrows in this diagram are all compatible with the respective left
G-actions of the domain and codomain.
Write
(57) logN : N
∼→ n
for the inverse of the isomorphism expN. One verifies immediately that the
equality
−logN(−) = logN((−)−1)(58)
of morphisms N → n holds. The equality (58) and the commutativity of the
diagram (56) imply the following proposition.
Proposition 1.4.1.
For each T -rational point h : T → N of N, we have the equality
(59) AdG(h
−1) = exp(ad(−logN(h)))
(
=
∞∑
s=0
1
s!
· ad(−logN(h))s
)
of OT -linear automorphisms of OT ⊗k g.
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Since the tangent bundle Tg/k on the k-scheme g is canonically isomorphic
to Og ⊗k g, the differential of logN : N ∼→ n composed with the inclusion
incl : ON⊗k n→ ON⊗k g defines an ON-linear morphism, which we denote (by
abuse of notation) by
(60) dlogN : TN/k → ON ⊗k g.
This morphism is compatible with both the G-actions Ad(−) on N and AdG on
g in an evident sense, and the differential of logN at the identity e ∈ N coincides
with the identity morphism of n. It follows (cf. (27)) that if we identify ΘN ∈
Γ(N,ΩN ⊗k n) with the corresponding ON-linear morphism TN/k → ON ⊗k n,
then we have the equality
(61) dlogN = incl ◦ΘN.
Thus, by combining Proposition 1.3.1 and Proposition 1.4.1 (and the equality
(30)), we have obtained the following Corollary 1.4.2, which will be used in the
proof of Proposition 2.2.5 and Proposition 2.7.3.
Corollary 1.4.2.
Let EN = Y ×k N (resp., EG = Y ×k G) be the trivial right N-torsor (resp.,
G-torsor) over Y . Let h : Y → N be a Y -rational points of N, and ∇EG a T -ℏ-
connection on EG. Denotes (by abuse of notation) by lh the left-translation of EG
by the composite Y
h→ N →֒ G. Then the morphism ∇idY×kGEG,lh (i.e., the morphism
(38) of the case where the triple (E , η, τ) is taken to be (EG, lh, idY×kG)) may be
given by
(62) ∇idY×kGEG,lh (∂) = dlogN(h)(∂) +
∞∑
s=0
1
s!
· ad(−logN(h))s(∇idY×kGEG (∂))
for any local section ∂ ∈ TY log/T log .
Remark 1.4.3.
If G = GLn (for any positive integer n), then, as is well-known, one may
describe the change of connection under a gauge transformation in a some-
what simple manner. Let us consider, in a natural fashion, GLn as an open
subscheme of gln. Since Tgln/k is canonically isomorphic to Ogln ⊗k gln, we
have, by restricting this trivial vector bundle to the open subscheme GLn, an
isomorphism
TGLn/k ∼→ OGLn ⊗k gln.(63)
Now, let E := Y ×k GLn be the trivial right GLn-torsor over Y , h : Y →
GLn be a Y -rational point of GLn, and ∇E a T -ℏ-log connection on E . The
differential dh of h becomes, via (63), an OY -linear morphism TY log/T log →
OY ⊗k gln (= h∗(OGLn) ⊗k gln). Also, by the open immersion GLn →֒ gln,
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h may be thought of as an element of Γ(Y,OY ) ⊗k gln. Then, the morphism
∇idY×kGLnE,lh−1 may be determined by the equality
∇idY×kGLnE,lh−1 (∂) = ℏ · h
−1 · dh(∂) + h−1 · ∇idY×kGLnE (∂) · h(64)
of elements of Γ(Y,OY )⊗k gln, where ∂ denotes any local section of TY log/T log .
Indeed, by the definition of the isomorphism (63), we have
AdGLn(h
−1) ◦ ∇idY×kGLnE (∂) = h−1 · ∇
idY×kGLn
E (∂) · h(65)
and
(dh∨ ⊗ idg)(ΘGLn) = h∗(ΘGLn)(dh(∂))(66)
= dlh−1|(idT ,h)(dh(∂))
= h−1 · dh(∂).
Thus, the equality (64) follows from Proposition 1.3.1.
Suppose further that char(k) is either 0 or a positive integer p with n < p.
Also, suppose that the image of h lies in NGLn. Here, NGLn (resp., ngln) denotes
the subgroup of GLn (resp., the Lie subalgebra of gln) consisting of upper
triangular matrices with diagonal entries 1 (resp., 0). Then, the assignments
a 7→ exp(a) :=
∞∑
s=0
1
s!
· as and b 7→
∞∑
s=1
(−1)s−1
s
· (b− 1)s(67)
form well-defined isomorphisms of k-schemes ngln
∼→ NGLn and NGLn ∼→ ngln ,
respectively, which are inverse to each other. In particular, there exists a unique
element a ∈ Γ(Y,OY )⊗k ngln (= ngln(Y )) with exp(a) = h, and hence,
∇idY×kGLnE,lh−1 (∂) = ℏ · exp(a)
−1 · dh(∂) + exp(a)−1 · ∇idY×kGLnE (∂) · exp(a).(68)
1.5. The moduli stack of pointed stable curves.
Throughout the present paper, we fix a pair of nonnegative integers (g, r)
satisfying that 2g − 2 + r > 0. Denote by Mg,r the moduli stack of r-pointed
stable curves (cf. [Kn], Definition 1.1) over k of genus g (i.e., of type (g, r)),
and by ftau : Cg,r → Mg,r the tautological curve, with its r marked points
s1, · · · , sr : Mg,r → Cg,r. Let us write
Cg,r/Mg,r := (ftau : Cg,r →Mg,r, {si : Mg,r → Cg,r}ri=1),(69)
i.e., the tautological pointed stable curve over Mg,r (cf. (70)). Recall (cf. [Kn],
Corollary 2.6 and Theorem 2.7; [DM], § 5) that Mg,r may be represented by
a geometrically connected, proper, and smooth Deligne-Mumford stack over k
of dimension 3g − 3 + r. Also, recall (cf. [KaFu], Theorem 4.5) that Mg,r has
a natural log structure given by the divisor at infinity, where we shall denote
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the resulting log stack by M
log
g,r. Also, by taking the divisor which is the union
of the si’s and the pull-back of the divisor at infinity of Mg,r, we obtain a
log structure on Cg,r; we denote the resulting log stack by C
log
g,r . The structure
morphism ftau : Cg,r →Mg,r of Cg,r over Mg,r extends naturally to a morphism
f logtau : C
log
g,r →M
log
g,r of log stacks.
Here, let us recall from [LOG], Definition 4.5, the definition of a log-curve
as follows.
Definition 1.5.1.
Let T log be an fs log scheme. A log-curve over T log is a log smooth integrable
morphism f log : Y log → T log of fs log schemes (cf. [KaKa], § 3) such that the
geometric fibers of the underlying morphism f : Y → T are reduced connected
1-dimensional schemes. (In particular, both TY log/T log and ΩY log/T log are line
bundles.)
Definition 1.5.2.
Let T log be an fs log scheme and Y log a log-curve over T log. A logarithmic
chart (or log chart) on Y log (over T log) is a pair (U, ∂) consisting of an
e´tale Y -scheme U (where we equip U with a log structure pulled-back from
the log structure of Y log, and denote the resulting log scheme by U log) and
a global section ∂ of TU log/T log with OU · ∂ = TU log/T log . We shall denote by
∂∨ ∈ Γ(U,ΩU log/T log) the dual base of ∂. A global log chart on Y log (over
T log) is a log chart of the form (Y, ∂).
Let S be a scheme (or, more generally, a stack) over k and
(70) X/S := (f : X → S, {σi : S → X}ri=1)
a pointed stable curve over S of type (g, r), consisting of a (proper) semi-
stable curve f : X → S over S of genus g and r marked points σi : S → X
(i = 1, · · · , r).
X/S determines its classifying morphism s : S → Mg,r and an isomorphism
X
∼→ S×s,Mg,r Cg,r over S. By pulling-back the log structures of M
log
g,r and C
log
g,r,
we obtain log structures on S and X respectively; we denote the resulting log
stacks by S log and X log. The structure morphism f : X → S extends to a
morphism f log : X log → S log of log schemes, which becomes a log curve over
the fs log scheme S log (cf. [KaFu], Theorem 2.6).
Denote by DX/S the e´tale effective relative divisor on X relative to S defined
to be the union of the image of the marked points σi (i = 1, · · · , r). Then,
if we denote by ωX/S the dualizing sheaf of X over S, then ωX/S is naturally
isomorphic to ΩXlog/Slog(−DX/S).
In this way, we consider pointed stable curves as objects of log geometry.
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1.6. The monodromy of an ℏ-log integrable torsor.
Next, we introduce the notion of the monodromy of an ℏ-log integrable torsor
at a marked point of a pointed stable curve.
Let G, g be as in § 1.1, S a scheme over k, and X/S := (f : X → S, {σi :
S → X}ri=1) a pointed stable curve over S of type (g, r). Let u : U → X be
an e´tale morphism. Hence U is a semi-stable curve (in the sense of [Li], § 10.3,
Definition 3.14) over S. Write σUi : U ×X,σi S → U for the base-change of σi
via u, and set the collection of data
(71) U/S := (U/S, {σUi }ri=1).
(We identify the pointed stable curve X/S with the collection U/S of the case
where u : U → X is taken to be idX : X → X .) Denote by DU/S the restriction
of the (possibly empty) divisor DX/S ⊆ X to U . Denote by U sm the smooth
locus of U \ Supp(DU/S) over S, which is a scheme-theoretically dense open
subscheme of U . By pulling-back the log structure of X log via u, one may
equip U with a log structure; we denote the resulting log scheme by U log. The
restriction of this log structure to the open subscheme U sm coincides with the
pull-back of the log structure of S log via f ◦ u : U → S.
For an e´tale U -scheme indicated, say, by the notation “U✷” for a certain
index ✷, we shall use (in response to the notation “U/S”) the notation “U
✷
/S”
for indicating the restriction (U✷/S, {σU✷i }ri=1) of U/S to U✷. Also, if t : T → S
is an S-scheme, then we shall use the notation “U/T ” for indicating the base-
change of U/S via T → S, i.e.,
(72) U/T := (U ×S,t T/T, {σUi ×S idT : U ×X,σi◦t T → U ×S,t T}ri=1).
Let us fix a right G-torsor π : E → U over U , which has a structure of log
scheme E log as we defined in § 1.1. Consider natural morphisms
(73) ιU : TU log/Slog → TU/S , ιE : TE log/Slog → TE/S,
where TU/S and TE/S denote the sheaves of (non-logarithmic) derivations of U/S
and E/S respectively. Since TU log/Slog and TE log/Slog are locally free, and ιU , ιE
are isomorphisms over the scheme-theoretically dense open subscheme U sm of
U , these morphisms are injective. The direct image π∗(TE log/Slog) → π∗(TE/S)
of ιE is compatible with the respective natural G-actions on π∗(TE log/Slog) and
π∗(TE/S). Hence, ιE yields an injection
(74) ι˜E : T˜E log/Slog →֒ T˜E/S (:= π∗(TE/S)G).
Moreover, we obtain a morphism of short exact sequences of OU -modules:
(75)
0 −−−→ gE −−−→ T˜E log/Slog
a
log
E−−−→ TU log/Slog −−−→ 0
id
y ι˜Ey ιUy
0 −−−→ gE −−−→ T˜E/S aE−−−→ TU/S −−−→ 0.
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Let us combine this diagram and the adjunction morphism η(−) : (−) →
σUi∗(σ
U∗
i (−)) arising from the adjunction relation “σU∗i (−) ⊣ σUi∗(−)” (i.e., “the
functor σU∗i (−) is left adjoint to the functor σUi∗(−)”). Then, we obtain, for
each i ∈ {1, · · · , r}, a morphism of sequences
(76)
0 −−−→ gE −−−→ T˜E log/Slog
a
log
E−−−→ TU log/Slog −−−→ 0
ηgE
y ηT˜E/S ◦ι˜Ey ηTU/S ◦ιUy
0 −−−→ σUi∗(σU∗i (gE)) −−−→ σUi∗(σU∗i (T˜E/S))
σUi∗σ
U∗
i (αE )−−−−−−→ σUi∗(σU∗i (TU/S)) −−−→ 0.
(The local triviality of the right G-torsor E in the e´tale topology implies that
the lower horizontal sequence is exact.) Since
(77) σUi∗(σ
U∗
i (TU/S)) ∼= σUi∗(σU∗i (TU/S/ιU(TU log/Slog))),
the composite ηTU/S ◦ιU : TU log/Slog → σUi∗σU∗i (TU/S) (i.e., the right vertical arrow
in the diagram (76)) coincides with the zero map.
Now, let us take an S-ℏ-log connection ∇E on E . It follows from the above
discussion that the composite
(78) (ηT˜E/S ◦ ι˜E) ◦ ∇E : TU log/Slog → σUi∗(σU∗i (T˜E/S))
factors through the injection σUi∗(σ
U∗
i (gE)) →֒ σUi∗(σU∗i (T˜E/S)). The resulting
morphism TU log/Slog → σUi∗σU∗i (gE) corresponds, via the adjunction relation
“σU∗i (−) ⊣ σUi∗(−)”, to a morphism
(79) σU∗i (TU log/Slog)→ σU∗i (gE).
Here, observe that there exists a canonical isomorphism
(80) trivσi,U : σ
U∗
i (TU log/Slog) ∼→ OU×X,σiS
which maps any local section of the form σU∗i (∂x) ∈ σU∗i (TU log/Slog) to 1 ∈
OU×X,σiS, where x is a local function defining the closed subscheme U ×X,σi S
of U and ∂x denotes the dual base of dlog(x).
Thus, we obtain a global section
(81) µ
(E,∇E)
i ∈ Γ(U ×X,σi S, σU∗i (gE))
(
= Γ(U ×X,σi S, gσU∗i (E))
)
determined by the image of 1 ∈ Γ(U ×X,σi S,OU×X,σiS) via the composite
(82) OU×X,σiS
(trivσi,U )
−1
→ σU∗i (TU log/Slog)
(79)→ σU∗i (gE).
Definition 1.6.1.
We shall refer to µ
(E,∇E)
i as the monodromy of (E ,∇E) at σUi .
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2. Opers on a family of pointed stable curves
In this section, we discuss the definition and some basic properties of (g, ℏ)-
opers on a family of pointed stable curves in arbitrary characteristic. If a
fixed stable curve has at least one marked point, then one may consider an
additional invariant, which is called the radius (cf. Definition 2.9.1; Definition
2.9.2), associated, for a specified marked point, with the (g, ℏ)-oper under con-
sideration. As one of the main results in this section, we prove (cf. Proposition
2.11.1) that for each pointed stable curve X/S = (X/S, {σi}ri=1), the moduli
functor (which will be denoted by Opg,ℏ,ρ,X/S) classifying (g, ℏ)-opers on X/S
of a prescribed radii ρ may be represented by a certain relative affine space
over S. Notice that, in order to continue our discussions in § 2 (and § 3), we
apply, in advance, some results and arguments in § 4 discussed later. In fact,
the definition and properties on (g, ℏ)-opers of canonical type (cf. Definition
2.7.1) are based on the results (concerning (sln, ℏ)-opers of canonical type II)
discussed in §§ 4.12-4.13.
Let k, G, g, and ℏ be as in § 1. Suppose further (cf. § 1.4) that G is a split
connected semisimple algebraic group of adjoint type over k. Let Gm denotes
the multiplicative group over k.
2.1. Preliminaries on algebraic groups and Lie algebras.
To begin with, we shall recall a natural filtration on the Lie algebra g.
Let us fix a pinning (cf. [Ng], § 1.2) of G, which is, by definition, a collection
of data
(83) Gւ := (G,T,B,Γ, {xα}α∈Γ),
where
• T denotes a split maximal torus of G;
• B denotes a Borel subgroup containing T;
• Γ ⊆ X(T) (:= Hom(T,Gm), i.e., the additive group of all characters of
T) denotes the set of simple roots in B with respect to T;
• each xα (α ∈ Γ) denotes a generator of gα.
Here,
(84) gβ :=
{
x ∈ g ∣∣ ad(t)(x) = β(t) · x for all t ∈ T}
for each β ∈ X(T). Denote by b, n, and t the Lie algebras of B, N := [B,B],
and T respectively (hence t ⊆ n ⊆ b ⊆ g). There exists a unique Lie algebra
grading
(85) g =
⊕
j∈Z
gj
(i.e., [gj1, gj2 ] ⊆ gj1+j2 for j1, j2 ∈ Z) satisfying the following conditions:
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• gj = g−j = 0 for all j > rk(g);
• g0 = t, g1 =
⊕
α∈Γ g
α and g−1 =
⊕
α∈Γ g
−α.
The associated decreasing filtration
(86) gj :=
⊕
l≥j
gl
(j ∈ Z) on g is closed under the adjoint action of B and satisfies the following
conditions:
• g−j = g and gj = 0 for all j > rk(g);
• g0 = b, g1 = n, and [gj1 , gj2] ⊆ gj1+j2 for j1, j2 ∈ Z.
Let us write
(87) p1 :=
∑
α∈Γ
xα, ρˇ :=
∑
α∈Γ
ωˇα,
where ωˇα denotes the fundamental coweight of α. Then, there exists a unique
collection (yα)α∈Γ, where yα is a generator of g−α, such that if we write
(88) p−1 :=
∑
α∈Γ
yα ∈ g−1,
then the set {p−1, 2ρˇ, p1} forms an sl2-triple.
2.2. g-opers on pointed stable curves.
In §§ 2.2-2.3, we suppose that either one of the following three conditions
(Char)0, (Char)p (which were described in § 1.4), and (Char)slp is satisfied:
(Char)0 : char(k) = 0;
(Char)p : char(k) = p > 2 · h, where h denotes the Coxeter number of G;
(Char)slp : char(k) = p > 0 and G = PGLn (i.e., the projective linear group
over k of rank n) for a positive integer n with n < p.
In particular, (Char)p and (Char)
sl
p imply respectively a certain condition that is
often assumed when we deal with algebraic groups and Lie algebras in positive
characteristic, i.e., p does not divide the order of the Weyl group of (G,T) (and
hence, is very good for G).
By means of the filtration {gj}j∈Z defined above, we shall construct a filtra-
tion on the Lie algebroid associated with a right G-torsor admitting a structure
of B-reduction. And then, we shall define the notion of a (g, ℏ)-oper on a family
of pointed stable curves (cf. Definition 2.2.1).
Let S log be an fs log scheme (or, more generally, an fs log stack) over k, U log
a log-curve over S log, and πB : EB → U a right B-torsor over U . Denote by
πG : (EB ×B G =:) EG → U the right G-torsor over U obtained by executing
a change of structure group via the inclusion B →֒ G. The natural morphism
EB → EG yields a canonical isomorphism gEB ∼→ gEG . Moreover, it gives a
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morphism between short exact sequences obtained by applying (32) to EB and
EG respectively:
(89)
0 −−−→ bEB −−−→ T˜E log
B
/Slog
alogEB−−−→ TU log/Slog −−−→ 0
ιg/b
y ι˜g/by yid
0 −−−→ gEG −−−→ T˜E log
G
/Slog
alogEG−−−→ TU log/Slog −−−→ 0,
where both the left-hand and middle vertical arrows ιg/b, ι˜g/b are injective.
Since gj (⊆ g) is closed under the adjoint action of B via AdG, one may define
vector bundles gjEB (j ∈ Z) associated with EB ×B gj (cf. § 1.1). The collection
{gjEB}j∈Z forms a decreasing filtration on gEB (∼= gEG).
On the other hand, the diagram (89) induces a composite isomorphism
(90) gEB/g
0
EB
∼→ gEG/ιg/b(bEB) ∼→ T˜E log
G
/Slog/ι˜g/b(T˜E log
B
/Slog).
The filtration {gjEB}j≤0 carries, via this composite isomorphism, a decreasing
filtration T˜ jE log
G
/Slog
(j ≤ 0) on T˜E log
G
/Slog satisfying that
(91) T˜ 0E log
G
/Slog
= ι˜g/b(T˜E log
B
/Slog)
and
(92) T˜ j−1E log
G
/Slog
/T˜ jE log
G
/Slog
∼← gj−1EB /gjEB .
Since each g−α (α ∈ Γ) is closed under the action of B, the decomposition
(g−1 =) g−1/g0 =
⊕
α∈Γ g
−α gives a canonical decomposition
(93) T˜ −1E log
G
/Slog
/T˜ 0E log
G
/Slog
=
⊕
α∈Γ
g−αEB .
Definition 2.2.1.
(i) Let
(94) E♠ := (πB : EB → U,∇E : TU log/Slog → T˜E log
G
/Slog)
be a pair consisting of a right B-torsor EB over U and an S-ℏ-log con-
nection ∇E (cf. Definition 1.2.1 (i)) on the right G-torsor πG : EG → U
induced by EB. We shall say that the pair E♠ = (EB,∇E) is a (g, ℏ)-oper
on U log/S log if it satisfies the following two conditions:
• ∇E(TU log/Slog) ⊆ T˜ −1E log
G
/Slog
;
• for any α ∈ Γ, the composite
(95) TU log/Slog ∇E→ T˜ −1E log
G
/Slog
։ T˜ −1E log
G
/Slog
/T˜ 0E log
G
/Slog
։ g−αEB
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is an isomorphism, where the third arrow denotes the natural pro-
jection with respect to the decomposition (93).
If U log/S log arises from a collection of data U/S as in (71), then we
shall refer to any (g, ℏ)-oper on U log/S log as a (g, ℏ)-oper on U/S. For
simplicity, a (g, 1)-oper may be often referred to as a g-oper.
(ii) Let E♠ := (EB,∇E), F♠ := (FB,∇F) be (g, ℏ)-opers on U log/S log. An
isomorphism of (g, ℏ)-opers from E♠ to F♠ is an isomorphism EB ∼→
FB of right B-torsors such that the induced isomorphism EG ∼→ FG of
right G-torsors is compatible with the respective S-ℏ-log connections
∇E , ∇F .
Remark 2.2.2.
Let E♠ = (EB,∇E) be a (g, ℏ)-oper on U log/S log.
(i) Consider the composite isomorphism TU log/Slog ∼→ g−αEB for each α ∈ Γ
(cf. (95)) and the definition of the Lie algebra grading g =
⊕
j∈Z gj (cf.
(85)). Then, it is immediately verified that each subquotient gjEB/g
j+1
EB
(∼= T˜ jE log
G
/Slog
/T˜ j+1E log
G
/Slog
by (92)) of gEB is isomorphic to a dirent sum of
finite copies of Ω⊗j
U log/Slog
. In particular, we have g0EB/g
1
EB
∼= Ω⊕rk(g)U log/Slog .
(ii) If u′ : U ′ → U is an e´tale morphism, then the restriction (u′∗(EB), u′∗(∇E))
of E♠ to U ′ forms a (g, ℏ)-oper on U ′ ×U U log/S log. Also, if s′ : S ′ → S
is a morphism of k-schemes, then one may define, in an evident fashion,
the base-change of E♠ via s′ which is a (g, ℏ)-oper on U log×S S ′/S log×S
S ′. The notion of restriction and base-change are, respectively, com-
patible with composition of morphisms.
Definition 2.2.3.
Let (U, ∂) be a global log chart (cf. Definition 1.5.2) on U log over S log, E♠ :=
(EB,∇E) a (g, ℏ)-oper on U log/S log, and τ : EG ∼→ U ×kG a trivialization of the
right G-torsor EG. (Hence, it follows from the definition of a (g, ℏ)-oper that
∇τE(TU log/Slog) ⊆ OU⊗kg−1 (cf. (38)).) We shall say that E♠ is of precanonical
type relative to the triple (U, ∂, τ) if the composite
(96) TU log/Slog ∇
τ
E→ OU ⊗k g−1 ։ OU ⊗k g−1
(
= OU ⊗k (g−1/g0)
)
sends ∂ to 1⊗ p−1 (cf. (88) for the definition of p−1).
Lemma 2.2.4.
Let (U, ∂) and E♠ be as in Definition 2.2.3 and suppose further that EB = U×kB
(i.e., the trivial right B-torsor). Then, there exists a unique U-rational point
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h : U → T of T satisfying the following condition: if lhG : U ×k G ∼→ U ×k G
is the left-translation (cf. (21)) by the composite hG : U → G of h with
the inclusion T →֒ G, then E♠ is of precanonical type relative to the triple
(U, ∂, lhG).
Proof. Let h : U → T be an arbitrary U -rational points of T, and let hG : U →
G be the composite of h with T (→֒ B) →֒ G. The automorphism π∗(dlhG)G (cf.
§ 1.3) of T˜E log
G
/Slog induced by the left-translation lhG by hG preserves both the
filtration {T˜ jE log
G
/Slog
}j≤0 and the decomposition T˜ −1E log
G
/Slog
/T˜ 0E log
G
/Slog
=
⊕
α∈Γ g
−α
EB
(cf. (93)). lhG acts on each component g
−α
EB (
∼= OU ⊗k g−α) as the adjoint
action by h, which coincides (by the definition of g−α) the automorphism hα ∈
GL(g−αEB ) given by multiplication by (−α) ◦ h : U → Gm. It follows from
the condition on G being of adjoint type that the assignment h 7→ (hα)α∈Γ
determines an isomorphism
(97) U ×k T ∼→
∏
α∈Γ
GL(g−αEB ).
Thus, since yα (cf. (88)) is a generator of g
−α, there exists a unique U -rational
point h : U → T of T such that the composite
(98) TU log/Slog
∇E,lhG→ T˜ −1E log
G
/Slog
։ T˜ −1E log
G
/Slog
/T˜ 0E log
G
/Slog
∼→ g−αEB
(cf. 95) sends ∂ to 1 ⊗ yα. Thus, by definition of p−1, h turns out to be the
required U -rational point. 
The following proposition was proved in [BD2], § 1.3, Proposition, (or [Ba],
Proposition 2.1) if U log/S log is a unpointed smooth curve over C. Similarly,
even if k has positive characteristic and U is an arbitrary log-curve, our con-
ditions (Char)p and (Char)
sl
p assumed at the beginning of § 2.2 enable, respec-
tively, us to parallel the argument of the proof in loc. cit..
Proposition 2.2.5.
(Recall that we have assumed that either one of the three conditions (Char)0,
(Char)p, and (Char)
sl
p is satisfied.) A (g, ℏ)-oper on U
log/S log does not have
nontrivial automorphisms.
Proof. We shall only prove the case where (Char)p is satisfied (since both the
cases of (Char)0 and (Char)
sl
p are technically much simpler due to the equality
(68) in Remark 1.4.3 and the discussion in the proof of [BD2], § 1.3, Proposi-
tion).
As the statement is of local nature we may assume that there exists a global
log chart (U, ∂) and the underlying B-torsor EB of our (g, ℏ)-oper E♠ = (EB,∇E)
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is trivial (i.e., EB = U×kB). Moreover, by Lemma 2.2.4 above, we may assume
that E♠ is of precanonical type relative to the triple (U, ∂, idU×kG).
Let us take an automorphism η of E♠, i.e., an automorphism η : U ×k B ∼→
U ×k B of the right B-torsor U ×k B = EB satisfying that ∇E,η = ∇E (cf. (35)).
η may be given by the left-translation (cf. the discussion in § 1.1) by some
U -rational point hη : U → B of B (cf. (40)). Let hη,T : U → T denotes the
composite
(99) hη,T : U
h→ B→ B/N ∼→ T,
where the third arrow is the inverse of the composite isomorphism T →֒ B ։
B/N. By virtue of the condition that ∇E,η = ∇E , the isomorphism (95) is
compatible with the adjoint action on g−αEB (= OU ⊗k g−α) by hη,T (cf. the
discussion in the proof of Lemma 2.2.4). It follows from the isomorphism (97)
that hη,T coincides with the identity in the group T(U), i.e., hη factors through
the inclusion N →֒ B; for simplicity, we also write hη : U → N for the resulting
morphism. Thus, a U -rational point logN(hη) : U → n (cf. (57)) may be
defined. By Corollary 1.4.2, we have (since ∇E,η = ∇E) the equality
(100) ∇E(∂) = dlogN(hη)(∂) +
∞∑
s=0
1
s!
· ad(−logN(hη))s(∇E(∂))
(cf. (38) for the definition of ∇E) in Γ(U,OU ⊗k g).
We shall suppose that logN(hη) 6= 0. Then,
(101) j0 := max{j ∈ Z | logN(hη) ∈ gj(U)}
is a well-defined positive integer. Let
(102) logN(hη)j : U → gj and ∇E(∂)j ∈ Γ(U,OU ⊗k gj)
(j ∈ Z) be the components of the decompositions of logN(hη) : U → g
and ∇E(∂) ∈ Γ(U,OU ⊗k g), respectively, with respect to the grading g =⊕
j∈Z gj. By the definition of j0, we see that logN(hη)j(∂) = 0 if j < j0, and
dlogN(hη)(∂) ∈ Γ(U,OU ⊗k gj0). Since ∇E(∂)−1 = 1 ⊗ p−1 and ∇E(∂)j = 0 if
j < −1, the section ad(−logN(hη)j)s(∇E(∂)j′) lies in Γ(U,OU ⊗k gj0) if either
“s ≥ 2” or “s = 1 and j+ j′ ≥ j0”. Hence, in the component Γ(U,OU ⊗k gj0−1)
of Γ(U,OU ⊗k g), the equality (100) asserts that
(103) ad(−logN(h)j0)(∇E(∂)−1) (= ad(1⊗ p−1)(logN(hη)j0)) = 0.
But, since j0 > 0 and {p−1, 2ρˇ, p1} forms an sl2-triple, the morphism ad(1 ⊗
p−1) : OU ⊗k gj0 → OU ⊗k gj0−1 is injective. This implies that logN(hη)j0 = 0,
which contradicts the definition of j0. Thus, logN(hη) must be zero, i.e., η is the
identity morphism of E♠. This completes the proof of Proposition 2.2.5. 
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2.3. The stack classifying locally defined (g, ℏ)-opers.
Write Et/U for the small e´tale site on U . By the discussion in Remark 2.2.2
(ii), one may define the stack in groupoids
(104) Opg,ℏ,U log/Slog → Et/U
over Et/U whose category of sections over an e´tale morphism u
′ : U ′ → U is
the groupoid of (g, ℏ)-opers on U ′ ×U U log/S log. One verifies from Proposition
2.2.5 that Opg,ℏ,U log/Slog is fibered in equivalence relations (cf. [FGA], Definition
3.39).
In the following, we shall fix a scheme (or, more generally, a stack) S over
k, a pointed stable curve X/S := (f : X → S, {σi : S → X}ri=1) over S of type
(g, r). Also, let u : U → X be an e´tale morphism (hence, we have U/S as in
(71)). Write Set for the category of (small) sets and Sch/S for the category of
S-schemes. By the discussion in Remark 2.2.2 (ii) again, one may define the
Set-valued contravariant functor
(105) Opg,ℏ,U/S : Sch/S → Set
on Sch/S which, to any S-scheme T , assigns the set of isomorphism classes
of (g, ℏ)-opers on U/T . The natural functor Opg,ℏ,Xlog/Slog(X) → Opg,ℏ,U/S(S)
(where we regard the set Opg,ℏ,U/S(S) as a category in a natural fashion) is an
equivalence of categories.
Let s′ : S ′ → S be a morphism of k-schemes. The assignment t′ 7→ s′ ◦ t′ (for
S ′-scheme t′ : T ′ → S ′) defines a functor
(106) s′ : Sch/S′ → Sch/S.
Then, one may construct, in an evident fashion, a natural transformation
(107) βg,ℏ,U/S ,S′ : Opg,ℏ,U/S ◦ s′ → Opg,ℏ,U/S′
of functors Sch/S′ → Set.
2.4. The canonical PGL2-torsor underlying sl2-opers.
In §§ 2.4-2.7, we verify (cf. Proposition 2.7.5) that the functor Opg,ℏ,X/S may
be represented by a certain relative affine space over S. First, we consider the
case where g = sl2.
Let S and X/S be as above. Let us write G⊙ for the projective linear group
over k of rank 2 (i.e., G⊙ := PGL2), B⊙ for the Borel subgroup of G⊙ defined
as the image of upper triangular matrices, and N⊙ := [B⊙,B⊙]. Also, write g⊙,
b⊙, and n⊙ for the Lie algebras of G⊙, B⊙, and N⊙ respectively. In particular,
(108) g⊙ = sl2, g⊙1 = n
⊙, g⊙0 = b
⊙/n⊙, g⊙−1 = g
⊙/b⊙.
Here, we shall apply an argument similar to the argument given in the proof
of [Ba], § 3, Lemma 3.1, or apply, in advance, results and arguments in § 4
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discussed later (if k has positive characteristic). According to them, one may
easily verify the facts (i)-(v) described below (cf. §§ 4.12-4.13).
(i) One obtains, for each e´tale morphism u : U → X , a specific right
B⊙-torsor
(109) πB⊙,ℏ,U/S : E †B⊙,ℏ,U/S → U
(i.e., πB,ℏ,U/S : E
†
B,ℏ,U/S
→ U defined in (452) of the case where n = 2)
over U . Also, for each log chart (U, ∂) on X log over S log, one obtains a
trivialization
(110) trivB⊙,ℏ,(U,∂) : E †B⊙,ℏ,U/S
∼→ U ×k B
(i.e., trivB,ℏ,(U,∂) : E †B,ℏ,U/S
∼→ U ×k B defined in (461) of the case where
n = 2) of the B⊙-torsor E †B⊙,ℏ,U/S . These assignments u 7→ E
†
B⊙,ℏ,U/S
and
(U, x) 7→ trivB⊙,ℏ,(U,∂) are, respectively, functorial (in an evident sense)
with respect to any restriction of U , as well as any base-change over S.
(ii) We shall refer to any (sl2, ℏ)-oper of canonical type II (cf. Definition
4.12.1) as an (g⊙, ℏ)-oper of canonical type. In particular, the under-
lying B⊙-torsor of any (g⊙, ℏ)-oper on U/S of canonical type is E †B⊙,ℏ,U/S .
Let u : U → X be an e´tale morphism of k-schemes and E♠ a (g⊙, ℏ)-
oper on U/S . Then, there exists (cf. § 4.13 (iii)) a unique pair
(111) (E♠♦, canE♠)
consisting of a (g⊙, ℏ)-oper E♠♦ = (E †B⊙,ℏ,U/S ,∇
♦
E ) on U/S of canonical
type and an isomorphism canE♠ : E♠ ∼→ E♠♦ of (g⊙, ℏ)-opers. The
assignment E♠ 7→ (E♠♦, canE♠) is compatible (in an evident sense) with
any restriction of U , as well as any base-change over S.
(iii) For j = −1, 0, 1, there exists (cf. § 4.5, (374)) a canonical isomorphism
(112) Ω
⊗(1+j)
U log/Slog
∼→HomOU (TU log/Slog , (g⊙j )E†
B⊙,ℏ,U/S
),
of OU -modules (cf. (108)). In the following, if R ∈ Γ(U,Ω⊗2U log/Slog),
then we shall denote by
(113) R♮ : TU log/Slog → n⊙E†
B⊙,ℏ,U/S
the OU -linear morphism corresponding to R via the isomorphism (112)
of the case where j = 1.
(iv) Let E♠♦ = (E †B⊙,ℏ,U/S ,∇
♦
E ) be a (g
⊙, ℏ)-oper on U/S of canonical type
and R ∈ Γ(U,Ω⊗2
U log/Slog
). Since R♮ may be thought of as an OU -
linear morphism TU log/Slog → T˜E†log
G⊙,ℏ,U/S
/Slog via the injection n
⊙
E†
B⊙,ℏ,U/S
→֒
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T˜E†log
G⊙,ℏ,U/S
/Slog , one obtains an S-ℏ-log connection
(114) ∇♦E + R♮ : TU log/Slog → T˜E†log
G⊙,ℏ,U/S
/Slog
on E †G⊙,ℏ,U/S . Moreover, one verifies that the pair
(115) E♠♦+R := (E †B⊙,ℏ,U/S ,∇
♦
E +R
♮)
forms a (g⊙, ℏ)-oper on U/S of canonical type. The assignment (E♠♦, R) 7→
E♠♦+R is functorial with respect to any base-change over S. In particular,
both the fact explained in (ii) and this assignment (of the case where
U = X) determine a V(f∗(Ω⊗2Xlog/Slog))-action
(116) actg⊙,ℏ,X/S : Opg⊙,ℏ,X/S ×S V(f∗(Ω⊗2Xlog/Slog))→ Opg⊙,ℏ,X/S .
on Opg⊙,ℏ,X/S (cf. § 1.2 for the definition of V(−)). Because of this
action, the functor Opg⊙,ℏ,X/S may be represented by a relative affine
space over S modeled on V(f∗(Ω⊗2Xlog/Slog)) (cf. Proposition 4.13.2). In
particular, the fiber of Opg⊙,ℏ,X/S over any point of S is nonempty.
(v) Let s′ : S ′ → S be a morphism of schemes and
(117) βg⊙,ℏ,X/S,S′ : Opg⊙,ℏ,X/S ×S S ′
( ∼→ Opg⊙,ℏ,X/S ◦ s′)→ Opg⊙,s′∗(ℏ),X/S′
the morphism (107) in the case where the pair (g, U) is taken to be
(g⊙, X). Then, it is an isomorphism and makes the square diagram
(118)
(Opg⊙,ℏ,X/S ×S V(f∗(Ω⊗2Xlog/Slog)))×S S ′
actg⊙,ℏ,X/S
×idS′−−−−−−−−−→ Opg⊙,ℏ,X/S ×S S ′
≀
y yid
(Opg⊙,ℏ,X/S ×S S ′)×S′ V(f∗(Ω⊗2X×SS′log/S′log)) Opg⊙,ℏ,X/S ×S S
′
βg⊙,ℏ,X/S,S′
×id
y yβg⊙,ℏ,X/S,S′
Opg⊙,ℏ,X/S′ ×S′ V(f∗(Ω⊗2X×SS′log/S′log))
actg⊙,ℏ,X
/S′−−−−−−−→ Opg⊙,ℏ,X/S′
commute, where the left-hand upper vertical arrow arises from a nat-
ural isomorphism V(f∗(Ω⊗2Xlog/Slog)) ×S S ′
∼→ V(f∗(Ω⊗2X×SS′log/S′log)) (cf.
Proposition 2.6.1, (136)).
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2.5. The canonical G-torsor underlying (g, ℏ)-opers.
Next, we consider the functor Opg,ℏ,X/S of the case where g is arbitrary.
But, in §§2.5-2.7, we suppose that either one of the two conditions (Char)0 and
(Char)p is satisfied. The sl2-triple {p−1, 2ρˇ, p1} determines an injection
(119) ιg : g
⊙ →֒ g
satisfying that ιg(b
⊙) ⊆ b. The following proposition is classical if the field k
has zero characteristic.
Proposition 2.5.1.
There exists a unique injective morphism
ιB : B
⊙ →֒ B(120)
of algebraic groups over k whose differential at the origin coincides with ιg|b⊙ :
b⊙ →֒ b.
Proof. Denote by T⊙ the maximal torus of G⊙ consisting of the images (via
the quotient GL2 ։ G⊙) of diagonal matrices. Let us consider the composite
ιN : N
⊙ logN⊙→ n⊙ ιg|n⊙→֒ n expN→ N(121)
(cf. § 1.4 for the definitions of logN⊙ and expN), which turns out to be a mor-
phism of algebraic groups over k. Also, the following composite forms a mor-
phism of algebraic groups over k:
ιT : T
⊙ ∼→ GL(n⊙) →֒
∏
α∈Γ
GL(gα)
∼→ T,(122)
where
• the first arrow denotes the isomorphism which, to any h ∈ T⊙, assigns
the automorphism of n⊙ given by multiplication by α(h) ∈ Gm (where
α denotes the unique simple root in B⊙);
• the second arrow denotes the diagonal embedding;
• the third arrow denotes the inverse of the isomorphism T ∼→ ∏α∈ΓGL(gα)
which, to any h ∈ T, assigns the collection (hα)α∈Γ ∈
∏
α∈ΓGL(g
α)
consisting of the automorphisms hα (α ∈ Γ) given by multiplication by
α ◦ h ∈ Gm.
We shall construct a morphism ιB : B⊙ → B extending both the morphisms
ιN and ιT (i.e., ιB|N⊙ = ιN and ιB|T⊙ = ιT). Let t ∈ T⊙, n ∈ N⊙, and write
nt := t−1nt ∈ N⊙. Also, let us choose matrices in GL2 of the form
(
a 0
0 1
)
and
(
1 b
0 1
)
representing t and n respectively. Then, nt may be represented
by
(
1 a−1b
0 1
)
, and the images logN(n) and logN(n
t) may be represented by
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0 b
0 0
)
and
(
0 a−1b
0 0
)
respectively. Next, let α ∈ X(T) be a root with gα ∈ gj
(for some j ∈ Z) and let v ∈ gα. By identifying elements of N with automor-
phisms of g via the inclusion N →֒ (G ∼=) Aut0(g), we have a sequence of
equalities
(ιT(t) · ιN(nt))(v) = ιT(t)(
∞∑
s=0
1
s!
· ad(a−1bp1)s(v))(123)
=
∞∑
s=0
1
s!
· as+j · ad(a−1bp1)s(v)
=
∞∑
s=0
1
s!
· ad(bp1)s(ajv)
= ιN(n)(a
jv)
= ιN(n) · ιT(t)(v),
where the second equality follows from the fact that ad(a−1bp1)s(v) ∈ gs+j.
This implies that ιT(t) · ιN(nt) = ιN(n) · ιT(t) (for any t ∈ T⊙, n ∈ N⊙).
Thus, the assignment (n, t) 7→ ιN(n) · ιT(t) determines a well-defined morphism
ιB : (N⊙ ⋊ T⊙ =) B⊙ → B of algebraic groups over k, which extends both ιT
and ιN. It is immediately verified that ιB is a unique morphism satisfying the
required conditions, and consequently, we complete the proof of Proposition
2.5.1. 
Now, let u : U → X be an e´tale morphism. The right B⊙-torsor E †B⊙,ℏ,U/S
induces, by the change of structure group via ιB obtained in Proposition 2.5.1,
a right B-torsor
(124) πB,ℏ,U/S : E †B,ℏ,U/S
(
:= E †B⊙,ℏ,U/S ×
B⊙,ιB B
)
→ U
over U , and hence, a right G-torsor
(125) πG,ℏ,U/S : E †G,ℏ,U/S
(
:= E †B,ℏ,U/S ×B G
)
→ U.
Also, if (U, ∂) is a log chart onX log over S log, then the trivialization trivB⊙,ℏ,(U,∂)
(cf. (110)) induces a trivialization
(126) trivB,ℏ,(U,∂) : E †B,ℏ,U/S
∼→ U ×k B
of the B-torsor E †B,ℏ,U/S , and hence, a trivialization
(127) trivG,ℏ,(U,∂) : E †G,ℏ,U/S
∼→ U ×k G
of the G-torsor E †B,ℏ,U/S . The following assertion follows immediately from
Proposition 4.13.2 described later and the various definitions involved.
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Proposition 2.5.2.
Let (U, ∂) be a log chart on X log over S log and let a ∈ Γ(U,O×U ) (hence, (U, a∂)
forms a log chart). Then, the automorphism trivB,ℏ,(U,∂) ◦ triv−1B,ℏ,(U,a∂) of the
trivial right B-torsor U ×k B coincides with the left-translation by the element
in B(U) defined to be the image, via ιB (cf. (120)), of the element in B⊙(U)
represented by the matrix
(
1 0
0 a
)
. In particular, the OU -linear automorphism
of OU ⊗k g arising from differentiating trivB,ℏ,(U,∂) ◦ triv−1B,ℏ,(U,a∂) coincides with
the automorphism given by assigning 1⊗ v 7→ a−j ⊗ v for any j ∈ Z, v ∈ gj.
2.6. The vector bundle Vg,ℏ,X/S .
We introduce and study certain vector bundles, which will be denoted by
Vg,ℏ,U/S and cVg,ℏ,U/S .
Consider the space gad(p1) of ad(p1)-invariants, i.e.,
(128) gad(p1) :=
{
x ∈ g ∣∣ad(p1)(x) = 0}.
The k-vector space gad(p1) has rank equal to rk(g) (cf. [BD2], § 3.4). The grading
g =
⊕
j∈Z gj (cf. (85)) carries a grading
(129) gad(p1) =
⊕
j∈Z
g
ad(p1)
j
on gad(p1). The components g
ad(p1)
j are closed under the adjoint action of B
⊙
via ιB and satisfies that g
ad(p1)
j = 0 if j ≤ 0 (cf. [BD2], § 3.4).
Thus, one may construct a vector bundle
(130) Vg,ℏ,U/S := ΩU log/Slog ⊗ gad(p1)E†
B⊙,ℏ,U/S
on U of rank equal to rk(g), and moreover,
(131) cVg,ℏ,U/S := Vg,ℏ,U/S(−DU/S)
(
⊆ Vg,ℏ,U/S
)
(cf. § 1.6 for the definition of DU/S). Also, the grading (129) carries a canonical
gradings
(132) Vg,ℏ,U/S =
⊕
j∈Z
Vg,ℏ,U/S ,j, cVg,ℏ,U/S =
⊕
j∈Z
cVg,ℏ,U/S ,j.
For each j ∈ Z, we shall write
Vjg,ℏ,U/S :=
⊕
l≥j
Vg,ℏ,U/S,l
(
⊆ Vg,ℏ,U/S
)
,(133)
cVjg,ℏ,U/S :=
⊕
l≥j
cVg,ℏ,U/S,l
(
⊆ cVg,ℏ,U/S
)
.
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Each component Vg,ℏ,U/S ,j (resp., cVg,ℏ,U/S,j) of Vg,ℏ,U/S (resp., cVg,ℏ,U/S) is iso-
morphic to a dirent sum of finite copies of Ω
⊗(j+1)
U log/Slog
(resp., Ω
⊗(j+1)
U log/Slog
(−DU/S))
(cf. Remark 2.2.2 (i)), and the equalities Vg,ℏ,U/S ,j = cVg,ℏ,U/S ,j = 0 holds if
j ≤ 0. In particular, by applying the isomorphism trivσi,U : σU∗i (TU log/Slog) ∼→
OU×X,σiS (cf. (80)) for all i, we have an isomorphism
(134) Vg,ℏ,U/S/cVg,ℏ,U/S ∼→
r⊕
i=1
σUi∗(O⊕rk(g)U×X,σiS)
of OU -modules. Note that the isomorphism class of the OU -module Vg,ℏ,U/S
(resp., cVg,ℏ,U/S) does not, in fact, depend on the choice of ℏ.
In order to prove the following proposition, we apply certain basic facts
concerning the Lie algebra g reviewed in § 2.8.
Proposition 2.6.1.
The direct image f∗(Vg,ℏ,X/S) (resp., f∗(cVg,ℏ,X/S)) is a vector bundle on S of
rank ℵ(g) (resp., cℵ(g)), where
ℵ(g) := (g − 1) · dim(g) + r
2
· (dim(g) + rk(g))(135) (
resp., cℵ(g) := (g − 1) · dim(g) + r
2
· (dim(g)− rk(g)
)
.
Moreover, if s′ : S ′ → S is a morphism of k-schemes, then the natural
morphism
V(f∗(Vg,ℏ,X/S))×S S ′ → V(f∗(Vg,s′∗(ℏ),X/S′ ))(136) (
resp.,V(f∗(cVg,ℏ,X/S))×S S ′ → V(f∗(cVg,s′∗(ℏ),X/S′ ))
)
is an isomorphism of S ′-schemes.
Proof. As we discussed after (132), Vg,ℏ,X/S and cVg,ℏ,X/S are isomorphic to direct
sums of Ω⊗l
Xlog/Slog
’s and Ω⊗l
Xlog/Slog
(−DX/S)’s (for various l ≥ 2) respectively.
But, since
(137) R1f∗(Ω⊗lXlog/Slog) = R
1f∗(Ω⊗lXlog/Slog(−DX/S)) = 0
for any l ≥ 2, one verifies that
(138) R1f∗(Vg,ℏ,X/S) = R1f∗(cVg,ℏ,X/S) = 0.
Thus, it follows (cf. [Ha], Chap. III, Theorem 12.11 (b)) that f∗(Vg,ℏ,X/S) and
f∗(cVg,ℏ,X/S) are vector bundles on S and the morphism (136) is an isomorphism.
We shall compute the rank of f∗(Vg,ℏ,X/S) and f∗(cVg,ℏ,X/S). By applying the
functor R1f∗(−) to the short exact sequence
(139) 0→ Vg,ℏ,X/S → cVg,ℏ,X/S →
r⊕
i=1
σi∗(O⊕rk(g)S )→ 0
42 YASUHIRO WAKABAYASHI
(cf. (134)), we have (by taking account of the equality (138)) the equality
(140) rk(f∗(Vg,ℏ,X/S)) = rk(f∗(cVg,ℏ,X/S)) + r · rk(g).
On the other hand, refer to the fact discussed in § 2.8 that the isomorphism
Kosg : g
ad(p1) ∼→ c (cf. (169)) is compatible with the Gm-action Ad+ on gad(p1)
and the Gm-action on c that comes from the homotheties on g. Hence, if el
(l = 1, · · · , rk(g)) denotes the degree of homogeneous generators ul in Sk(g∨)G,
then Vg,ℏ,X/S is isomorphic to
⊕rk(g)
i=1 Ω
⊗ei
Xlog/Slog
. It follows that
rk(f∗(Vg,ℏ,X/S)) =
rk(g)∑
i=1
rk(f∗(Ω
⊗ei
Xlog/Slog
))(141)
=
rk(g)∑
i=1
((g − 1) · (2ei − 1) + r · ei)
= (g − 1) · dim(g) + r
2
· (dim(g) + rk(g))
= ℵ(g),
where the third equality follows from the equality
∑rk(g)
i=1 (2ei − 1) = dim(g)
(cf. [BD1], 2.2.4, Remark (iv)). By combining (140) and (141), we obtain the
required equalities. 
The injection gad(p1) →֒ g, which is compatible with the respective B⊙-
actions, gives an OU -linear injection
(142) ςg,ℏ,U/S : Vg,ℏ,U/S →֒ ΩU log/Slog ⊗ gE†
B,ℏ,U/S
.
Since (g⊙)ad(p1) = n⊙, the isomorphism (112) of the case where j = −1 asserts
that Vg⊙,ℏ,U/S is canonically isomorphic to Ω⊗2U log/Slog . Hence, the injection ιg :
g⊙ →֒ g induces an injection
(143) ιg,U/S : Ω
⊗2
U log/Slog
( ∼→ Vg⊙,ℏ,U/S) →֒ Vg,ℏ,U/S
of vector bundles, in particular, a closed immersion
(144) V(f∗(Ω⊗2Xlog/Slog))→ V(f∗(Vg,ℏ,X/S))
of relative affine spaces over S.
2.7. (g, ℏ)-opers of canonical type and representability of the moduli
classifying (g, ℏ)-opers.
Now, we prove (cf. Proposition 2.7.5) that Opg,ℏ,X/S may be represented by
a relative affine space over S modeled on V(f∗(Vg,ℏ,X/S)).
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Definition 2.7.1.
A (g, ℏ)-oper on U/S of canonical type (or, of canonical type I) is a (g, ℏ)-
oper on U/S of the form E♠♦ := (E †B,ℏ,U/S ,∇♦E ) such that for any log chart
(U ′, ∂′) on U log over S log, the following two conditions are satisfied:
• The restriction of E♠♦ to U′/S is of precanonical type relative to the
triple (U ′, ∂′, trivG,ℏ,(U ′,∂′)) (cf. Definition 2.2.3 and (127));
• The image of the composite
(145) ∇τ,0E : TU ′log/Slog
∇τE→ OU ′ ⊗k g−1 ։ OU ′ ⊗ g0,
lies inOU ′⊗kgad(p1) (⊆ OU ′⊗g0), where τ := trivG,ℏ,(U ′,∂′) and the second
arrow denotes the natural projection with respect to the decomposition
OU ′ ⊗k g−1 ∼→
⊕
j≥−1OU ′ ⊗k gj.
Let E♠⊙ := (EB⊙,∇E⊙) be a (g⊙, ℏ)-oper on U/S. We shall write ιG∗(∇E⊙)
for the S-ℏ-log connection on EB⊙ ×B⊙,ιG G arising from ∇E⊙ by executing the
change of structure group via ιG : G⊙ →֒ G. One verifies that the pair
(146) ιG∗(E♠⊙ ) := (EB⊙ ×B
⊙,ιG B, ιG∗(∇E⊙))
forms a (g, ℏ)-oper on U/S. The assignment E♠⊙ 7→ ιG∗(E♠⊙ ) is functorial with
respect to S, and hence, determines a morphism
(147) ιOpg,ℏ,U/S : Opg⊙,ℏ,U/S → Opg,ℏ,U/S
of functors on Sch/S.
Next, let E♠♦⊙ = (E †B⊙,ℏ,X/S ,∇
♦
E⊙) be a (g
⊙, ℏ)-oper on U/S of canonical type
(cf. § 2.4 (ii)) and R ∈ Γ(U,Vg,ℏ,U/S). Consider the composite injection
Vg,ℏ,U/S
ςg,ℏ,U/S→֒ ΩU log/Slog ⊗ gE†
B,ℏ,U/S
(148)
∼→HomOU (TU log/Slog , gE†
B,ℏ,U/S
)
→֒ HomOU (TU log/Slog , T˜E†log
G,ℏ,U/S
/Slog).
If R♮ denotes the image of R via this injection, then the sum ιG∗(∇♦E⊙) +R♮ is
an S-ℏ-log connection on E †G,ℏ,U/S . One verifies that the pair
(149) ιG∗(E♠♦⊙ )+R := (E †B,ℏ,U/S , ιG∗(∇♦E⊙) +R♮)
forms a (g, ℏ)-oper on U/S of canonical type. Moreover, the following proposi-
tion holds.
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Proposition 2.7.2.
A (g, ℏ)-oper on U/S is of canonical type if and only if it is of the form
(150) ιG∗(E♠♦⊙ )+R = (E †B,ℏ,U/S , ιG∗(∇♦E⊙) +R♮)
for some (g⊙, ℏ)-oper (E †B⊙,ℏ,U/S ,∇
♦
E⊙) of canonical type and R ∈ Γ(U,Vg,ℏ,U/S)).
As is the case of Proposition 2.2.5, the following Proposition 2.7.3 (as well
as Proposition 2.7.5) was proved in the previous work by A. Beilinson and
V. Drinfeld (cf. [BD2] § 3.4, Theorem; [Ba], Lemma 3.6) if U/S is a unpointed
smooth curve over C. Under our condition that either (Char)0 or (Char)p is
satisfied (cf. the beginning of § 2.5), one may prove the assertion for more
general cases, i.e., the case where U/S is an arbitrary (locally defined) pointed
stable curve. (If g = sl2, then the following propositions was proved by S.
Mochizuki (cf. [Mz1], Chap. I, Proposition 2.11)).
Proposition 2.7.3.
For a (g, ℏ)-oper E♠ = (EB,∇E) on U/S , there exists a unique pair (E♠♦, canE♠)
consisting of a (g, ℏ)-oper E♠♦ = (E †B,ℏ,U/S ,∇♦E ) on U/S of canonical type and
an isomorphism
(151) canE♠ : E♠ ∼→ E♠♦
of (g, ℏ)-opers.
Moreover, the assignment E♠ 7→ (E♠♦, canE♠) is compatible (in an evident
sense) with any restriction of U , as well as any base-change over S.
Proof. By Proposition 2.2.5 (and the fact that Opg,ℏ,U/S is a stack over Et/U),
the statement is easily verified to be of local nature. Thus, we may suppose that
there exists a global log chart (U, ∂) on U log over S log. Also, we may suppose
(after possibly shrinking U to some e´tale U -scheme) that E †B,ℏ,U/S = EB = U×kB
via trivB,ℏ,(U,∂) (cf. (126)). Moreover, by Lemma 2.2.4, it suffices to prove the
assertion of the case where E♠ is of precanonical type relative to the triple
(U, ∂, idU×kG).
Let us suppose that Im(∇idU×kG,0E ) * OU⊗kgad(p1) (cf. (145) for the definition
of ∇(−),0E ). Then,
(152) j0 := max{j ∈ Z | Im(∇idU×kG,0E ) ⊆
⊕
j≥j0
OU ⊗k gad(p1)j }
is a well-defined nonnegative integer. Here, observe that
(153) gj = ad(p−1)(gj+1)⊕ gad(p1)j , gad(p−1) ∩ b = 0
(j ∈ Z). Hence, there exists a unique section hlog ∈ Γ(U,OU ⊗k gj0+1) (equiva-
lently, a U -rational point U → gj0+1 of gj0+1) satisfying the following condition:
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if OU ⊗k g։ ad(1⊗ p−1)(OU ⊗k gj0+1) denotes the projection with respect to
the composite decomposition
OU ⊗k g ∼→
⊕
j∈Z
OU ⊗k gj(154)
∼→
⊕
j∈Z
ad(1⊗ p−1)(OU ⊗k gj)⊕OU ⊗k gad(p1)j
arising from (153), then the image of ∇idU×kG,0E (∂) ∈ Γ(U,OU ⊗k g) via this
projection coincides with ad(1 ⊗ p−1)(hlog). Since gj0+1 ⊆ n, the U -rational
point hexp := expN ◦ hlog : U → N (cf. (56)) may be defined. By Corollary 1.4.2,
we have the equality
∇idU×kG,0E,hexp (∂) = dlogN(hexp)(∂) +
∞∑
s=0
1
s!
· ad(logN(hexp))s(∇idU×kG,0E (∂))(155)
= dhlog(∂) +
∞∑
s=0
1
s!
· ad(hlog)s(∇idU×kG,0E (∂))
in Γ(U,OU ⊗k g). By the definitions of j0 and hlog, the sections dhlog(∂)
and ad(hlog)s(∇idU×kG,0E (∂)) (s ≥ 2) lie in Γ(U,OU ⊗k gj0+1). Hence, modulo
Γ(U,OU ⊗k gj0+1), we obtain from (155) the equality
∇idU×kG,0E,hexp (∂) ≡ ∇
idU×kG,0
E (∂) + ad(h
log)(∇idU×kG,0E (∂))(156)
≡ ∇idU×kG,0E (∂)− ad(∇
idU×kG,0
E (∂))(h
log)
≡ ∇idU×kG,0E (∂)− ad(1⊗ p−1)(hlog).
But, it follows from this equality and the definition of hlog that ∇idU×kG,0E,hexp (∂)
lies in Γ(U,OU ⊗k gad(p1)) modulo Γ(U,OU ⊗k gj0+1). That is,
(157) j0 < max{j ∈ Z | Im(∇idU×kG,0E,hexp ) ⊆
⊕
j≥j0
OU ⊗k gad(p1)j }.
By continuing inductively the procedure for constructing from ∇E to ∇E,hexp,
one obtains a (g, ℏ)-oper on U/S of the form (U×kB,∇♦E ) for some S-ℏ-log con-
nection ∇♦E satisfying that Im(∇
idU×kG,0
E ) ⊆ OU ⊗k gad(p1) and an isomorphism
canE♠ : (U ×k B,∇E) ∼→ (U ×k B,∇♦E ) of (g, ℏ)-opers. This prove the existence
of the required pair ((U ×k B,∇♦E ), canE♠). The asserted uniqueness follows
from the above discussion. This completes the proof of Proposition 2.7.3. 
Remark 2.7.4.
In the present paper, for a scheme Y , we shall not distinguish between each
OY -module from the associated sheaf (i.e., stacks fibered in sets) on Et/Y .
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The proof of Proposition 2.7.3 implies that if we fix a log chart (U, ∂) on
X log over S log, then the assignment
(158) E♠ := (EB,∇E) 7→ ∇trivB,ℏ,(U,∂) − (1⊗ p−1)
determines a canonical isomorphism
(159) trivOpB,ℏ,(U,∂) : Opg,ℏ,U log/Slog
∼→ OU ⊗k gad(p1)
of stacks over Et/U .
The assignment (E♠♦⊙ , R) 7→ ιG∗(E♠♦⊙ )+R discussed above is functorial with
respect to S, and hence, determines a morphism
(160) actg,ℏ,X/S : Opg⊙,ℏ,X/S ×S V(f∗(Vg,ℏ,X/S))→ Opg,ℏ,X/S
of functors on Sch/S. Here, if R⊙ is an element in Γ(S, f∗(Ω⊗2Xlog/Slog)) (and
E♠♦⊙ is as above) there exists a functorial (with respect to S) isomorphism
(161) ιG∗(E♠♦⊙+R⊙)
∼→ ιG∗(E♠♦⊙ )+ιg,X/S (R⊙).
(cf. (115)) of (g, ℏ)-opers. Thus, actg,ℏ,X/S induces a morphism
(162) actg,ℏ,X/S : Opg⊙,ℏ,X/S ×
V(f∗(Vg⊙,ℏ,X/S )) V(f∗(Vg,ℏ,X/S))→ Opg,ℏ,X/S
of functors onSch/S. It follows from Proposition 2.7.3 that ξg,ℏ,X/S is an isomor-
phism, which implies the following proposition (cf. [BD2] § 3.4, Theorem; [Ba],
Lemma 3.6; [Mz1], Chap. I, Proposition 2.11)).
Proposition 2.7.5.
(Recall that we have assumed that either (Char)0 or (Char)p is satisfied.)
Opg,ℏ,X/S may be represented by a relative affine space over S modeled on
V(f∗(Vg,ℏ,X/S)), hence, by a relative affine space of relative dimension ℵ(g) (cf.
Proposition 2.6.1).
In particular, the morphism ιOpg,ℏ,X/S : Opg⊙,ℏ,X/S → Opg,ℏ,X/S (cf. (147)) is
a closed immersion of S-schemes, and the fiber of Opg,ℏ,X/S over any point of
S is nonempty.
The representability of Opg,ℏ,X/S under the condition (Char)
sl
p will be proved
in Corollary 4.11.3.
Corollary 2.7.6.
(i) If g is simple, then actg,ℏ,X/S becomes an isomorphism
(163) Opg⊙,ℏ,X/S ×S V(f∗(
⊕
k≥1
Vg,ℏ,X/S ,k)) ∼→ Opg,ℏ,X/S
of S-schemes.
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(ii) For s = 1, 2, suppose that we are given a split connected semisim-
ple algebraic group Gs of adjoint type over k and its pinning Gsւ :=
(Gs,Ts,Bs,Γs, {xαs}αs∈Γs) (cf. (83)). Then, the collection of data
(164)
G1ւ ×G2ւ := (G1 ×k G2,T1 ×k T2,B1 ×k B2,Γ1 × Γ2, {(xα1, xα2)}(α1,α2)∈Γ1×Γ2)
forms a pinning of G1 ×k G2. Thus, if g1 and g2 are the Lie algebras
of G1 and G2 respectively, then one may define, by means of the pin-
ning G1ւ × G2ւ , the moduli stack Opg1×kg2,ℏ,X/S . Moreover, there exists a
canonical isomorphism
(165) Opg1×g2,ℏ,X/S
∼→ Opg1,ℏ,X/S ×S Opg2,ℏ,X/S
of S-schemes.
Proof. See [BD2], § 3.4, Remark. 
Moreover, the definition of the structure of V(f∗(Vg,ℏ,X/S))-action onOpg,ℏ,X/S
and the fact explained in § 2.4, (iv), imply the following corollary.
Corollary 2.7.7.
If s′ : S ′ → S is a morphism of k-schemes, the morphism
(166) βg,ℏ,X/S ,S′ : Opg,ℏ,X/S ×S S ′
( ∼→ Opg,ℏ,X/S ◦ s′)→ Opg,s′∗(ℏ),X/S′
(cf. (107)) is an isomorphism that is compatible (in the sense similar to the
compatibility of the diagram (118)) with the respective V(f∗(Vg,ℏ,X/S′))-actions
via the isomorphism V(f∗(Vg,ℏ,X/S))×S S ′ ∼→ V(f∗(Vg,s′∗(ℏ),X/S′ )) of (136).
2.8. The adjoint quotient χ of g.
Let us introduce (cf. Definition 2.9.1) an invariant associated with a marked
point of X/S and an S-ℏ-log integrable G-torsor, (in particular, a (g, ℏ)-oper,)
which is called the radius. In §§ 2.8-2.10, we suppose that either one of the
three conditions (Char)0, (Char)p, and (Char)
sl
p is satisfied. To begin with, we
review some basic facts concerning the quotient of g by the adjoint action of
G. Denote by W the Weyl group of (G,T).
We shall identify g and t with Spec(Sk(g∨)) and Spec(Sk(t∨)) respectively,
where for a k-vector space a we denote by Sk(a) the symmetric algebra on a
over k. Consider the GIT quotient g//G (resp., t//W) of g (resp., t) by the
adjoint action of G (resp., W), i.e., the spectrum of the ring of polynomial
invariants Sk(g∨)G (resp., Sk(t∨)W) on g (resp., t). Let us write
(167) c := t//W.
(When there is a fear of causing confusion, we write cg := t//W.) A Chevalley’s
theorem asserts (cf. [Ng], Theorem 1.1.1; [KW], Chap.VI, Theorem 8.2) that
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the natural morphism Sk(g∨)G → Sk(t∨)W is an isomorphism, i.e., c ∼→ g//G.
Thus, one may define a morphism
(168) χ : g→ c
of k-schemes to be the composite of the natural quotient g ։ g//G and the
inverse of the resulting isomorphism c
∼→ g//G. Let
(169) Kosg : g
ad(p1) →֒ g χ→ c
be the composite of χ and the inclusion gad(p1) →֒ g given by assigning s 7→
s + p−1 for any s ∈ gad(p1). Then, it is well-known (cf. [Ng], Lemma 1.2.1)
that if either (Char)0 or (Char)p is satisfied, then Kosg is an isomorphism of
k-schemes.
If we equip c with the trivial G-action, then χ is compatible with the respec-
tive G-actions. Hence, χ factors through the quotient morphism g → [g/G].
(Here, we recall that [g/G] is the quotient stack representing the functor which,
to any k-scheme T , assigns the groupoid of pairs (F , R) consisting of a right
G-torsor F over T and R ∈ Γ(T, gF ).) We denote by
(170) [χ] : [g/G]→ c
the resulting morphism, which is compatible with the respective G-actions on
[g/G] and c.
Consider a Gm-action Ad
+ on gad(p1) as follows. (Note that this action
on gad(p1) has already appeared in the discussion preceding (129).) Identify
B⊙/N⊙ with Gm via the adjoint action B⊙/N⊙
∼→ GL(n⊙) = Gm. The action
of B⊙ on b via the composite B⊙
ιG|B⊙→ B AdB→ GL(b) (cf. (23)) induces an
action Ad of B⊙/N⊙ = Gm on gad(p1) (⊆ b). Then, we define a new action
Ad+ of Gm on gad(p1) by Ad
+(t)(v) := t · Ad(t)(v) for v ∈ gad(p1), t ∈ Gm.
On the other hand, c (∼= Spec(Sk(g∨)G)) admits a canonical Gm-action that
comes from the homotheties on g (i.e., the natural grading on Sk(g∨)). Then,
Kosg is compatible with the respective Gm-actions of gad(p1) and c. Moreover,
a (non-canonical) choice of homogeneous generators ul ∈ Sk(g∨)G of degree
el (l = 1, 2, · · · ) gives (cf. the discussion following [Ng], Theorem 1.1.1) an
isomorphism
(171) k[u1, · · · , urk(g)] ∼→ Sk(g∨)G
of k-algebras. If we denote by
(172) ⋆ : Gm ×k c→ c
(h, a) 7→ h ⋆ a
the Gm-action on c just discussed, then, via the isomorphism
(173) c
∼→ Spec(k[u1, · · · , urk(g)])
(
=: Ark(g)
)
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induced by (171), this action may be expressed as
(174) h ⋆ (a1, · · · , ark(g)) = (he1 · a1, · · · , herk(g) · ark(g))
for (a1, · · · , ark(g)) ∈ Ark(g). The action ⋆ may be extended to a unique mor-
phism
(175) ⋆˜ : A1 ×k c→ c
of k-schemes.
2.9. (g, ℏ)-opers of prescribed radii.
We shall introduce the definition of a (g, ℏ)-oper equipped with a structure
of radius at each marked point.
For the rest of this section, we assume (unless stated otherwise) that r > 0.
Let u : U → X be an e´tale morphism.
Definition 2.9.1.
Let (G,∇G) be an ℏ-log integrable G-torsor over U log/S log and i ∈ {1, · · · , r}.
Write
(176) ρ
(G,∇G)
i ∈ c(U ×X,σi S)
for the image, via [χ] : [g/G] → c, of the (U ×X,σi S)-rational point of [g/G]
classifying the pair (σU∗i (G), µ(G,∇G)i ) (cf. Definition 1.6.1 for the definition of
µ
(−,−)
i ). We shall refer to ρ
(G,∇G)
i as the radius of (G,∇G) at the marked
point σUi .
Definition 2.9.2.
(i) (Suppose that r > 0.) Let E♠ := (EB,∇E) be a (g, ℏ)-oper on U/S and
ρ := (ρi)
r
i=1 ∈
∏r
i=1 c(U ×X,σi S). We shall say that E♠ is of radii ρ if
ρ
(EG,∇E)
i = ρi for all i = 1, · · · , r.
(ii) Suppose that r = 0. Then, for convenience, we shall refer to any (g, ℏ)-
oper as a (g, ℏ)-oper of radii ∅.
Remark 2.9.3.
Let us briefly mention the relationship between g⊙-opers (of prescribed radii)
and torally indigenous bundles (of prescribed radii). We shall refer to [Mz1]
and [Mz2] for the definition of a torally indigenous bundle. Let X/S := (X/S, {σi}ri=1)
be as above and E♠ := (EB⊙,∇E) a g⊙-oper on X/S (i.e., on X log/S log). Write
P for the P1-bundle on X corresponding to the G⊙-torsor EG⊙ and ∇P for the
logarithmic connection on P corresponding to ∇E . Then, the Borel reduction
EB⊙ of EG⊙ determines a global section X → P of the projection P → X at
which the Kodaira-Spencer morphism is an isomorphism. That is to say, the
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pair (P,∇P) forms a torally indigenous bundle on X log/S log (cf. [Mz2], Chap. I,
§ 4, Definition 4.1). The assignment E♠ 7→ (P,∇P) defines a bijective corre-
spondence between the set of isomorphism classes of g⊙-opers on X/S and the
set of isomorphism classes of torally indigenous bundles on X log/S log.
Next, let us consider the composite
ξ : Γ(S,OS)→ sl2(S) χ◦(−)→ csl2(S),(177)
where the first arrow is given by assigning a 7→
(
a 0
0 −a
)
. For each i =
1, · · · , r, we fix an element λi of {0}∪Γ(S,O×S ) ⊆ Γ(S,OS). Then, one verifies
immediately that a torally indigenous bundle (P,∇P) is of radii (λi)ri=1 (in
the sense of [Mz2], Chap. I, § 4, Definition 4.1) if and only if the g⊙-oper E♠
corresponding (via the bijective correspondence just discussed) to (P,∇P) is of
radii (ξ(λi))
r
i=1.
The image of the zero vector 0 ∈ t via the quotient t → c determines a
(U ×X,σi S)-rational point of c, for which we shall write
(178) [0]U×X,σiS ∈ c(U ×X,σi S).
Giving an S-rational point of the product c×r of r copies of c is, by definition,
equivalent to giving an ordered set ρ := (ρi)
r
i=1 consisting of S-rational points
ρi : S → c (i = 1, · · · , r). Then, we shall write
(179) ~[0]S := ([0]S, [0]S, · · · , [0]S) ∈ c×r(S).
Let ρ := (ρi)
r
i=1 ∈ c×r(S). We shall denote by
(180) Opg,ℏ,ρ,X/S : Sch/S → Set
the Set-valued contravariant functor on Sch/S which, to any S-scheme t :
T → S, assigns the set of isomorphism classes of (g, ℏ)-opers on X/T of radii
ρ ◦ t := (ρi ◦ t)ri=1 ∈ c×r(T ). If r = 0, then by the notation Opg,ℏ,∅,X/S , we mean
the moduli stack Opg,ℏ,X/S .
2.10. (g, ℏ)-opers and (g, ℏ′ · ℏ)-opers.
Let ℏ′ ∈ Γ(S,OS), ρ := (ρi)ri=1 ∈ c×r(S), and let E♠ := (EB,∇E) be a
(g, ℏ)-oper on X/S of radii ρ. The OX -linear morphism
(181) ℏ′ · ∇E : TXlog/Slog → T˜E log
G
/Slog
defined by assigning a 7→ ℏ · ∇E(a) is an S-(ℏ′ · ℏ)-log connection on EG. The
following equality holds:
(182) ρ
(EG,ℏ′·∇E)
i = ℏ
′ ⋆ ρ(EG,∇E)i
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(for i = 1, · · · , r), where ⋆ denotes (by abuse of notation) the Γ(S,O×S )-action
(183) ⋆ : Γ(S,O×S )× c(S)
( ∼→ (Gm ×k c)(S))→ c(S)
(h , a) 7→ h ⋆ a
on the set of S-rational points c(S) arising from the Gm-action ⋆ on c (cf.
(172)). Moreover, the pair
(184) E♠×ℏ′ := (EB, ℏ′ · ∇E)
forms a (g, ℏ′ · ℏ)-oper on X/S of radii ℏ′ ⋆ ρ := (ℏ′ ⋆S ρi)ri=1. The assignment
E♠ 7→ E♠×ℏ′ is functorial with respect to S, and hence, determines a morphism
op×ℏ′ : Opg,ℏ,ρ,X/S → Opg,ℏ′·ℏ,ℏ′⋆ρ,X/S(185)
of functors. If, moreover, ℏ′′ ∈ Γ(S,O×S ), then
(186) op×ℏ′′ ◦ op×ℏ′ = op×(ℏ′′·ℏ′).
In particular, we have that
(187) op×ℏ′−1 ◦ op×ℏ′ = op×ℏ′ ◦ op×ℏ′−1 = id,
which implies the following proposition.
Proposition 2.10.1.
Let ℏ′ ∈ Γ(S,O×S ). Then, the morphism op×ℏ′ is an isomorphism.
2.11. Representability of the moduli classifying (g, ℏ)-opers of pre-
scribed radii.
Let us suppose that either (Char)0 or (Char)p is satisfied. In this subsection,
we conclude (cf. Proposition 2.11.1) that for any ρ := (ρi)
r
i=1 ∈ c×r(S) the
functor Opg,ℏ,ρ,X/S may be represented by a relative affine subspace of Opg,ℏ,X/S
modeled on V(f∗(cVg,ℏ,ρ,X/S)). In particular, the fiber of Opg,ℏ,ρ,X/S over any
point of S is nonempty.
To this end, we may suppose (after possibly replacing S with an open sub-
scheme of S) that for all i ∈ {1, · · · , r}, there exist an open subscheme U i of
X containing the image of the marked point σi : S → X and a trivialization
(188) trivB⊙,U i : E †B⊙,ℏ,Ui
/S
∼→ U i ×k B⊙
of the B⊙-torsor E †
B⊙,ℏ,Ui
/S
.
Let us fix an i0 ∈ {1, · · · , r}. The trivialization trivB⊙,U i0 determines an
isomorphism
(189) trivg,U i0 : (ΩU i0log/Slog ⊗ gE†
B,ℏ,U
i0
/S
)
∼→ ΩU i0log/Slog ⊗k g.
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By restricting it and composing with ςg,ℏ,X/S (cf. (142)), we have an isomor-
phism
(190) Vg,ℏ,X/S |U i0 ∼→ ΩU i0log/Slog ⊗k gad(p1).
Moreover, by applying the functor σ∗i0(−) to (190) and applying the trivializa-
tion (80), we have a commutative square diagram
(191)
σ∗i0(Vg,ℏ,X/S)
triv
ad(p1)
g,σi0−−−−−→ OS ⊗k gad(p1)y y
gσ∗i0 (E
†
G,ℏ,X/S
)
trivg,σi0−−−−→ OS ⊗k g
of OS-modules, where both the upper and lower horizontal arrows are isomor-
phisms and the both sides of vertical arrows are natural injections.
Now, let us fix a (g, ℏ)-oper E♠♦ := (E †B,ℏ,X/S ,∇♦E ) on X/S of canonical type
(cf. Definition 2.7.1) and of radii ρ := (ρi)
r
i=1 ∈ c×r(S). Then, the image
(192) trivg,σi0 (µ
(E†
G,ℏ,X/S
,∇♦E )
i0
) ∈ Γ(S,OS ⊗k g)
of the monodromy µ
(E†
G,ℏ,X/S
,∇♦E )
i0
∈ Γ(S, gσ∗i0 (E†G,ℏ,X/S )) may be expressed as 1 ⊗
p−1 + RE
♠♦
for some RE
♠♦ ∈ Γ(S,OS ⊗k gad(p1)). Consider the composite
morphism
(193)
KosE
♠♦
g,ℏ,X/S,σi0
: V(σ∗i0(Vg,ℏ,X/S))→ V(gσ∗i0 (E†G,ℏ,X/S ))
V(trivg,σi0
)
→ S ×k g idS×χ→ S ×k c
of S-schemes, where the first arrow denotes the morphism given by R 7→ R +
µ
(E†
G,ℏ,X/S
,∇♦E )
i0
for any local section R of σ∗i0(Vg,ℏ,X/S). This morphism does not
depend on the choice of the trivialization (188). It follows from the isomorphism
Kosg (cf. (169)) and the commutativity of the square diagram (191) that
KosE
♠♦
g,ℏ,X/S,σi0
is an isomorphism.
Let R be an element in Γ(X,Vg,ℏ,X/S) and write R♮ for the image of R via the
injection (148) (as we defined in the discussion preceding Proposition 2.7.2).
Then, the pair E♠♦+R := (E †G,ℏ,X/S ,∇♦E+R♮) forms a (g, ℏ)-oper on X/S of canonical
type and satisfies the equality
(194) ρ
(E†
G,ℏ,X/S
,∇♦E +R♮)
i0
= KosE
♠♦
g,ℏ,X/S,σi0
◦R (∈ c(S)),
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where R denotes the S-rational point of V(σ∗i0(Vg,ℏ,X/S)) arising from σ∗i0(R).
In particular, (since KosE
♠♦
g,ℏ,X/S,σi0
is an isomorphism,) ρ
(E†
G,ℏ,XS
,∇♦E +R♮)
i0
= ρi0 if
and only if R : S → V(σ∗i0(Vg,ℏ,X/S)) is the zero section.
We shall apply the above discussion to all i. Consider the composite
(195)
KosE
♠♦
g,ℏ,X/S
: V(f∗(Vg,ℏ,X/S))→
r∏
i=1
V(σ∗i (Vg,ℏ,X/S))
∏r
i=1 Kos
E♠♦
g,ℏ,X/S,σi→
r∏
i=1
S ×k c,
where the first arrow denotes the morphism determined by assigning R 7→
(σ∗i (R))
r
i=1 for any R ∈ Γ(X,Vg,ℏ,X/S). Since the second arrow in (195) is an
isomorphism, the scheme-theoretic inverse image via KosE
♠♦
g,ℏ,X/S
of the graph
S → ∏ri=1 S ×k c corresponding to ρ ∈ c×r(S) is isomorphic to the closed
subscheme V(f∗(cVg,ℏ,X/S)) of V(f∗(Vg,ℏ,X/S)). Thus, it follows from the above
discussion that for R ∈ Γ(X,Vg,ℏ,X/S) the (g, ℏ)-oper E♠♦+R is of radii ρ if and
only if R lies in Γ(X, cVg,ℏ,X/S). That is, the V(f∗(Vg,ℏ,X/S))-action on Opg,ℏ,X/S
carries a free and transitive V(f∗(cVg,ℏ,X/S))-action on Opg,ℏ,ρ,X/S (if Opg,ℏ,ρ,X/S
is nonempty).
Proposition 2.11.1.
(Recall that we have assume that either (Char)0 or (Char)p is satisfied.) Let
ρ = (ρi)
r
i=1 ∈ c×r(S). Then, the functor Opg,ℏ,ρ,X/S may be represented by a
relative affine subspace of Opg,ℏ,X/S (over S) modeled on V(f∗(
cVg,ℏ,X/S)).
In particular, the fiber of Opg,ℏ,ρ,X/S over any point of S is nonempty.
Proof. Since we have already obtained the free and transitive V(f∗(cVg,ℏ,X/S))-
action on Opg,ℏ,ρ,X/S , it suffices to prove that the fiber of Opg,ℏ,ρ,X/S over any
point of S is nonempty. To this end, we may assume (by virtue of Corollary
2.7.7) that S = Spec(k).
Consider the morphism
(196) Radg,ℏ,X/k : Opg,ℏ,X/k → c×r
of k-schemes determined by assigning E♠ := (EB,∇E) 7→ (ρ(EG,∇E)i )ri=1 for any
(g, ℏ)-oper E♠. We shall suppose that Radg,ℏ,X/k is not surjective. Since both
Opg,ℏ,X/k and c
×r are irreducible, the scheme-theoretic image Im(Radg,ℏ,X/k) of
Radg,ℏ,X/k is irreducible and of dimension < dim(c
×r) = r · rk(g). Thus, we
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have
dim(Opg,ℏ,X/k)− dim(Im(Radg,ℏ,X/k))(197)
= dim(V(f∗(Vg,ℏ,X/k)))− dim(Im(Radg,ℏ,X/k))
> ℵ(g)− r · rk(g)
= cℵ(g)
(cf. Proposition 2.6.1). It follows from (197) and [Ha], Chap. II, Exercise 3.22
(b), that every irreducible component of the scheme-theoretic inverse image,
via Radg,ℏ,X/k , of any point in Im(Radg,ℏ,X/k) is of dimension >
cℵ(g). This con-
tradicts the fact that any such inverse image is isomorphic to V(f∗(cVg,ℏ,X/k)).
Hence, Radg,ℏ,X/k is surjective, equivalently, the scheme-theoretic inverse image
of ρ (for any ρ ∈ c×r(k)) via Radg,ℏ,X/k , which is isomorphic to Opg,ℏ,ρ,X/k , is
nonempty. This completes the proof of Proposition 2.11.1. 
The representablity of Opg,ℏ,ρ,X/S under the condition (Char)
sl
p will be proved
in Proposition 4.13.2.
Remark 2.11.2.
Let us describe results analogous to the results of Corollary 2.7.6 (i), (ii) and
Corollary 2.7.7 in the case of the moduli schemes Opg,ℏ,ρ,X/S ’s under consider-
ation.
(i) Write T⊙ for the maximal torus of G⊙ consisting of the images, via
GL2 ։ G⊙, of diagonal matrices, t⊙ for its Lie algebra, andW⊙ for the
Weyl group of (G⊙,T⊙). Set c⊙ := t⊙//W⊙. The injection ιg : g⊙ →֒ g
(cf. (119)) induces (by Proposition 2.5.1) a morphism ιc : cg⊙ → c. For
ρ⊙ := (ρ⊙i )
r
i=1 ∈ (cg⊙)×r(S), we shall write ιc◦ρ⊙ := (ιc◦ρ⊙i )ri=1 ∈ c×r(S).
If we suppose that g is simple, then the isomorphism (163) yields, by
restricting to closed subschemes, an isomorphism
(198) Opg⊙,ℏ,ρ⊙,X/S ×S V(f∗(
⊕
k≥1
cVg,ℏ,X/S,k)) ∼→ Opg,ℏ,ιc◦ρ⊙,X/S
of S-schemes.
(ii) We shall use the notation in Corollary 2.7.6 (ii). For s = 1, 2, write ts
for the Lie algebra of Ts, Ws for the Weyl group of (Gs,Ts). (Hence,
W1 ×W2 is the Weyl group of (G1 ×k G2,T1 ×k T2) and cg1 ×k cg2 =
(t1 ×k t2)//(W1 ×W2).) Also, for ρs := (ρsi )ri=1 ∈ (cgs)×r(S) (s = 1, 2),
we shall write
(199) (ρ1, ρ2) := ((ρ1i , ρ
2
i ))
r
i=1 ∈ (cg1 ×k cg2)×r(S).
Then, the isomorphism (165) yields, by restricting to closed subschemes,
an isomorphism
(200) Opg1×g2,ℏ,(ρ1,ρ2),X/S
∼→ Opg1,ℏ,ρ1,X/S ×S Opg2,ℏ,ρ2,X/S
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of S-schemes.
(iii) If s′ : S ′ → S is a morphism of k-schemes, then the isomorphism (166)
yields, by restricting to closed subschemes, an isomorphism
(201) βg,ℏ,ρ,X/S ,S′ : Opg,ℏ,ρ,X/S ×S S ′ ∼→ Opg,s′∗(ℏ),ρ◦s′,X/S′
that is compatible with the respective V(f∗(cVg,s′∗(ℏ),X/S′ ))-actions.
3. Opers in positive characteristic
In this section, we focus on (g, ℏ)-opers in positive characteristic. In par-
ticular, we discuss the notion of p-curvature (cf. Definition 3.2.1) attached to
each ℏ-log integrable torsor, and define (in terms of p-curvature) two impor-
tant classes of (g, ℏ)-opers, which are referred to as dormant (g, ℏ)-opers (cf.
Definition 3.6.1) and p-nilpotent (g, ℏ)-opers (cf. Definition 3.8.3). Also, we in-
troduce (cf. § 3.12) the moduli stack OpZzz...g,ℏ,g,r (resp., OpZzz...g,ℏ,ρ,g,r; resp., Opnilpg,ℏ,g,r;
resp., Op
nilp
g,ℏ,ρ,g,r) classifying pointed stable curves of type (g, r) equipped with a
dormant (g, ℏ)-oper (resp., a dormant (g, ℏ)-oper of radii ρ; resp., a p-nilpotent
(g, ℏ)-oper; a p-nilpotent (g, ℏ)-oper of radii ρ). As consequences of this sec-
tion, we assert properties concerning the structure of these moduli stacks (cf.
Theorem 3.12.1; Theorem 3.12.2; Theorem 3.12.3).
Let us keep the notation k, G, g, ℏ, etc., in the beginning of § 2, and suppose
that the characteristic char(k) of k is a prime p.
3.1. Frobenius twists and relative Frobenius morphisms.
Let T be a scheme over k (⊇ Fp =: Z/pZ) and f : Y → T a scheme over
T . Denote by FT : T → T (resp., FY : Y → Y ) the absolute Frobenius
morphism of T (resp., Y ). The Frobenius twist of Y over T is, by definition,
the base-change Y
(1)
T (:= Y ×T,FT T ) of f : Y → T via FT : T → T . Denote
by f (1) : Y
(1)
T → T the structure morphism of the Frobenius twist of Y over T .
The relative Frobenius morphism of Y over T is, by definition, the unique
morphism FY/T : Y → Y (1)T over T that fits into a commutative diagram of the
form
(202)
Y
FY/T−−−→ Y (1)T idY ×FT−−−−→ Y
f
y f(1)y fy
T
idT−−−→ T FT−−−→ T.
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Here, the upper composite in this diagram coincides with FY and the right-
hand square is, by the definition of Y
(1)
T , cartesian.
If y˜ : Y˜ → Y is a morphism of schemes (e.g., Y˜ = Y ×T T˜ for some T -scheme
T˜ ), then (since FY/T is a finite morphism) the cartesian diagram
(203)
Y˜
y˜−−−→ Y
F
Y˜ /T
y yFY/T
Y˜
(1)
T
y˜×idT−−−→ Y (1)T
induces a natural isomorphism
(204) (y˜ × idT )∗(FY/T∗(F ∗Y/T (−))) ∼→ FY˜ /T∗(F ∗Y˜ /T ((y˜ × idT )∗(−)))
between functors from the category of O
Y
(1)
T
-modules to the category of O
Y˜
(1)
T
-
modules.
3.2. The p-curvature of an ℏ-log integrable G-torsor.
We recall the definition of the p-curvature of a connection (cf., e.g., [Wa1],
§ 3). Let f : Y log → T log be a log smooth morphism of fine log schemes
over k and (E ,∇E) an ℏ-log integrable G-torsor over Y log/T log (cf. Definition
1.2.1 (iii)). If ∂ is a logarithmic derivation corresponding to a local section
of TY log/T log (resp., T˜E log/T log := (π∗(TE log/T log))G), then we shall denote by ∂[p]
the p-th symbolic power of ∂ (i.e., “∂ 7→ ∂(p)” asserted in [Og1], Proposition
1.2.1), which is also a logarithmic derivation corresponding to a local section of
TY log/T log (resp., T˜E log/T log). The pair (TY log/T log , (−)[p]) (resp., (T˜E log/T log , (−)[p]))
forms a restricted Lie algebra over f−1(OT ). Since alogE ◦ ∇E = ℏ · idTY log/T log
and alogE (∂
[p]) = (alogE (∂))
[p] for any local section ∂ of TY log/T log , the image of the
p-linear map from TY log/T log to T˜E log/T log defined by assigning ∂ 7→ (∇E(∂))[p] −
ℏp−1 · ∇E(∂[p]) is contained in gE (= Ker(alogE )). Thus, we obtain an OY -linear
morphism
F ∗Y (TY log/T log)→ gE(205)
F ∗Y (∂) 7→ (∇E(∂))[p] − ℏp−1 · ∇E(∂[p]),
which corresponds, in an evident way, to an element
(206) pψ(E,∇E ) ∈ Γ(Y, F ∗Y (ΩY log/T log)⊗ gE).
Definition 3.2.1.
We shall refer to pψ(E,∇E) as the p-curvature of (E ,∇E).
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Remark 3.2.2.
(i) As is well-known, by identifying g with the space of right-invariant
vector fields on G, the p-power operation ∂ 7→ ∂[p] (where ∂[p] coincides
with the p-th iterate of the derivation ∂ : OG → OG) carries a restricted
Lie algebra structure on g. This p-power operation is compatible with
the adjoint action of G, and hence, carries, for each G-torsor E over Y , a
restricted Lie algebra (over f−1(OY )) structure (−)[p] on gE ; it coincides
with the restriction of the p-Lie algebra structure on T˜E log/T log defined
at the beginning of this subsection. Moreover, the assignment R 7→
R[p] (R ∈ Γ(Y, gE)) defines a p-power operation on the quotient stack
[g/G] in the way that (E , R)[p] = (E , R[p]) ∈ [g/G](Y ). The quotient
g → [g/G] is compatible with the respective p-power operations on g
and [g/G].
(ii) If (E ,∇E) is a 0-log integrable G-torsor over Y log/T log, then the p-
curvature pψ(E,∇E ) may be determined by the condition that
(207) 〈pψ(E,∇E), F ∗Y (∂)〉 = ∇E(∂)[p]
for any local section ∂ ∈ TY log/T log , where 〈−,−〉 denotes theOY -bilinear
pairing (F ∗Y (ΩY log/T log)⊗ gE)× F ∗Y (TY log/T log)→ gE induced by the nat-
ural pairing ΩY log/T log × TY log/T log → OY .
Let G′ be a connected smooth algebraic group over k with the Lie algebra g′
and w : G→ G′ a morphism of algebraic groups over k. If we write dw : g→ g′
for the differential of w, then it is compatible with the respective p-power
operations on g and g′ (cf. [Sp], 4.4.9). Hence, the following proposition holds.
Proposition 3.2.3.
Let (E ,∇E) be an ℏ-log integrable G-torsor over Y log/T log. Write (EG′,∇EG′ )
for the ℏ-log integrable G′-torsor obtained from (E ,∇E) by executing the change
of structure group via w : G → G′. Then, the p-curvature pψ(EG′ ,∇EG′ ) of
(EG′,∇EG′ ) may be given by
(208) pψ(EG′ ,∇EG′ ) = idF ∗Y (ΩY log/T log ) ⊗ dwE(pψ(E,∇E)),
where dwE denotes the OY -linear morphism gE → g′EG′ (= g′E) arising from dw
twisted by E .
In particular, pψ(E,∇E ) = 0 implies the equality pψ(EG′ ,∇EG′ ) = 0, and vice
versa if dwE is injective (e.g., the case where G′ = GL(g) and w = AdG).
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Proof. Observe that dwE is compatible with the respective p-power operations
on gE and g′EG′ . Hence, for any local section ∂ ∈ TY log/T log and a local trivial-
ization τ of the right G-torsor E , we have a sequence of equalities:
〈idF ∗Y (ΩY log/T log ) ⊗ dwE(pψ(E,∇E )), F ∗Y (∂)〉(209)
= dwE(〈pψ(E,∇E ), F ∗Y (∂)〉)
= dwE((∇E(∂))[p] − ℏp−1 · ∇E(∂[p]))
= dwE((∇τE(∂))[p] − ℏp−1 · ∇τE(∂[p]))
= (dwE ◦ ∇τE(∂))p − ℏp−1 · (dwE ◦ ∇
τ
E)(∂
[p])
= ∇EG′ (∂)[p] − ℏp−1 · ∇EG′ (∂[p])
= 〈pψ(EG′ ,∇EG′ ), F ∗Y (∂)〉.
This completes the proof of Proposition 3.2.3. 
Finally, we have the following proposition.
Proposition 3.2.4.
Let ℏ′ ∈ Γ(S,OS) and denote by
(210) ℏ′ · ∇ : TY log/T log → T˜E log/T log
the T -(ℏ′ · ℏ)-log connection on E (cf. (181)) determined by assigning ∂ 7→
ℏ′ ·∇E(∂) for any local sections ∂ ∈ TY log/T log. Then, the p-curvature pψ(E,ℏ′·∇adE )
is given by
(211) pψ(E,ℏ
′·∇adE ) = ℏ′p · pψ(E,∇E ).
Proof. The assertion follows directly from the definition of p-curvature (cf. [Tr],
§ 2.2). 
3.3. Canonical ℏ-log connections obtained via Frobenius pull-back.
We shall construct a canonical T -ℏ-log connections on the G-torsor over Y
obtained by pulling-back, via FY/T , a right G-torsor over Y
(1)
T .
Let π : F → Y (1)T be a right G-torsor over Y (1)T , and
(212) π(1) : F ∗Y/T (F)→ Y
the G-torsor over Y obtained as the base-change of π : F → Y (1)T via the
relative Frobenius morphism FY/T : Y → Y (1)T (cf. § 3.1). We write F for the
projection
(213) F : F
∗
Y/T (F)
(
:= Y ×
Y
(1)
T ,π
F
)
→ F
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to the second factor (i.e., F := FY/T × idF), which is compatible with the
respective G-actions of F ∗Y/T (F) and F . Consider a morphism of short exact
sequences
(214)
0 0y y
TF ∗
Y/T
(F)log/Y log
∼−−−→ F ∗(TF log/Y (1)logT )y y
TF ∗
Y/T
(F)log/T log
dF−−−→ F ∗(TF log/T log)y y
π(1)∗(TY log/T log)
dFY/T−−−→ π(1)∗(F ∗Y/T (TY (1)logT /T log))y y
0 0
of OF ∗
Y/T
(F)-modules, where
• the left-hand and right-hand vertical sequences arise from both the nat-
ural exact sequences of (logarithmic) tangent bundles for F ∗Y/T (F)log/Y log/T log
and F log/Y (1)logT /T log respectively and a natural isomorphism
(215) π(1)∗(F ∗Y/T (TY (1)logT /T log))
∼→ F ∗(π∗(TY (1)logT /T log));
• the top horizontal arrow denotes a canonical isomorphism obtained by
base-change via FY/T ;
• the middle and bottom horizontal arrows are obtained by differentiating
(over T ) the morphisms F and FY/T respectively.
All of the arrows in the diagram (214) are compatible with the respective G-
actions of the domain and codomain. By applying the functor (π
(1)
∗ (−))G to
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this diagram, we obtain a diagram of OY -modules
(216)
0 0y y
gF ∗
X/S
(F)
∼−−−→ F ∗Y/T (gF )y y
T˜F ∗
Y/T
(F)log/T log
(π
(1)
∗ (dF))G−−−−−−−→ (π(1)∗ (F ∗(TF log/T log)))Gy y
TY log/T log
(π
(1)
∗ (dFY/T ))G−−−−−−−−→ F ∗Y/T (TY (1)logT /T log)y y
0 0.
The two vertical sequences in this diagram are exact. It follows from the
definition of FY/T that the bottom horizontal arrow (π
(1)
∗ (dFY/T ))G vanishes
identically on Y . Hence, the middle horizontal arrow (π
(1)
∗ (dF))G factors
through the injection F ∗Y/T (gF ) →֒ (π(1)∗ (F ∗(TF log/T log)))G. The resulting mor-
phism T˜F ∗
Y/T
(F)log/T log → F ∗Y/T (gF) determines, via the top horizontal arrow
gF ∗
X/S
(F)
∼→ F ∗X/S(gF) in (216), a split surjection of the left-hand vertical se-
quence in (216). Thus, we obtain a T -1-log connection
(217) ∇canF : TY log/T log → T˜F ∗Y/T (F)log/T log
on F ∗Y/T (F) defined to be the corresponding split injection. We shall refer to
the T -ℏ-connection
(218) ∇canF ,ℏ := ℏ · ∇canF
(cf. [Katz1], Theorem (5.1)) as the canonical T -ℏ-log connection on F ∗Y/T (F)
(hence ∇canF ,1 = ∇canF ).
Proposition 3.3.1.
The p-curvature of the ℏ-log integrable G-torsor (F ∗Y/T (F),∇canF ,ℏ) is zero, i.e.,
pψ(F
∗
Y/T
(F),∇canF,ℏ) = 0.
Proof. By Proposition 3.2.4, it suffices to prove the assertion of the case where
ℏ = 1. Observe that the middle horizontal arrow (π(1)∗ (dF))G in (216) is
compatible with the respective p-power structures (−)[p] on T˜F ∗
Y/T
(F)log/T log and
(π
(1)
∗ (F ∗(TF log/T log)))G. Hence, the kernel Ker((π(1)∗ (dF))G) is closed under the
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p-power operator (−)[p] in T˜F ∗
Y/T
(F)log/T log . If we equip Ker((π
(1)
∗ (dF))G) with
the induced p-power structure, then the natural inclusion Ker((π
(1)
∗ (dF))G) →֒
T˜F ∗
Y/T
(F)log/T log is evidently a morphism of restricted Lie algebras over f−1(OT ),
which makes the square diagram
(219)
Ker((π
(1)
∗ (dF))G) −−−→ T˜F ∗
Y/T
(F)log/T log
a
log
F∗
Y/T
(F)|Ker((π(1)∗ (dF))G)
y yid
TY log/T log
∇canF−−−→ T˜F ∗
Y/T
(F)log/T log
commute. Here, the left-hand vertical arrow of this diagram is, by the above
discussion, an isomorphism. In particular, ∇canF is compatible with the re-
spective p-power structures on TY log/T log and T˜E log/T log . By the definition of
p-curvature, this implies the validity of Proposition 3.3.1. 
3.4. Frobenius direct images and relatively torsion-free sheaves.
Let S be a scheme over k, X/S := (f : X → S, {σi}ri=1) a pointed stable curve
of type (g, r) over S, and u : U → X an e´tale morphism. For i = 1, · · · , r, we
write
(220) σ
(1)
i := (σi ◦ FS, idS) : S → X(1)S (= X ×S,FS S) .
Then, the collection of data
(221) (X
(1)
S /S, {σ(1)i }ri=1)
forms a pointed stable curve over S and u × idS : U (1)S → X(1)S is an e´tale
morphism. In response to the notation “U/S” for the pair (U/S, {σUi }ri=1) (cf.
(71)), we shall use the notation “U
(1)
/S ” for indicating the collection of data
(U
(1)
S /S, {σ(1)Ui }ri=1).
If the underlying composite of morphisms between schemes f ◦ u : U → S
is smooth (i.e., the image of u lies in the smooth locus of X over S), then the
relative Frobenius morphism FU/S : U → U (1)S is finite and faithfully flat of de-
gree p. Hence, the direct image FU/S∗(OU) is a vector bundle on U (1)S of rank p.
Unfortunately, this is not true in the generality of cases (since FU/S : U → U (1)S
is not flat at a non-smooth point of U). But, as is shown in Proposition 3.4.1
below, one may verifies that the O
U
(1)
S
-module FU/S∗(OU) satisfies a certain
local property even at a non-smooth point, i.e., that FU/S∗(OU) is relatively
torsion-free. Here, by a relatively torsion-free sheaf of (constant) rank
n > 0 (cf. [Ses], SEPTIE`ME PARTIE, DE´FINITION 1 or [Ja], Definition 1.0.1)
on the semistable curve U/S (in the sense of [Li], § 10.3, Definition 3.14), we
mean a coherent OU -module G which is of finite presentation and flat over S
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satisfying the following property: on the fiber Xs := X ×S,s Spec(k) over each
point s : Spec(k) → S the induced OXs-module G|Xs is of rank n (cf. [HL],
§ 1.2, Definition 1.2.2) and has no associated primes of height one. (On the
smooth locus of X over S, any relatively torsion-free sheaf is locally free.) The
following Proposition 3.4.1 will be used in the discussion of § 6.
Proposition 3.4.1.
For any vector bundle V on U of rank n, the O
U
(1)
S
-module FU/S∗(V) is relatively
torsion-free of rank n · p.
Proof. Since V is locally isomorphic to O⊕nU and FU/S∗(V) is flat over S, we may
assume, without loss of generality, that S = Spec(k) for an algebraically closed
field k over k and V = OU . As explained above, FU/k∗(OU) is locally free of
rank p over the smooth locus ofX
(1)
k
. Hence, it suffices to prove that FU/k∗(OU )
is (relatively) torsion-free of rank p at each nodal point of U . For a nodal point
q of U with p := FU/k(q) ∈ U (1)k (k), we denote by ÔU (1)
k
,p
and m̂
U
(1)
k
,p
the
completions of the stalk of O
U
(1)
k
at p and its maximal ideal respectively. What
we have to prove is (cf. [Ja], the discussion at the beginning of § 1.2) that the
completion of the stalk of FU/k∗(OU) at p (i.e., the completion ÔU,q of the stalk
of OU at q, viewed as an ÔU (1)
k
,p
-module) is isomorphic to Ô⊕a
U
(1)
k
,p
⊕ m̂⊕b
U
(1)
k
,p
for
some a, b ≥ 0. Let us fix an isomorphism ÔU,q ∼= k[[x, y]]/(xy). By passing to
the ring homomorphism F ∗
U/k
: Ô
U
(1)
k
,p
→ ÔU,q (which is verified to be injective)
induced by FU/k, we shall identify ÔU (1)
k
,p
with the subring k[[xp, yp]]/(xpyp) of
k[[x, y]]/(xy) (hence we have m̂
U
(1)
k
,p
∼= xp · k[[xp]]⊕ yp · k[[yp]]). Now, we define
a k[[xp, yp]]/(xpyp)-linear morphism
(222) (k[[xp, yp]]/(xpyp))⊕ (xp · k[[xp]]⊕ yp · k[[yp]])⊕(p−1) → k[[x, y]]/(xy)
given by assigning
(223) (A, (xp · Bi + yp · Ci)p−1i=1 ) 7→ A+
p−1∑
i=1
(xi ·Bi + yi · Ci)
for A ∈ k[[xp, yp]]/(xpyp), and Bi ∈ k[[xp]], Ci ∈ k[[yp]] (i = 1, · · · , p − 1).
This morphism is verified to be an isomorphism. That is, ÔU,q is isomorphic
to Ô
U
(1)
k
,p
⊕ m̂⊕(p−1)
U
(1)
k
,p
. This completes the proof of Proposition 3.4.2. 
The following proposition will be use in the proof of Proposition 3.8.1.
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Proposition 3.4.2.
Let V ′ be a vector bundle on U (1)S of rank n and denote by
(224) wV ′ : V ′ → FU/S∗(F ∗U/S(V ′))
the O
U
(1)
S
-linear morphism corresponding, via the adjunction relation “F ∗U/S(−) ⊣
FU/S∗(−)” (i.e., “the functor F ∗U/S(−) is left adjoint to the functor FU/S∗(−)”),
to the identity morphism of F ∗U/S(V ′). Then, wV ′ is injective and its cokernel
Coker(wV ′) is relatively torsion-free of rank n · (p− 1).
Proof. As the statement is of local nature, we may assume (since V ′ is locally
isomorphic to O⊕n
U
(1)
S
) that V ′ = O
U
(1)
S
=: O. The morphism wO is functorial
with respect to base-change via any S-scheme s˜ : S˜ → S in the sense that if
we write U˜ := U ×S S˜, then the composite
O
U˜
(1)
S˜
(225)
∼→ (idU × s˜)∗(O)
(idU×s˜)∗(wO)→ (idU × s˜)∗(FU/S∗(F ∗U/S(O)))
∼→ FU˜/S∗(F ∗U˜/S(OU˜ (1)
S˜
))
coincides with wV ′ of the case where V ′ = OU˜ (1)
S˜
, where the third isomorphism
follows from the natural isomorphism (204). The open subscheme U sm of U is
scheme-theoretically dense and wO is injective over U sm. It follows that wO is
injective (over U), which concludes the half part of the assertion.
Moreover, the above argument where S is replaced with various S-schemes
implies (thanks to the functoriality of w(−)) that wO is universally injective
with respect to base-change over S. By [Ma], p. 17, Theorem 1, the cokernel
Coker(wO) turns out to be flat over S. Thus, it suffices to prove the assertion
of the case where S = Spec(k) for an algebraically closed field k over k.
We shall prove the torsion-freeness of Coker(wO) at a nodal point (resp.,
a smooth point) p. By the discussion in the proof of Proposition 3.4.1, the
completion of wO : OU (1)
k
→ FU/k∗(F ∗U/k(OU (1)
k
)) at p may be identified with
the inclusion Ô
U
(1)
k
,p
→֒ Ô
U
(1)
k
,p
⊕ m̂⊕(p−1)
U
(1)
k
,p
(resp., Ô
U
(1)
k
,p
→֒ Ô⊕p
U
(1)
k
,p
) into the
first factor. Hence, the completion of Coker(wO) at p is isomorphic to m̂
⊕(p−1)
U
(1)
k
,p
(resp., Ô⊕(p−1)
U
(1)
k
,p
), which is torsion-free of rank p − 1. This completes the proof
of Proposition 3.4.2. 
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3.5. The radius of an ℏ-log connection with vanishing p-curvature.
In the following part of this section, suppose further that k is perfect (i.e.,
Fk : Spec(k) → Spec(k) is an isomorphism), G is split over Fp, and moreover,
the data in the pinning Gւ specified at the beginning of § 2.1, is defined over
Fp. In particular, the k-scheme c (cf. (167)) arises from an Fp-scheme cFp
(i.e., c = cFp ×Fp k), and hence, is isomorphic to c(1)k via the isomorphism
idt × Fk : c(1)k ∼→ c. We denote, by abuse of notation, the set of Fp-rational
points of cFp by c(Fp) (instead of cFp(Fp)). Also, in §§ 3.5-3.6, we assume (unless
otherwise stated) that either (Char)p or (Char)
sl
p is satisfied.
Proposition 3.5.1.
The square diagram
(226)
[g/G]
[χ]−−−→ c
(−)[p]
y yFc/k
[g/G]
[χ]−−−→ c
is commutative.
Proof. Observe (cf. [Sp], 4.4.10. Example (2)) that the p-power operation on
t coincides with the relative Frobenius morphism Ft/k : t → t(1)k (= t) and
is compatible with the adjoint action of W. Hence, the endomorphism of c
induced by the p-power operation on t coincides with Fc/k. But, it also coincides
with the endomorphism induced, via the quotient χ : g → c, by the p-power
operation on g. Thus, the relative Frobenius morphism Fc/k makes the diagram
(227)
g −−−→ [g/G] [χ]−−−→ c
(−)[p]
y (−)[p]y Fc/ky
g −−−→ [g/G] [χ]−−−→ c
commute, as desired. 
Let (E ,∇E) be an ℏ-log integrable G-torsor over U log/S log, and suppose that
r > 0. By passing to the isomorphism
(228) (triv∨σi,U)
⊗p :
(
σU∗i (F
∗
U(ΩU log/Slog))
∼→
)
σU∗i (Ω
⊗p
U log/Slog
)
∼→ OU×X,σiS
(i = 1, · · · , r) arising from the trivialization trivσi,U (cf. (80)), we consider
σU∗i (
pψ(E,∇E )) as an element in Γ(U, gσ∗i (E)). Under this consideration, the fol-
lowing equality holds:
(229) σU∗i (
pψ(E,∇E)) = (µ(E,∇E)i )
[p] − ℏp−1 · µ(E,∇E)i
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(cf. Definition 1.6.1 for the definition of µ
(E,∇E)
i ).
Proposition 3.5.2.
Let (E ,∇E) be as above, and suppose further that pψ(E,∇E) = 0. Then, the
following equality holds:
(230) Fc/k ◦ ρ(E,∇E )i = ℏp−1 ⋆˜ ρ(E,∇E )i
(
= ρ
(E,ℏp−1·∇E)
i
)
(cf. (175); (183)).
In particular, the following assertions hold:
(i) If, moreover, ℏ ∈ Γ(S,O×S ), then ℏ−1 ⋆˜ ρ(E,∇E )i ∈ c(Fp);
(ii) If, moreover, ℏ = 0 and S is reduced, then ρ(E,∇E )i = 0 ∈ c(Fp).
Proof. First, we prove the equality (230). Under the condition that pψ(E,∇E) =
0, the equality (229) is equivalent that
(231) (µ
(E,∇E)
i )
[p] = ℏp−1 · µ(E,∇E)i .
Hence, by Proposition 3.5.1, we have a sequence of equalities
Fc/k ◦ ρ(E,∇E)i = Fc/k ◦ [χ]((σ∗i (E), µ(E,∇E)i ))(232)
= [χ]((σ∗i (E), µ(E,∇E)i )[p])
= [χ]((σ∗i (E), (µ(E,∇E)i )[p]))
= [χ]((σ∗i (E), ℏp−1 · µ(E,∇E)i ))
= ℏp−1 ⋆˜ ρ(E,∇E)i .
That is to say, the equality (230) holds, as desired.
Next, we consider assertions (i) and (ii). Let us fix an isomorphism c
∼→
Spec(k[u1, · · · , urk(g)]) as in (173). By passing to this isomorphism, one may
express ρ
(E,∇)
i as
(233) ρ
(E,∇)
i = (a1, · · · , ark(g))
(
:= (aj)
rk(g)
j=1
)
∈ Ark(g)(U ×X,σi S)
for some aj ∈ Γ(U ×X,σi S,OU×X,σiS) (j = 1, · · · , rk(g)). By means of this
expression, the equality (230) may be described as the equality (apj )
rk(g)
j=1 =
(ℏ(p−1)·ej · aj)rk(g)j=1 .
If ℏ ∈ Γ(S,O×S ) (i.e., the assumption in (i) is satisfied), then
(234) apj = ℏ
(p−1)·ej · aj ⇐⇒ (ℏ−ej · aj)p = ℏ−ej · aj ⇐⇒ ℏ−ej · aj ∈ Fp,
equivalently, ρ
(E,∇)
i ∈ c(Fp).
On the other hand, if ℏ = 0 and S is reduced (i.e., the assumption in (ii) is
satisfied), then
(235) apj = ℏ
(p−1)·ej · aj (= 0)⇐⇒ aj = 0.
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This completes the proof of Proposition 3.5.2. 
3.6. Dormant (g, ℏ)-opers.
Now we proceed with our discussion concerning the moduli schemes Opg,ℏ,X/S
and Opg,ℏ,ρ,X/S for the case of positive characteristic. Denote by
(236) κg,ℏ,U/S : Opg,ℏ,U/S → Ω⊗pU log/Slog ⊗ gE†G,ℏ,U/S
the morphism of stacks over Et/U which, to any local section of Opg,ℏ,U/S corre-
sponding to a (g, ℏ)-oper E♠ := (EB,∇E), assigns (via Ω⊗pU log/Slog ∼= F ∗U(ΩU log/Slog))
its p-curvatrue pψ(EG,∇E). Consider the relative affine space
(237)
⊕⊗
g,ℏ,X/S
:= V(f∗(Ω
⊗p
Xlog/Slog
⊗ gE†
G,ℏ,X/S
)),
(cf. [Pe] for the notation “
⊕⊗
” that means a spindle) over S, which has the
zero section
(238) ☛ : S →⊕⊗g,ℏ,X/S
(cf. [Pe] for the notation “☛” that means a princess’s finger). By considering
the morphism (236) of the case where U is taken to beX , we obtain a morphism
(239) κg,ℏ,X/S : Opg,ℏ,X/S →
⊕⊗
g,ℏ,X/S
(cf. [Pe] for the notation “ κ” that means an old fairy) over S. Also, for each
ρ ∈ c×r(S) (where we take ρ = ∅ if r = 0), this morphism restricts to a
morphism
(240) κg,ℏ,ρ,X/S := κg,ℏ,X/S |Opg,ℏ,ρ,X/S : Opg,ℏ,ρ,X/S →
⊕⊗
g,ℏ,X/S
.
Thus, we obtain a unique closed subscheme
(241) Op
Zzz...
g,ℏ,X/S
(
resp., Op
Zzz...
g,ℏ,ρ,X/S
)
(cf. [Pe] for the notation “Zzz...”!) of Opg,ℏ,X/S (resp., Opg,ℏ,ρ,X/S) for which the
square diagram
(242)
Op
Zzz...
g,ℏ,X/S
−−−→ Opg,ℏ,X/Sy y κg,ℏ,X/S
S
☛−−−→ ⊕⊗g,ℏ,X/S
resp.,
Op
Zzz...
g,ℏ,ρ,X/S
−−−→ Opg,ℏ,ρ,X/Sy y κg,ℏ,ρ,X/S
S
☛−−−→ ⊕⊗g,ℏ,X/S

is cartesian. If r = 0, then, by the notation Op
Zzz...
g,ℏ,∅,X/S , we mean the moduli
scheme Op
Zzz...
g,ℏ,X/S
.
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Definition 3.6.1.
We shall say that a (g, ℏ)-oper E♠ = (EB,∇E) on X/S is dormant if pψ(EG,∇E) =
0, equivalently, if it is classified by the closed substack Op
Zzz...
g,ℏ,X/S
.
Proposition 3.6.2.
The morphism ιOpg,ℏ,X/S : Opg⊙,ℏ,X/S → Opg,ℏ,X/S (cf. (147)) restricts to a
morphism
(243) ι
Zzz...
Opg,ℏ,X/S
: Op
Zzz...
g⊙,ℏ,X/S → Op
Zzz...
g,ℏ,X/S
.
If, moreover, the condition (Char)p is satisfied, then this morphism is a closed
immersion.
Proof. It follows from Proposition 3.2.3 that if E♠⊙ is a dormant (g⊙, ℏ)-oper
on X/S, then the associated (g, ℏ)-oper ιG∗(E♠⊙ ) (cf. (146)) is dormant. This
implies that the composite
(244) Op
Zzz...
g⊙,ℏ,X/S → Opg⊙,ℏ,X/S
ιOpg,ℏ,X/S→ Opg,ℏ,X/S
factors through the closed immersion Op
Zzz...
g,ℏ,X/S
→ Opg,ℏ,X/S , which implies the
validity of the former assertion. Moreover, by Proposition 2.7.5, the resulting
morphism ι
Zzz...
Opg,ℏ,X/S
: Op
Zzz...
g⊙,ℏ,X/S
→ OpZzz...g,ℏ,X/S becomes a closed immersion under
the condition (Char)p. 
Define an open subscheme ◦c of c to be
(245) ◦c := c \ Im([0]k)
(cf. § 2.9 for the definition of the closed immersion [0]k : Spec(k) → c). We
shall observe the following property concerning the radii of dormant opers:
Proposition 3.6.3.
Suppose that r > 0 and ℏ ∈ Γ(S,O×S ), and let E♠ := (EB,∇E) be a dormant
(g, ℏ)-oper on X/S. Then, the radii ρ := (ρ
(EG,∇E)
i )
r
i=1 ∈ c×r(S) lies in the subset
◦c×r(S) of c×r(S). In particular, if ℏ ∈ k×, then ℏ−1 ⋆ ρ ∈ ◦c×r(Fp).
Proof. The latter assertion follows from the former assertion and Proposi-
tion 3.5.2 (i). We shall consider the former assertion. It suffices to con-
sider the assertion of the case where E♠ is of canonical type. In particular,
the monodromy µ
(EG,∇E)
i of (EG,∇E) at σi (i = 1, · · · , r) may be expressed as
µ
(EG,∇E)
i := 1⊗ p−1 + Ri, where Ri ∈ Γ(S, σ∗i (Vg,ℏ,X/S)). Now, we suppose that
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ρ
(EG,∇E )
i = [0]S for some i. This implies (since Kosg (cf. (169)) is an isomor-
phism) that Ri = 0, and hence (µ
(EG,∇E)
i )
[p] = 1⊗p[p]−1 = 0. But, by the equality
(229), we have
σ∗i (
pψ(EG,∇E )) = (µ(EG,∇E)i )
[p] − ℏp−1 · µ(EG,∇E)i = −ℏp−1 · (1⊗ p−1) 6= 0.(246)
This contradicts the assumption that E♠ is dormant. Thus, we have ρ(EG,∇E)i 6=
[0]S for any i, and this completes the proof of the former assertion of Proposition
3.6.3. 
3.7. The relative affine spaces
⊕⊗∇
c,X/S
and
⊕⊗∇
c,ρ,X/S
.
In the rest of this section, we assume the condition (Char)p. For a line
bundle L on X , we shall write L× for the Gm-torsor associated with L. We
shall denote by
(247)
⊕⊗∇
c,X/S
(
resp.,
⊕⊗
c,X/S
)
the S-scheme (cf. [FGA], Theorem 5.23) representing the Set-valued con-
travariant functor on Sch/S (cf. § 2.3) which, to any S-scheme t : T → S,
assigns the set of morphisms X ×S T → Ω×Xlog/Slog ×Gm c (resp., X ×S T →
(Ω⊗p
Xlog/Slog
)× ×Gm c) over X . If r > 0, then one may define a morphism of
k-schemes
(248) Rad⊕⊗c,X/S :
⊕⊗∇
c,X/S
→ c×r
to be the morphism which, to each T -rational point of
⊕⊗∇
c,X/S
classifying a
morphism w : X ×S T → Ω×Xlog/Slog ×Gm c, assigns the collection of data
(w|σi)ri=1 ∈ c×r(T ) consisting of the composites
(249) w|σi : T ∼→ S ×σi,X (X ×S T ) idS×w→ S ×σi,X (Ω×Xlog/Slog ×Gm c)
∼→ S ×k c
(i = 1, · · · , r), where the last isomorphism arises from the trivialization (80).
For each ρ ∈ c×r(S), we shall write
(250)
⊕⊗∇
c,ρ,X/S
for the closed subscheme of
⊕⊗∇
c,X/S
defined to be the scheme-theretic inverse
image of ρ via Rad⊕⊗c,X/S . One verifies that
⊕⊗∇
c,X/S
and
⊕⊗∇
c,ρ,X/S
may be repre-
sented by relative affine spaces over S of relative dimension ℵ(g) and cℵ(g) (cf.
(135)) respectively. Indeed, recall (cf. the discussion in the proof of Propo-
sition 2.6.1) that the isomorphism Kosg : g
ad(p1) → c (cf. (169)) induces an
isomorphism
(251) V(f∗(Vg,ℏ,X/S)) ∼→
⊕⊗∇
c,X/S
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of S-schemes. Moreover, upon passing to this isomorphism,
⊕⊗∇
c,ρ,X/S
may be
identified with an affine subspace of V(f∗(Vg,ℏ,X/S)) modeled on V(f∗(cVg,ℏ,X/S)).
Next, write
⊕⊗χ,ℏ,X/S :
⊕⊗
g,ℏ,X/S
→⊕⊗c,X/S(252)
for the morphism arising naturally from the morphism
(253) [((Ω⊗p
Xlog/Slog
)× ×Gm g)/G]→ (Ω⊗p
Xlog/Slog
)× ×Gm c
(which is induced by [χ] : [g/G]→ c). If t : T → S is an S-scheme, then there
exist natural isomorphisms
(254)
⊕⊗
g,t∗(ℏ),X/T
∼→⊕⊗g,ℏ,X/S ×S,t T and ⊕⊗c,X/T ∼→⊕⊗c,X/S ×S,t T
of T -schemes which make the square diagram
(255)
⊕⊗
g,t∗(ℏ),X/T −−−→
⊕⊗
g,ℏ,X/S
×S,t T
⊕⊗χ,t∗(ℏ),X/T
y y⊕⊗χ,ℏ,X/S×idT⊕⊗
c,X/T
−−−→ ⊕⊗c,X/S ×S,t T
commute.
Now, we consider relations between the S-schemes just defined and those of
the case where X/S is replaced with its Frobenius twist X
(1)
/S = (f
(1) : X
(1)
S →
S, {σ(1)i }ri=1) (cf. § 3.4). Let ρ := (ρi)ri=1 ∈ c×r(S), and write
(256) Fc/k ◦ ρ := (Fc/k ◦ ρi)ri=1 ∈ c×r(S).
It follows from the definitions of
⊕⊗∇
c,X/S
(resp.,
⊕⊗∇
c,ρ,X/S
) (cf. (254)) that there
exists a natural isomorphism
(257)
⊕⊗∇
c,X
(1)
/S
∼→⊕⊗∇c,X/S ×S,FS S (resp.,⊕⊗∇c,Fc/k◦ρ,X(1)/S ∼→⊕⊗∇c,ρ,X/S ×S,FS S
)
of S-schemes. The natural isomorphism
(258) X ×
FX/S ,X
(1)
S
(Ω×
X
(1)log
S /S
log
×Gm c) ∼→ (Ω⊗p
Xlog/Slog
)× ×Gm c,
gives a morphism
(259) ℑc,X/S :
⊕⊗∇
c,X
(1)
/S
→⊕⊗c,X/S (resp.,ℑc,ρ,X/S :⊕⊗∇c,ρ,X(1)/S →⊕⊗c,X/S
)
of S-schemes.
Proposition 3.7.1.
The morphism ℑc,X/S (resp., ℑc,ρ,X/S) is a closed immersion.
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Proof. Since ℑc,ρ,X/S may be obtained as the composite of ℑc,X/S and the closed
immersion
⊕⊗∇
c,ρ,X
(1)
/S
→⊕⊗∇
c,X
(1)
/S
, it suffices to prove the non-resp’d assertion.
Let us fix an isomorphism ιc : c
∼→ Spec(k[u1, · · · , urk(g)]) as in (173). If
L is a line bundle on either X or X(1)S , then this isomorphism ιc allows us to
identify L××Gm c with the relative affine space associated with⊕rk(g)l=1 L⊗el (i.e.,
L× ×Gm c ∼→ V(⊕rk(g)l=1 L⊗el)). Hence, there exist isomorphisms of S-schemes
(260)
⊕⊗∇
c,X
(1)
/S
∼→ V(f (1)∗ (
rk(g)⊕
l=1
Ω⊗el
X
(1)log
S /S
log
))
and
(261)
⊕⊗
c,X/S
∼→ V(f∗(
rk(g)⊕
l=1
Ω⊗p·el
Xlog/Slog
))
= V(rk(g)⊕
l=1
f (1)∗ (FX/S∗(Ω
⊗p·el
Xlog/Slog
)))
 .
For l = 1, · · · , rk(g), we shall write
(262) ωl : Ω
⊗el
X
(1)log
S /S
log
→ FX/S∗(F ∗X/S(Ω⊗elX(1)logS /Slog))
( ∼→ FX/S∗(Ω⊗p·elXlog/Slog))
for the morphism of O
X
(1)
S
-modules corresponding, via the adjunction rela-
tion “F ∗X/S(−) ⊣ FX/S∗(−)”, to the identity morphism of F ∗X/S(Ω⊗elX(1)logS /Slog)
(∼= Ω⊗p·elXlog/Slog). Note that the OX(1)S -module FX/S∗(Ω
⊗p·el
Xlog/Slog
) is relatively tor-
sion free of rank p (cf. Proposition 3.4.1) and ωl is easily verified to be injective
over the scheme-theoretically dense open subscheme X
(1)sm
S of X
(1)
S (cf. § 1.6).
Hence, the morphism ωl, as well as its direct image f
(1)(ωl), is injective. On
the other hand, since el ≥ 2, the following equalities hold:
R1f (1)∗ (Ω
el
X
(1)log
S /S
log
) = 0,(263)
R1f (1)∗ (FX/S∗(Ω
⊗p·el
Xlog/Slog
))
(
= R1f∗(Ω
⊗p·el
Xlog/Slog
)
)
= 0.
By [Ha], Chap. III, Theorem 12.11 (b), both the domain and codomain of
f
(1)
∗ (ωl) are locally free, and hence, the construction of the injection f
(1)
∗ (ωl)
is, in a natural sense, functorial with respect to any base-change over S. In
particular, by applying the above argument where S is replaced with various
S-schemes, one concludes that f
(1)
∗ (ωl) is universally injective with respect to
base-change over S. Hence, Coker((f
(1)
∗ (ωl)) is flat over S (cf. [Ma], p. 17,
Theorem 1). It follows that the dual
(264) f (1)∗ (ωl)
∨ : f (1)∗ (FX/S∗(Ω
⊗p·el
Xlog/Slog
))∨ → f (1)∗ (Ω⊗elX(1)logS /Slog)
∨
of f
(1)
∗ (ωl) is surjective for all l.
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Since the morphism ℑc,X/S may be obtained by (taking the spectrum of) the
surjection
(265) SOS(
rk(g)⊕
l=1
f (1)∗ (FX/S∗(Ω
⊗p·el
Xlog/Slog
))∨)։ SOS(
rk(g)⊕
l=1
f (1)∗ (Ω
⊗el
X
(1)log
S /S
log
)∨)
of OS-algebras induced by
⊕rk(g)
l=1 f
(1)
∗ (ωl)∨, we conclude that ℑc,X/S is a closed
immersion, as desired. 
3.8. p-nilpotent (g, ℏ)-opers.
We shall write
(266)
κH-Mg,ℏ,X/S : Opg,ℏ,X/S →
⊕⊗
c,X/S
(
resp., κH-Mg,ℏ,ρ,X/S : Opg,ℏ,ρ,X/S →
⊕⊗
c,X/S
)
for the composite ⊕⊗χ,ℏ,X/S ◦ κg,ℏ,X/S (resp., ⊕⊗χ,ℏ,X/S ◦ κg,ℏ,ρ,X/S).
Here, if Y is a k-scheme and ℏ ∈ Γ(Y,OY ), λ ∈ c(Y ), then we shall write
(267) λFℏ := χ ◦ ((Kos−1g ◦ λ)[p] − ℏp−1 · (Kos−1g ◦ λ)) ∈ c(Y ),
where we regard Kos−1g ◦ λ as an element of g(Y ). If ℏ = 0, then one verifies
(cf. Proposition 3.5.1) the equality
(268) λFℏ = Fc/k ◦ λ
(cf. (256)). Also, for each ρ ∈ c×r(S), we shall write
(269) ρFℏ := ((ρi)
F
ℏ )
r
i=1 ∈ c×r(S).
Proposition 3.8.1.
For a k-scheme Y , we shall consider the morphism
(270) Ψc,ℏ,Y : c×k Y → c×k Y
of Y -schemes determined uniquely by the condition that the equality
(271) Ψc,ℏ,Y ◦ (λ, y˜) = (λFℏ , y˜) : Y˜ → c×k Y
holds for any morphism y˜ : Y˜ → Y and λ ∈ c(Y˜ ).
(i) Let us denote by Rc×kY the OY -algebra corresponding to the affine Y -
scheme c×k Y (cf. § 3.11). Consider the Gm-action on Rc×kY opposite
to that induced by the Gm-action ⋆ on c (cf. (172)) and the increasing
filtration {Rjc×kY }j∈Z associated with this grading (which is, by con-
struction, positive, i.e., Rjc×kY = 0 if j < 0). Then, the OY -algebra
endomorphism Ψ∗c,ℏ,Y of Rc×kY corresponding to Ψc,ℏ,Y is filtered of de-
gree p, i.e., Ψ∗c,ℏ,Y (Rjc×kY ) ⊆ Rj+pc×kY .
(ii) If ℏ = 0, then the morphism Ψc,0,Y coincides with the relative Frobenius
morphism Fc×kY/Y of c×k Y (∼= (c×k Y )(1)Y ) over Y .
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(iii) If gr(Rc×kY ) denotes the graded OY -algebra associated with Rc×kY , then
the graded OY -algebra endomorphism gr(Ψ∗c,ℏ,Y ) of gr(Rc×kY ) associated
with Ψ∗c,ℏ,Y coincides with Ψ
∗
c,0,Y .
(iv) Ψc,ℏ,S is finite and faithfully flat of degree p
rk(g).
Proof. Consider the morphism Ψc,z,A1 (where A1 := Spec(k[z])), i.e., the mor-
phism (270) of the case where the pair (Y, ℏ) is taken to be (A1, z). Note that
the original Ψc,ℏ,Y may be obtained as the fiber of Ψc,z,A1 over the S-rational
point [ℏ] : Y → A1 corresponding to ℏ ∈ Γ(Y,OY ). Hence, it suffices to prove
the assertion for the case of Ψc,z,A1.
Denote by ψ : k[z]⊗kSk(g∨)→ k[z]⊗kSk(g∨) the k[z]-algebra automorphism
corresponding to g×k A1 → g×k A1 given by assigning v 7→ v[p] − zp−1 · v (for
any v ∈ g). Then, by the definition of Ψc,z,A1, the square diagram
k[z]⊗k Sk(g∨)G incl.−−−→ k[z]⊗k Sk(g∨)
Ψ∗
c,z,A1
y yψ
k[z]⊗k Sk(g∨)G −−−→
incl.
k[z]⊗k Sk(g∨)
(272)
is commutative, where the upper and lower horizontal arrows denote the natu-
ral inclusions. If we equip k[z]⊗k Sk(g∨) with the positive grading that comes
from the homotheties on g (i.e., the natural grading on Sk(g∨)), then the inclu-
sion k[z]⊗k Sk(g∨)G → k[z]⊗k Sk(g∨) preserves the respective gradings. Hence,
because of the commutativity of (272), (since ψ is filtered of degree p) Ψ∗c,z,A1
is, in fact, filtered of degree p. The proof of assertion (i) is completed.
Assertions (ii) and (iii) follow from the definition of Ψc,ℏ,Y .
Finally, consider assertion (iv). Let us write gr(k[z] ⊗k Sk(g∨)G) for the
graded k[z]-algebra associated with k[z] ⊗k Sk(g∨)G and gr(Ψ∗c,z,A1) for the
graded endomorphism of gr(k[z]⊗k Sk(g∨)G) associated with the filtered mor-
phism Ψ∗c,z,A1. By assertions (ii) and (iii), gr(k[z] ⊗k Sk(g∨)G) turns out to
be a finite gr(Ψ∗c,z,A1)(gr(k[z] ⊗k Sk(g∨)G))-module. It follows from a routine
argument that k[z] ⊗k Sk(g∨)G is a finite Ψ∗c,z,A1(k[z] ⊗k Sk(g∨)G)-module, i.e.,
Ψc,z,A1 is finite. Since the domain and codomain of Ψc,z,A1 are irreducible,
smooth, and of the same dimension, one verifies immediately that Ψc,z,A1 is
also faithfully flat. The computation of its degree may be accomplished by
computing the degree of its fiber over the zero section in A1, which coincides
with Ψc,0,A1 (= Fc×kA1/A1 = Fc/k × idA1 by assertion (ii)). This completes the
proof of assertion (iv). 
Proposition 3.8.2.
The morphism κH-Mg,ℏ,X/S (resp., κ
H-M
g,ℏ,ρ,X/S
) factors through the closed immersion
ℑc,X/S :
⊕⊗∇
c,X
(1)
/S
→ ⊕⊗c,X/S (resp., ℑc,ρFℏ ,X/S : ⊕⊗∇c,ρFℏ ,X(1)/S → ⊕⊗c,X/S) (cf. (259)),
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i.e., there exists a unique morphism
(273)
κH-M∇g,ℏ,X/S : Opg,ℏ,X/S →
⊕⊗∇
c,X
(1)
/S
(
resp., κH-M∇g,ℏ,ρ,X/S : Opg,ℏ,ρ,X/S →
⊕⊗∇
c,ρF
ℏ
,X
(1)
/S
)
satisfying that
(274) ℑc,X/S ◦ κ
H-M∇
g,ℏ,X/S
= κH-Mg,ℏ,X/S
(
resp., ℑc,ρF
ℏ
,X/S
◦ κH-M∇g,ℏ,ρ,X/S = κ
H-M
g,ℏ,ρ,X/S
)
.
Proof. First, we consider the non-resp’d assertion. Let ιc and ωl (l = 1, · · · , rk(g))
be as in the proof of Proposition 3.7.1. In particular, ιc induces isomorphisms
(275)
⊕⊗∇
c,X
(1)
/S
∼→ V(
rk(g)⊕
l=1
f (1)∗ (Ω
⊗el
X
(1)log
S /S
log
))
(cf. (260)) and
(276)
⊕⊗
c,X/S
∼→ V(
rk(g)⊕
l=1
f (1)∗ (FX/S∗(Ω
⊗p·el
Xlog/Slog
)))
(cf. (261)).
Now, let t : T → S be an S-scheme and E♠ = (EB,∇E) a (g, ℏ)-oper on
X/T . The T -rational point of Opg,ℏ,X/S classifying E♠ determines, via κ
H-M
g,ℏ,X/S
,
a T -rational point of
⊕⊗
c,X/S
. By passing to the isomorphism (276) (and (204)),
we obtain the corresponding global section
(277) RE♠ ∈ Γ((X ×S T )(1)T ,
rk(g)⊕
l=1
FX×ST/T∗(Ω
⊗p·el
(X×ST )log/T log)).
What we want to prove is (under the isomorphism (275)) the claim that RE♠
lies in the image of
⊕rk(g)
l=1 wl (of the case where X/S is replaced with X/T ), i.e.,
(278) RE♠ ∈ Γ((X ×S T )(1)T ,
rk(g)⊕
l=1
Ω⊗el
(X×ST )(1)logT /T log
).
Here, by Proposition 3.4.2, the cokernel of
⊕
l ωl turns out to be relatively
torsion-free (of rank p− 1). Hence, it suffices to prove (278) where X ×S T is
replaced with the scheme-theoretically dense open subscheme (X ×S T )sm (cf.
§ 1.6) of X ×S T . (In particular, we may assume that X ×S T/T is a smooth
curve.) But, this assertion follows from an argument similar to the argument
discussed in the proof of [CZ], Proposition 3.1 (or [LP], Proposition 3.2). This
completes the proof of the non-resp’d assertion.
The resp’d assertion follows from the non-resp’d assertion and the following
observation: if E♠ = (EB,∇E) is a (g, ℏ)-oper on X/S of radii ρ and of canonical
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type, then
[χ](σ∗i (
pψ(EG,∇E))) = [χ]((µ(EG,∇E)i )
[p] − ℏp−1 · µ(EG,∇E)i )(279)
= [χ]((Kos−1g ◦ ρ)[p] − ℏp−1 · (Kos−1g ◦ ρ))
= ρFℏ
(cf. (229) for the first equality). 
We shall denote by
(280) Op
p-nilp
g,ℏ,X/S
(
resp., Op
p-nilp
g,ℏ,ρ,X/S
)
the closed subscheme of Opg,ℏ,X/S (resp., Opg,ℏ,ρ,X/S) defined to be the scheme-
theoretic inverse image, via κH-Mg,ℏ,X/S (resp., κ
H-M
g,ℏ,ρ,X/S
), of the composite
(281) S
☛→⊕⊗g,ℏ,X/S ⊕⊗χ,ℏ,X/S→ ⊕⊗c,X/S .
In particular, we have a commutative diagram
(282)
Op
Zzz...
g,ℏ,ρ,X/S
−−−→ Opp-nilpg,ℏ,ρ,X/S −−−→ Opg,ℏ,ρ,X/Sy y y
Op
Zzz...
g,ℏ,X/S
−−−→ Opp-nilpg,ℏ,X/S −−−→ Opg,ℏ,X/S
consisting of closed immersions between S-schemes. The both sides of square
diagrams in this diagram are cartesian. If r = 0, then we mean Op
p-nilp
g,ℏ,∅,X/S for
the stack Op
p-nilp
g,ℏ,X/S
.
Definition 3.8.3.
We shall say that a (g, ℏ)-oper E♠ on X/S is p-nilpotent if it is classified by
the closed substack Op
p-nilp
g,ℏ,X/S
of Opg,ℏ,X/S .
3.9. (g, z)-opers for a formal parameter “z”.
Consider the moduli scheme Opg,z,ρ˜,X/A1×kS
, where A1 := Spec(k[z]) and ρ˜ is
an (A1 ×k S)-rational point of c×r. (We take ρ˜ := ∅ if r = 0.) Denote by
(283) ∆g,ρ˜,X/S : Opg,z,ρ˜,X/A1×kS
→ A1
the structure morphism of Opg,z,ρ˜,X/A1×kS
over A1. Opg,z,ρ˜,X/A1×kS represents,
by definition, the functor which, to any S-scheme t : T → S, assigns the set
of pairs (ℏ, [E♠]) consisting of ℏ ∈ Γ(T,OT ) (where we shall denote by [ℏ] the
morphism T → A1 of k-schemes corresponding to ℏ) and the isomorphism class
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of a (g, ℏ)-oper [E♠] on X/T of radii ρ˜◦ ([ℏ], t) ∈ c×r(T ). In particular, (for each
ℏ ∈ Γ(T,OT )) there exists a canonical isomorphism
(284) Opg,z,ρ˜,X/A1×kS
×∆g,ρ˜,X/S ,A1,[ℏ] T
∼→ Opg,ℏ,ρ˜◦([ℏ],t),X/T
of S-schemes, and hence, a closed immersion
(285) Opg,ℏ,ρ˜◦([ℏ],t),X/T → Opg,z,ρ˜◦(idA1×t),X/A1×kT .
Moreover, one may construct a Gm(= Spec(k[z, z−1]))-action
(286) Gm ×k Opg,z,ρ˜,X/A1×kS → Opg,z,ρ˜,X/A1×kS
on Opg,z,ρ˜,X/A1×kS
determined by assigning (ℏ′, (ℏ, [E♠])) 7→ (ℏ′ · ℏ, [E♠×ℏ′]) (for
any ℏ′ ∈ Gm). If ρ˜ ∈ c×r(Gm ×k S) (⊆ c×r(A1 × S)), then this action carries a
Gm-action
(287) Gm ×k Opg,z,ρ˜,X/Gm×kS → Opg,z,ρ˜,X/Gm×kS
on Opg,z,ρ˜,X/Gm×kS .
On the other hand, there exists a natural Gm-action
Gm ×k
⊕⊗
g,z,X/Gm×kS
→⊕⊗g,z,X/Gm×kS(288) (
resp., Gm ×k
⊕⊗
c,X/Gm×kS
→⊕⊗c,X/Gm×kS)
on
⊕⊗
g,z,X/Gm×kS
(resp.,
⊕⊗
c,X/Gm×kS
) induced from the homotheties on g (resp.,
the Gm-action ⋆ : Gm ×k c→ c (cf. (172))).
Let ℏ ∈ Γ(S,O×S ) (⊆ Γ(S,OS)). For ρ := (ρi)ri=1 ∈ c×r(S), we shall write
(289) ρ⋆ := (ρ⋆i )
r
i=1 ∈ c×r(A1 ×k S),
where ρ⋆i (i = 1, · · · , r) is the composite
(290) ρ⋆i : A
1 ×k S idA1×ρi→ A1 ×k c ⋆˜→ c
(cf. (175) for the definition of ⋆˜). Then, the following equality holds:
(291) ρ⋆ ◦ ([ℏ], idS) = ℏ ⋆ ρ
(cf. § 2.10). Let us consider the diagram of (Gm ×k S)-schemes
(292)
Gm ×k Opg,ℏ,ℏ⋆ρ,X/S −−−→ Opg,z,ρ⋆,X/Gm×kSy y
Gm ×k
⊕⊗
g,ℏ,X/S
−−−→ ⊕⊗g,z,X/Gm×kSy y
Gm ×k
⊕⊗
c,X/S
−−−→ ⊕⊗c,X/Gm×kS ,
whose three horizontal arrows are constructed as follows:
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• the top horizontal arrow denotes the composite
(293) Gm ×k Opg,ℏ,ρ,X/S → Gm ×k Opg,z,ρ⋆,X/Gm×kS → Opg,z,ρ⋆,X/Gm×kS ,
where the first arrow is the product of the identity morphism idGm of
Gm and the closed immersion Opg,ℏ,ρ,X/S → Opg,z,ρ⋆,X/Gm×kS (cf. (285)),
and the second arrow is (287);
• the middle (resp., bottom) horizontal arrow denotes the composite
Gm ×k
⊕⊗
g,ℏ,X/S
→ Gm ×k
⊕⊗
g,ℏ,X/Gm×kS
→⊕⊗g,z,X/Gm×kS(294) (
resp., Gm ×k
⊕⊗
c,X/S
→ Gm ×k
⊕⊗
c,X/Gm×kS
→⊕⊗c,X/Gm×kS) ,
where the first arrow is the product of the identity morphism idGm of
Gm and the composite of closed immersions⊕⊗
g,ℏ,X/S
∼→ S ×S
⊕⊗
g,ℏ,X/S
[ℏ]×id→ Gm ×k
⊕⊗
g,ℏ,X/S
(254)→ ⊕⊗c,X/Gm×kS(295)(
resp.,
⊕⊗
c,X/S
∼→ S ×S
⊕⊗
c,X/S
[ℏ]×id→ Gm ×k
⊕⊗
c,X/S
(254)→ ⊕⊗c,X/Gm×kS
)
,
and the second arrow is (288).
One verifies (cf. Proposition 2.10.1 and Proposition 3.2.4) that this diagram
(292) is commutative and compatible, in a natural sense, with any base-change
over S. Moreover, all the horizontal arrows in this diagram are isomorphisms.
In particular, the following proposition holds.
Proposition 3.9.1.
The commutative diagram (292) induces a commutative square diagram
(296)
Gm ×k OpZzz...g,ℏ,ρ,X/S −−−→ Op
Zzz...
g,z,ρ⋆,X/Gm×kSy y
Gm ×k Opp-nilpg,ℏ,ρ,X/S −−−→ Op
p-nilp
g,z,ρ⋆,X/Gm×kS
of (Gm ×k S)-schemes, where
• the right-hand vertical arrow denotes the closed immersionOpZzz...
g,z,ρ⋆,X/Gm×kS
→
Op
p-nilp
g,z,ρ⋆,X/Gm×kS
given in (282);
• the left-hand vertical arrow denotes the product of the identity morphism
idGm of Gm and the closed immersion Op
Zzz...
g,ℏ,ρ,X/S
→ Opp-nilpg,ℏ,ρ,X/S .
Moreover, both the upper and lower horizontal arrows in this diagram are iso-
morphisms. In particular, for each ℏ′ ∈ Γ(S,O×S ), we have natural isomor-
phisms
(297) Op
Zzz...
g,ℏ,ρ,X/S
∼→ OpZzz...g,ℏ′·ℏ,ℏ′⋆ρ,X/S and Op
p-nilp
g,ℏ,ρ,X/S
∼→ Opp-nilpg,ℏ′·ℏ,ℏ′⋆ρ,X/S
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of S-schemes that are compatible with any base-change over S.
Proof. The last assertion follows from the equality (291). 
3.10. The moduli stack classifying p-nilpotent (g, 0)-opers.
We shall study the case where ℏ = 0. Note that there exists a canonical
decomposition
(298) gE†
G,0,X/S
∼→
⊕
j∈Z
gjE†
B,0,X/S
/gj+1E†
B,0,X/S
(
=
⊕
j∈Z
(gj)E†
B⊙,0,X/S
)
.
Indeed, this follows from the definition of E †B,0,X/S (cf. (125)) and the canonical
decomposition (473) (displayed in Remark 4.13.3 later) of the case where n = 2.
The natural inclusion g⊙E†
G⊙,0,X/S
→֒ gE†
G,0,X/S
is compatible with the gradings, and
hence, determines a composite
(299) OX ∼→HomOX (TXlog/Slog , (g⊙−1)E†
B⊙,0,X/S
) →֒ HomOX (TXlog/Slog , g−1E†
B,0,X/S
),
where the first arrow denotes the isomorphism asserted in (112) (of the case
where j = −1). In particular, the image of 1 ∈ Γ(X,OX) determines an S-
0-log connection ∇triv on E †G,0,X/S . The pair (E
†
B,0,X/S
,∇triv) forms a (g, 0)-oper
on X/S of canonical type and of radii ~[0]S := ([0]S, [0]S, · · · , [0]S) ∈ c×r(S) (cf.
(179)). The (g, 0)-oper (E †B,0,X/S ,∇triv) yields a canonical global section
(300) ☛triv : S → Opg,0,X/S .
(Note that pψ
(E†
G,0,X/S
,∇triv)
= 0, and hence, the section ☛triv factors through
the closed immersion Op
Zzz...
g,0,X/S
→ Opg,0,X/S .) This section gives a trivialization
(301) V(f∗(Vg,0,X/S)) ∼→ Opg,0,X/S
of the relative affine space Opg,0,X/S over S. By composing the inverse of (301)
and the isomorphism (251) (of the case where ℏ = 0), we have a canonical
isomorphism
(302) Kos>g,0,X/S : Opg,0,X/S
∼→⊕⊗∇c,X/S
of S-schemes. Moreover, for each ρ ∈ c×r(S), the isomorphism (302) restricts
to an isomorphism
(303) Kos>g,0,ρ,X/S : Opg,0,ρ,X/S
∼→⊕⊗∇c,ρ,X/S
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Proposition 3.10.1.
The composite
κH-M∇g,0,X/S ◦ Kos>−1g,0,X/S :
⊕⊗∇
c,X/S
→⊕⊗∇
c,X
(1)
/S
(257)∼→ ⊕⊗∇c,X/S ×S,FS S

(304)
resp., κH-M∇g,0,ρ,X/S ◦ Kos>−1g,0,ρ,X/S :⊕⊗∇c,ρ,X/S →⊕⊗∇c,Fc/k◦ρ,X(1)/S
(257)∼→ ⊕⊗∇c,ρ,X/S ×S,FS S

(cf. (268)) coincides with the relative Frobenius morphism
F⊕⊗∇
c,X/S
/S
:
⊕⊗∇
c,X/S
→⊕⊗∇c,X/S ×S,FS S(305) (
resp., F⊕⊗∇
c,ρ,X/S
/S
:
⊕⊗∇
c,ρ,X/S
→⊕⊗∇c,ρ,X/S ×S,FS S)
of
⊕⊗∇
c,X/S
(resp.,
⊕⊗∇
c,ρ,X/S
) over S.
In particular, κH-M∇g,0,X/S (resp., κ
H-M∇
g,0,ρ,X/S
) is finite and faithfully flat of degree
pℵ(g) (resp., p
cℵ(g)).
Proof. It suffices to prove the non-resp’d assertion (since the proof of the resp’d
assertion is entirely similar). The composite isomorphism
(306) V(f∗(Vg,0,X/S))
(301)→ Opg,0,X/S
κ
H-M∇
g,0,X/S→ ⊕⊗∇
c,X
(1)
/S
(257)→ ⊕⊗∇c,X/S ×S,FS S
sends, by construction, any local section R ∈ f∗(Vg,0,X/S) to the local section
of
⊕⊗∇
c,X/S
×S,FS S expressed locally as
(307) [χ]((∇triv +R♮)(∂)[p]) ∈ c(U)
for each log chart (U, ∂) on X log over S log. But, by Proposition 3.5.1, the
following equality holds:
(308) [χ]((∇triv +R♮)(∂)[p]) = Fc/k ◦ [χ]((∇triv +R♮)(∂)).
Hence, the composite (306) may be given by assigning
(309) R 7→ Fc/k ◦ [χ]((∇triv +R♮)(∂)).
On the other hand, recall that the isomorphism V(f∗(Vg,0,X/S)) ∼→
⊕⊗∇
c,X/S
of
(251) may be given by assigning R 7→ [χ]((∇triv + R♮)(∂)). Consequently, the
composite κH-M∇g,0,X/S ◦Kos>−1g,0,X/S , which coincides the composite of (306) with the
inverse of (251), may be given by assigning ρ 7→ Fc/k◦ρ for any local section ρ of
the S-scheme
⊕⊗∇
c,X/S
. This completes the proof of the non-resp’d portion. 
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In particular, by considering the local description of the inverse image of the
composite section
(310)
Kos>g,0,X/S ◦☛triv : S →
⊕⊗∇
c,X/S
(
resp., Kos>g,0,ρ,X/S ◦☛triv : S →
⊕⊗∇
c,ρ,X/S
)
via the relative Frobenius morphism F⊕⊗∇
c,X/S
/S
(resp., F⊕⊗∇
c,ρ,X/S
/S
), we have
the following corollary.
Corollary 3.10.2.
Suppose that we are given ρ ∈ c×r(S) satisfying that Fc/k ◦ ρ = ~[0]S. (If r = 0,
then we take ρ = ∅.) Then, Opp-nilpg,0,X/S (resp., Op
p-nilp
g,0,ρ,X/S
) is finite and faithfully
flat over S of degree ℵ(g) (resp., cℵ(g)) (cf. (135)). Moreover, Opp-nilpg,0,X/S (resp.,
Op
p-nilp
g,0,ρ,X/S
) is, Zariski locally on S, isomorphic to the S-scheme
(311) S ×k Spec(
ℵ(g)⊗
l=1
k[εl]/ε
p
l )
resp., S ×k Spec(cℵ(g)⊗
l=1
k[εl]/ε
p
l )
 .
3.11. The Hitchin-Mochizuki morphism.
For an affine S-scheme t : T → S, we shall write RT for the OS-algebra
corresponding to T (i.e., t∗(OT ) ∼= RT ). The Gm-action ⋆ on c (cf. (172)) yields
Z-gradings of both R⊕⊗∇
c,X/S
and R⊕⊗∇
c,ρ,X/S
, and the Gm-action Ad
+ on gad(p1)
(cf. § 2.8) yields Z-gradings of both RV(f∗(Vg,ℏ,X/S )) and RV(f∗(cVg,ℏ,X/S )). These
OS-algebras preserve their respective gradings under any base-change over S
and the isomorphism of OS-algebras corresponding to (251) is compatible with
the gradings on R⊕⊗
c,X/S
and RV(f∗(Vg,ℏ,X/S )). One verifies that the structures
of relative affine space (modeled on V(f∗(Vg,X/S))) on Opg,ℏ,X/S carries a well-
defined filtration on ROpg,ℏ,X/S . Indeed, each log chart (U, ∂) on X log over S log
associates (by means of the isomorphism ΩU log/Slog
∼→ OU · ∂∨) a canonical
isomorphism
(312) trivOpB,ℏ,(U,∂) : Opg,ℏ,U log/Slog
∼→
(
OU ⊗k gad(p1) ∼→
)
Vg,ℏ,U/S
(cf. (159)). If another log chart (U ′, ∂′) has been spacified, then automor-
phism trivOpB,ℏ,(U ′,∂′) ◦ (trivOpB,ℏ,(U,∂))−1 preserves the filtrations. Hence, by passing
to trivOpB,ℏ,(U,∂), one may construct a well-defined filtration on the affine space
Opg,ℏ,X/S(S) (
∼= Opg,ℏ,Xlog/Slog(X)), and hence, on ROpg,ℏ,X/S .
Moreover, by the construction of this filtration, the associated graded OS-
algebra gr(ROpg,ℏ,X/S ) is canonically isomorphic to RV(f∗(Vg,ℏ,X/S )). Thus, the
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isomorphism (251) induces a canonical isomorphism
(313) gr(ROpg,ℏ,X/S )
∼→R⊕⊗∇
c,X/S
.
Proposition 3.11.1.
(i) The morphism κH-M∇∗g,ℏ,X/S : R⊕⊗∇
c,X
(1)
/S
→ ROpg,ℏ,X/S of OS-algebras corre-
sponding to κH-M∇g,ℏ,X/S is filtered of degree p, i.e.,
(314) κH-M∇∗g,ℏ,X/S (Rj⊕⊗∇
c,X/S
) ⊆ Rj+pOpg,ℏ,X/S
for all j ∈ Z.
(ii) Let us consider the morphism of S-schemes corresponding to the com-
posite
(315) R⊕⊗∇
c,X/S
(
= gr(R⊕⊗∇
c,X/S
)
)
gr( κ
H-M∇∗
g,ℏ,X/S
)
→ gr(ROpg,ℏ,X/S )
(313)
∼→ R⊕⊗∇
c,X/S
,
where the second arrow denotes the morphism of graded OS-algebra as-
sociated with κH-M∇∗g,ℏ,X/S . Then, it coincides with κ
H-M∇
g,0,X/S
◦ Kos>−1g,0,X/S (and
hence, F⊕⊗∇
c,X/S
/S
by Proposition 3.9.1).
(iii) κH-M∇g,ℏ,X/S is finite and faithfully flat of degree p
ℵ(g) .
Proof. First, we consider assertion (i). Consider the map
(316) κH-M∇g,ℏ,X/S(S) : Opg,ℏ,Xlog/Slog(X)→ (Ω×X(1)logS /Slog ×
Gm c)(X)
induced from κH-M∇g,ℏ,X/S between the respective sets of global sectionsOpg,ℏ,Xlog/Slog(X)
(= Opg,ℏ,X/S(S)), (Ω
×
X
(1)log
S /S
log
×Gm c)(X) (= ⊕⊗∇
c,X
(1)
/S
(S)). It may be thought
of as the morphism between the sets of global sections associated with the
morphism
κc,ℏ,X/S : Opg,ℏ,Xlog/Slog → Ω×X(1)logS /Slog ×
Gm c(317)
E♠ (:= (EB,∇E)) 7→ [χ]((EG, pψ(EG,∇E)))
of stacks over Et/X , i.e., κ
H-M∇
g,ℏ,X/S
(S) = κc,ℏ,X/S(X). (Here, we refer to (the proof
of) Proposition 3.8.2 for the fact that any section of (Ω⊗p
XlogS /S
log
)× ×Gm c of the
form (EG, pψ(EG,∇E)) lies in the subsheaf Ω×
X
(1)log
S /S
log
×Gm c).
Now, let us fix a log chart (U, ∂) on X log over S log. The composition of the
isomorphism (159) and the isomorphism Kosg (cf. (169)) yields a bijection
(318) Opg,ℏ,Xlog/Slog(U) ∼→ c(U).
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Also, the section (idU × FS)∗(∂∨) ∈ Γ(U (1)S ,ΩU (1)logS /Slog) gives a bijection
(319) (Ω×
X
(1)log
S /S
log
×Gm c)(U) ∼→ c(U).
This map makes the following diagram commute:
(320)
Opg,ℏ,Xlog/Slog(X)
κc,ℏ,X/S (X)
(
= κ
H-M∇
g,ℏ,X/S
(S)
)
−−−−−−−−−−−−−−−−−→ (Ω×
X
(1)log
S /S
log
×Gm c)(X)y y
Opg,ℏ,Xlog/Slog(U)
κc,ℏ,X/S (U)−−−−−−→ (Ω×
X
(1)log
S /S
log
×Gm c)(U)
(318)
y≀ ≀y(319)
c(U)
Ψc,ℏ,S(U)−−−−−→ c(U),
where both the right-hand and left-hand upper vertical arrows are restriction
maps. Consider the commutativity of the diagram (320) where (U, ∂) is re-
placed with various log charts on X log over S log. Then, assertion (i) follows
from Proposition 3.8.1 (i) and the definition of the filtrations involved.
Assertion (ii) follows from Proposition 3.8.1 (ii) and (iii).
Finally, we consider assertion (iii). Since gr(ROpg,ℏ,X/S ) is a finite gr(R⊕⊗∇c,X/S )-
module via the morphism gr( κH-M∇∗g,ℏ,X/S ),ROpg,ℏ,X/S turns out to be a finiteR⊕⊗∇c,X/S -
module. That is, κH-M∇g,ℏ,X/S is finite. Moreover, both Opg,ℏ,X/S and
⊕⊗∇
c,X/S
are flat
over S and the respective fibers over any point of S are irreducible, smooth, and
of the same dimension. It follows immediately that κH-M∇g,ℏ,X/S is also faithfully
flat. Now we compute its degree. To this end, we apply the above discussion to
the case where the triple (S,X/S, ℏ) is taken to be (A1×k S,X/A1×kS, z), where
A1 := Spec(k[z]). Hence, κH-M∇g,z,X/A1×kS
is finite and faithfully flat. In particular,
the degree of κH-M∇g,z,X/A1×kS
may be given as the degree of its fiber over the zero
section S → A1 ×k S. Hence, the degree of κH-M∇g,z,X/A1×kS coincides with the
degree of κH-M∇g,0,X/S . By Proposition 3.10.1, this value equals p
ℵ(g). Moreover,
since κH-M∇g,ℏ,X/S may be obtained as the base-change of κ
H-M∇
g,z,X/A1×kS
via the graph
S → A1 ×k S of ℏ ∈ Γ(S,OS), the degree of κH-M∇g,ℏ,X/S coincides with the degree
of κH-M∇g,z,X/A1×kS
, i.e., pℵ(g). Thus, the proof of assertion (iii) is completed. 
Suppose that r > 0, and consider the morphism
(321) Radg,ℏ,X/S : Opg,ℏ,X/k → c×r,
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(cf. (196)) of k-schemes determined by assigning E♠ := (EB,∇E) 7→ (ρ(EG,∇E)i )ri=1
for any (g, ℏ)-oper E♠. The square diagram
(322)
Opg,ℏ,X/k
κ
H-M∇
g,ℏ,X/S−−−−−→ ⊕⊗∇
c,X
(1)
/S
Radg,ℏ,X/S
y yRad⊕⊗c,X(1)
/S
c×r
Ψ×r
c,ℏ,k−−−→ c×r
(cf. (248) for the definition of Rad⊕⊗
c,X
(1)
/S
) is commutative. Recall that Opg,ℏ,ρ,X/k
(resp.,
⊕⊗∇
c,ρF
ℏ
,X
(1)
/S
) is, by definition, the scheme-theoretic inverse image of ρ ∈
c×r(S) (resp., ρFℏ ∈ c×r(S)) via Radg,ℏ,X/S (resp., Rad⊕⊗c,X(1)
/S
). Thus, by virtue
of Proposition 3.8.1 (iv) and Proposition 3.11.1 (iii) (and the equality cℵ(g) =
ℵ(g) − r · dim(c)), one may conclude, from the square diagram (322), the
following proposition.
Proposition 3.11.2.
The morphism κH-M∇g,ℏ,ρ,X/S : Opg,ℏ,ρ,X/S →
⊕⊗∇
c,ρF
ℏ
,X
(1)
/S
is finite and faithfully flat of
degree p
cℵ(g).
3.12. The moduli of (g, ℏ)-opers on the universal family of pointed
stable curves.
In the last subsection, we consider moduli stacks of (g, ℏ)-opers on the uni-
versally family Cg,r/Mg,r of pointed stable curves (cf. § 1.5). Denote by Sch/Mg,r
the category of k-schemes S together with a morphism S →Mg,r over k. Let
us define
Opg,ℏ,g,r
(
resp., Op
Zzz...
g,ℏ,g,r; resp., Op
p-nilp
g,ℏ,g,r
)
(323)
to be the Set-valued contravariant functor on Sch/Mg,r which, to each object
S → Mg,r in Sch/Mg,r classifying a pointed stable curve X/S, assigns the set
of isomorphism classes of (g, ℏ)-opers (resp., dormant (g, ℏ)-opers; resp., p-
nilpotent (g, ℏ)-opers) on X/S. Also, for each ρ ∈ c×r(k), denote by
Opg,ℏ,ρ,g,r
(
resp., Op
Zzz...
g,ℏ,ρ,g,r; resp., Op
p-nilp
g,ℏ,ρ,g,r
)
(324)
the subfunctor of Opg,ℏ,g,r (resp., Op
Zzz...
g,ℏ,g,r; resp., Op
p-nilp
g,ℏ,g,r) classifying (g, ℏ)-
opers of radii ρ (resp., dormant (g, ℏ)-opers of radii ρ; resp., p-nilpotent (g, ℏ)-
opers of radii ρ). (Recall the equality Γ(Mg,r,OMg,r) = k, which arises from the
fact thatMg,r is proper and geometrically connected over k). In particular, if s :
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S →Mg,r is an object of Sch/Mg,r classifying X/S, then there exists a canonical
isomorphism Opg,ℏ,(ρ,)g,r×Mg,r ,s S
∼→ Opg,ℏ,(ρ,)X/S (resp., Op
Zzz...
g,ℏ,(ρ,)g,r×Mg,r ,s S
∼→
Op
Zzz...
g,ℏ,(ρ,)X/S
; resp., Op
p-nilp
g,ℏ,(ρ,)g,r×Mg,r,sS
∼→ Opp-nilpg,ℏ,(ρ,)X/S). By applying the results
obtained so far, we obtain the following theorems concerning the structures of
these moduli functors. Theorem 3.12.3 asserted below is a generalization of
the results prove by S. Mochizuki (cf. [Mz1], Chap. I, Theorem 2.3).
Theorem 3.12.1 (Structures of Opg,ℏ,g,r and Opg,ℏ,ρ,g,r ).
Suppose that either one of the two conditions (Char)p and (Char)
sl
p is satisfied.
Let ℏ ∈ k and ρ ∈ c×r(k) (where we take ρ = ∅ if r = 0). Then, Opg,ℏ,g,r (resp.,
Opg,ℏ,ρ,g,r) may be represented by a relative affine space over Mg,r of relative
dimension ℵ(g) (resp., cℵ(g)) (cf. (135)).
In particular, Opg,ℏ,g,r (resp., Opg,ℏ,ρ,g,r) is a nonempty, geometrically con-
nected, and smooth Deligne-Mumford stack over k of dimension 3g−3+r+ℵ(g)
(resp., 3g − 3 + r + cℵ(g)).
Proof. The assertion follows from Proposition 2.7.5, Proposition 2.11.1, Corol-
lary 4.11.3, and Proposition 4.13.2. 
Theorem 3.12.2 (Structures of Op
p-nilp
g,ℏ,g,r and Op
p-nilp
g,ℏ,ρ,g,r ).
Let us assume the condition (Char)p. Also, let ℏ ∈ k and suppose that if
r > 0, then we are given ρ ∈ c×r(k) satisfying the equality ρFℏ = ~[0]k (cf.
(269)). Then, Op
p-nilp
g,ℏ,g,r (resp., Op
p-nilp
g,ℏ,ρ,g,r) may be represented by a nonempty
and proper Deligne-Mumford stack over k of dimension 3g − 3 + r, and the
natural projection Op
p-nilp
g,ℏ,g,r → Mg,r (resp., Opp-nilpg,ℏ,ρ,g,r → Mg,r) is finite and
faithfully flat of degree pℵ(g) (resp., p
cℵ(g)).
If, moreover, ℏ = 0 and ρ = ~[0]k, then the natural composite
(325) (Op
p-nilp
g,0, ~[0]k,g,r
)red → (Opp-nilpg,0, ~[0]k,g,r)→Mg,r
is an isomorphism of k-stacks, where (Op
p-nilp
g,0, ~[0]k,g,r
)red denotes the reduced stack
associated with Op
p-nilp
g,0, ~[0]k,g,r
.
In particular, Op
p-nilp
g,0, ~[0]k,g,r
is geometrically irreducible.
Proof. The former assertion follows from Proposition 3.11.1 and Proposition
3.11.2. The remaining portion that we have to prove in the former assertion is
the nonemptyness of Op
p-nilp
g,ℏ,ρ,g,r. It is verified as follows; if ρ
F
ℏ =
~[0]k, then the
composite
(326) Mg,r
☛→⊕⊗g,ℏ,Cg,r/Mg,r ⊕⊗χ,ℏ,Cg,r/Mg,r→ ⊕⊗c,Cg,r/Mg,r
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factors through the closed immersion
(327) ℑ
c,ρF
ℏ
,C
(1)
g,r/Mg,r
:
⊕⊗∇
c,ρF
ℏ
,C
(1)
g,r/Mg,r
→⊕⊗c,Cg,r/Mg,r .
We shall write ☛ρF
ℏ
: Mg,r →
⊕⊗∇
c,ρF
ℏ
,C
(1)
g,r/Mg,r
for the resulting closed immersion.
Op
p-nilp
g,ℏ,ρ,g,r may be obtained as the scheme-theoretic inverse image of ☛ρFℏ via
the faithfully flat morphism κH-M∇g,ℏ,ρ,Cg,r/Mg,r , and hence, is nonempty.
The latter assertion follows from Corollary 3.10.2. 
Theorem 3.12.3 (Structures of Op
Zzz...
g,ℏ,g,r and Op
Zzz...
g,ℏ,ρ,g,r ).
Let us assume the condition (Char)p. Also, let ℏ ∈ k and ρ ∈ c×r(k) (where we
take ρ = ∅ if r = 0). Then, both OpZzz...g,ℏ,g,r and OpZzz...g,ℏ,ρ,g,r may be represented,
respectively, by (possibly empty) proper Deligne-Mumford stacks over k, and
the natural projections Op
Zzz...
g,ℏ,g,r →Mg,r and OpZzz...g,ℏ,ρ,g,r →Mg,r are finite.
Moreover, the following assertions hold:
(i) If ℏ ∈ k×, then the natural morphism
(328)
∐
ρ′∈◦c×r(Fp)
Op
Zzz...
g,ℏ,ℏ⋆ρ′,g,r → Op
Zzz...
g,ℏ,g,r
(cf. (245) for the definition of ◦c) is an isomorphism of stacks over
Mg,r. If, moreover, r = 0, then Op
Zzz...
g,ℏ,g,0 is nonempty (cf. Remark
3.12.4 below).
(ii) If ℏ = 0, then ρ = ~[0]k and the natural composite
(329) (Op
Zzz...
g,0, ~[0]k,g,r
)red → (OpZzz...g,0, ~[0]k,g,r)→Mg,r
is an isomorphism of k-stacks, where (Op
Zzz...
g,0, ~[0]k,g,r
)red denotes the re-
duced stack associated with Op
Zzz...
g,0, ~[0]k,g,r
. In particular, Op
Zzz...
g,0, ~[0]k,g,r
is
nonempty and geometrically irreducible of dimension 3g − 3 + r.
Proof. The former assertion follows from the fact that bothOp
Zzz...
g,ℏ,g,r andOp
Zzz...
g,ℏ,ρ,g,r
are closed substacks of Op
p-nilp
g,ℏ,g,r. Assertion (i) follows from Proposition 3.5.2 (i)
and Proposition 3.6.3. Assertion (ii) follows from Proposition 3.5.2 (ii), The-
orem 3.12.2, and the fact that the section ☛triv : Mg,r → Opg,0,g,r (cf. (300))
factors through the closed immersion Op
Zzz...
g,0,g,r → Opg,0,g,r (cf. the discussion
preceding Proposition 3.10.1). 
Remark 3.12.4.
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(i) Let ℏ ∈ k and ρ ∈ c×rsl2 (Fp) (where we take ρ = ∅ if r = 0). The
closed immersion Opsl2,ℏ,ρ,g,r → Opg,ℏ,ιc◦ρ,g,r arising from the discussion
in Remark 2.11.2 (i) restricts to the following two closed immersions
over Mg,r:
(330) Op
Zzz...
sl2,ℏ,ρ,g,r → Op
Zzz...
g,ℏ,ιc◦ρ,g,r, Op
p-nilp
sl2,ℏ,ρ,g,r → Op
p-nilp
g,ℏ,ιc◦ρ,g,r
(cf. Proposition 3.6.2).
If r = 0 and ℏ = 1, then Op
Zzz...
sl2,ℏ,g,0 is known to be nonempty
(cf. [JRXY], Theorem 5.4.1; [Wa1], Corollary 5.4). It follows that
Op
Zzz...
g,1,g,0 (as well as Op
Zzz...
g,ℏ,g,0 for any ℏ ∈ k× by virtue of Proposition
3.9.1) is nonempty.
(ii) Also, the isomorphism (200) obtained in Remark 2.11.2 (ii) induces the
following two isomorphisms over Mg,r:
(331) Op
Zzz...
g1×g2,ℏ,(ρ1,ρ2),g,r
∼→ OpZzz...g1,ℏ,ρ1,g,r ×Mg,r Op
Zzz...
g2,ℏ,ρ2,g,r,
(332) Op
p-nilp
g1×g2,ℏ,(ρ1,ρ2),g,r
∼→ Opp-nilpg1,ℏ,ρ1,g,r ×Mg,r Op
p-nilp
g2,ℏ,ρ2,g,r.
Finally, note that the moduli stacks Opg,ℏ,(ρ,)g,r (resp., Op
Zzz...
g,ℏ,(ρ,)g,r; resp.,
Op
p-nilp
g,ℏ,(ρ,)g,r) under consideration admit respectively log structures pulled-back
from the log structure of M
log
g,r; we denote the resulting log stacks by
Oplogg,ℏ,(ρ,)g,r
(
resp., Op
Zzz...log
g,ℏ,(ρ,)g,r; resp., Op
p-nilplog
g,ℏ,(ρ,)g,r
)
.(333)
4. Vector bundles associated with opers
This section is devoted to study (g, ℏ)-opers of the case where g = sln. For
convenience of notation, we write
Op♠
sln,ℏ,U log/Slog
:= Opsln,ℏ,U log/Slog , Op♠sln,ℏ,X/S := Opsln,ℏ,X/S(334)
(where U log/S log denotes a log-curve and X/S denotes a pointed stable curve).
In this section, we consider translation of (sln, ℏ)-opers (i.e., objects classifying
Op♠
sln,ℏ,U log/Slog
and Op♠sln,ℏ,X/S) into various equivalent mathematical objects,
including certain kinds of (logarithmic) differential operators on a line bundle
(cf. § 4.5). Also, we introduce the moduli functors classifying such objects
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respectively. One goal of this section is to construct a canonical sequence of
isomorphisms
ℏ-Diff♣
n,U,Xlog/Slog
ΓΛ♣→♦n,ℏ,U,X/S−→ Op♦GLn,ℏ,U,X/S(335)
ΓΛ♦→♥GLn,ℏ,U,X/S−→ Op♥GLn,ℏ,X/S
ΓΛ♥→♠GLn,ℏ,X/S−→ Op♠sln,ℏ,X/S
between these functors (cf. Corollary 4.11.3). This sequence of isomorphisms
implies the representability of these moduli functors under the condition (Char)slp .
Notice that some results and arguments discussed in this section, including this
representability, are applied in order to fill the gap in some arguments discussed
in § 2. In fact, the definition and properties on (g, ℏ)-opers of canonical type
(for an arbitrary g) are based on the results (concerning (sl2, ℏ)-opers of canon-
ical type II) discussed in §§ 4.12-4.13.
In this section, we fix ℏ ∈ Γ(S,OS).
4.1. ℏ-log integrable vector bundles
Let T log := (T, αT : MT → OT ), Y log := (Y, αY : MY → OY ) be fine log
schemes (cf. § 1.2) and f log : Y log → T log a log smooth morphism. Also, let n
be a positive integer and V a rank n vector bundle on Y (or, more generally,
an OY -module). By a T -ℏ-log connection on V, we mean (cf. [Tr], § 2.2) an
f−1(OT )-linear morphism
(336) ∇ : V → ΩY log/T log ⊗ V
satisfying the equality
(337) ∇(a ·m) = ℏ · dY log/T log(a)⊗m+ a · ∇(m)
for any local sections a ∈ OY , m ∈ V, where dY log/T log denotes the universal
logarithmic derivation OY → ΩY log/T log . As we shall prove in Remark 4.1.1
below (cf. [Kal], Lemma 2.2.3, for the case where Y is a smooth scheme over
an algebraically closed field of characteristic 0), one may identify each T -ℏ-log
connection on V with a T -ℏ-log connection on the GLn-torsor associated with
V (in the sense of Definition 1.2.1 (i)).
An ℏ-log integrable vector bundle on Y log/T log (of rank n) is a pair
(F ,∇F) consisting of a vector bundle F on Y (of rank n) and a T -ℏ-log con-
nection ∇F on F . If, moreover, F is of rank 1, then we shall say that (F ,∇F)
is an ℏ-log integrable line bundle on Y log/T log. For simplicity, a 1-log in-
tegrable vector bundle may be often referred to as a log integrable vector
bundle.
Let (F ,∇F) and (G,∇G) be ℏ-log integrable vector bundles on Y log/T log
(of rank n). An isomorphism of ℏ-log integrable vector bundles from
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(F ,∇F) to (G,∇G) is an isomorphism F ∼→ G of vector bundles that is com-
patible with the respective T -ℏ-log connections ∇F and ∇G .
Let (F ,∇F) be an ℏ-log integrable vector bundle on Y log/T log. We shall write
det(∇F) (resp., ∇∨F) for the T -ℏ-log connection on the determinant det(F)
(resp., the dual F∨) of F induced naturally by ∇F . If, moreover, (G,∇G) is an
ℏ-log integrable vector bundle on Y log/T log, then we shall write ∇F ⊗ ∇G for
the T -ℏ-log connection on the tensor product F ⊗ G induced by ∇F and ∇G .
Also, for m ≥ 1, we shall write ∇⊗mF for the associated T -ℏ-log connection on
the m-fold tensor product F⊗m of F .
Remark 4.1.1.
In the following discussions (i)-(iv), we shall construct a bijective correspon-
dence between the set of T -ℏ-log connections (in the sense described above)
on a rank n vector bundle V on Y and the set of T -ℏ-log connections on the
GLn-torsor associated with V (in the sense of Definition 1.2.1 (i)).
(i) First, we recall the notion of a logarithmic derivation (cf. [Og1], Defini-
tion 1.1.2). A logarithmic derivation ∂ of Y log over T log (i.e., a section
of TY log/T log) is, by definition, given as a pair
(338) (D : OY → OY , δ : MY → OY ),
where D denotes a (non-logarithmic) derivation on OY and δ denotes
a monoid homomorphism from MY to the underlying additive monoid
of OY satisfying the following two conditions:
•1 D(αY (m)) = αY (m) · δ(m) for any local section m ∈MY .
•2 D(f ∗(t)) = δ(f ∗(n)) = 0 for any local sections t ∈ OT and n ∈MT .
Consider the sheaf Endf−1(OT )(V) of f−1(OT )-linear endomorphisms of
V, which admits a natural Lie bracket operator [−,−]. We have an
f−1(OT )-linear morphism
(339) i : OY →֒ Endf−1(OT )(V)
which, to any local section a ∈ OY , assigns the locally defined endomor-
phism i(a) of V given by multiplication by a. This morphism is (since
V is locally free) injective, and defines a structure of OY -bimodule on
Endf−1(OT )(V) by
(340) (a · D˜)(v) := (i(a) ◦ ·D˜)(v) and (D˜ · a)(v) := (D˜ ◦ i(a))(v),
where a, v, and D˜ are local sections of OY , V, and Endf−1(OT )(V) re-
spectively. EndOY (V) may be thought of as an OY -sub(bi)module of
Endf−1(OT )(V), more precisely, coincides with the Lie subalgebra con-
sisting of local sections that commute with i(OY ).
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(ii) Next, we shall introduce the sheaf DerlogV/Y/T on Y . Let us define an
OY -submodule
(341) DerV/Y/T
of Endf−1(OT )(V) to be the sheaf consisting of local sections D˜ ∈ Endf−1(OT )(V)
satisfying that
(342) [D˜, EndOY (V)] ⊆ EndOY (V), and [D˜, i(OY )] ⊆ i(OY ).
Write
(343) DerlogV/Y/T
for the Zariski sheaf on Y which, to any open subscheme U of Y , assigns
the set of pairs
(344) ∂˜ := (D˜, δ˜),
where D˜ is an element of Γ(U,DerV/Y/T ) and δ˜ is a monoid homomor-
phism fromMY |U to the underlying additive monoid of Endf−1(OT )(V)|U ,
such that δ˜(f ∗(MT )|U) = 0 and
(345) D˜(αY (m) · v) = αY (m) · δ˜(m)(v)
for any local sections m ∈MY |U , v ∈ V|U .
(iii) In the following, we shall construct an isomorphism between DerlogV/Y/T
and T˜E logV /T log , where we denote by π : EV → Y the right GLn-torsor
over Y associated with V. Let ∂˜ := (D˜, δ˜) be a section of the sheaf
DerlogV/Y/T . By virtue of the condition (342), one may obtain a well-
defined f−1(OT )-linear endomorphism
(346) D∂˜ := i
−1([D˜, i(−)]) : OY → OY
of OY , which forms a derivation on OY . Observe the following sequence
of equalities:
αY (m) · (−D˜ + δ˜(m))(v) = −αY (m) · D˜(v) + αY (m) · δ˜(m)(v)(347)
= −αY (m) · D˜(v) + D˜(αY (m) · v)
= D∂˜(αY (m)) · v,
where m and v are local sections of MY and V respectively. Hence, we
have
(348) i(αY (m)) ◦ (−D˜ + δ˜(m)) ∈ i(OY ).
But, since f log is log smooth, one verifies, by means of [KaKa], Theorem
3.5, that −D˜ + δ˜(m) lies in i(OY ). The resulting morphism
(349) δ∂˜ := i
−1(−D˜ + δ˜(−)) :MY → OY
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is verified to be a monoid homomorphism. The sequence of equalities
(347) also implies that the pair
(350) alogV (∂˜) := (D∂˜, δ∂˜)
satisfies the conditions •1 and •2 described above. Thus, alogV (∂˜) forms
a logarithmic derivation of Y log over T log, equivalently, determines a
section of TY log/T log .
The assignment ∂˜ 7→ alogV (∂˜) determines an OY -linear morphism
(351) alogV : DerlogV/Y/T → TY log/T log ,
where we equip DerlogV/Y/T with a structure of OY -module given by the
multiplication (a, D˜) 7→ a · D˜ (for a ∈ OY , D˜ ∈ Endf−1(OT )(V)) de-
scribed in (340). Observe that the morphism
EndOY (V)→ Ker(alogV )(352)
D˜ 7→ (D˜, constD˜)
is an isomorphism, where constD˜ denotes the constant map MY →
Endf−1(OT )(V) with constant value D˜. Since EndOY (V) is canonically
isomorphic to glEV , the isomorphism (352) gives rise to an isomorphism
glEV
∼→ Ker(alogV ).(353)
Moreover, by noting that DerV/Y/T is canonically isomorphic to T˜EV/T
(:= π∗(TEV/T )GLn) (cf. [Kal], Lemma 2.2.3), we obtain a canonical OY -
linear isomorphism
(354) ✵ : T˜E logV /T log
∼→ DerlogV/Y/T
which fits into an isomorphism of short exact sequences
(355)
0 −−−→ glEV −−−→ T˜E logV /T log
alogEV−−−→ TY log/T log −−−→ 0
(353)
y≀ ✵y≀ idy≀
0 −−−→ Ker(alogV ) −−−→ DerlogV/Y/T
a
log
V−−−→ TY log/T log −−−→ 0,
where the upper horizontal sequence is (32) for the case where the pair
(G, E) is taken to be (GLn, EV).
(iv) Finally, we shall consider a bijective correspondence between the set of
T -ℏ-log connections on EV and the set of T -ℏ-log connections on V. Let
∇ : TY log/T log → T˜E logV /T log be a T -ℏ-log connection on EV . Then, there
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exists a unique T -ℏ-log connection ∇V : V → ΩY log/T log ⊗ V on V such
that
(356) 〈∇V(v), ∂〉 = D˜✵◦∇(∂)(v)
for any local sections ∂ ∈ TY log/T log and v ∈ V, where
• 〈−,−〉 denotes the pairing (ΩY log/T log⊗V)×TY log/T log → V induced
by the natural pairing ΩY log/T log × TY log/T log → OY ;
• D˜✵◦∇(∂) denotes the first factor of ✵ ◦ ∇(∂) ∈ DerlogV/Y/T under the
expression of ✵ ◦ ∇(∂) as in (344).
It is immediately verified that this assignment ∇ 7→ ∇V gives the de-
sired bijective correspondence.
4.2. (GLn, ℏ)-opers.
Now, we define the notion of a (GLn, ℏ)-oper and a certain equivalence rela-
tion on the set of (GLn, ℏ)-opers. As asserted in Proposition 4.3.2, the quotient
set of (GLn, ℏ)-opers by this equivalence relation corresponds bijectively to the
isomorphic classes of (sln, ℏ)-opers.
Let n be an integer with n > 1, k a field of arbitrary characteristic, S log an
fs log scheme over k, and U log a log-curve over S log.
Definition 4.2.1.
(i) A (GLn, ℏ)-oper on U log/S log is a collection of data
(357) F♥ := (F ,∇F , {F j}nj=0),
where
• F is a vector bundle on U of rank n;
• ∇F is an S-ℏ-log connection F → ΩU log/Slog ⊗ F on F ;
• {F j}nj=0 is a decreasing filtration
(358) 0 = Fn ⊆ Fn−1 ⊆ · · · ⊆ F0 = F
on F by vector bundles on U
satisfying the following three conditions:
• The subquotients F j/F j+1 (0 ≤ j ≤ n− 1) are line bundles;
• ∇F(F j) ⊆ ΩU log/Slog ⊗ F j−1 (1 ≤ j ≤ n− 1);
• The OU -linear morphism
(359) ksjF♥ : F j/F j+1 → ΩU log/Slog ⊗ (F j−1/F j)
defined by assigning a 7→ ∇F(a) for any local section a ∈ F j
(where (−)’s denote the images in the respective quotients), which
is well-defined by virtue of the second condition, is an isomorphism.
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If U log/S log arises from U/S as in (71), then we shall refer to any
(GLn, ℏ)-oper on U log/S log as a (GLn, ℏ)-oper on U/S. For simplic-
ity, a (GLn, 1)-oper may be often referred to as a GLn-oper.
(ii) Let F♥ := (F ,∇F , {F j}nj=0), G♥ := (G,∇G , {Gj}nj=0) be (GLn, ℏ)-opers
on U log/S log. An isomorphism of (GLn, ℏ)-opers from F♥ to G♥ is
an isomorphism (F ,∇F) ∼→ (G,∇G) of ℏ-log integrable vector bundles
that is compatible with the respective filtrations {F j}nj=0 and {Gj}nj=0.
Let F♥ := (F ,∇F , {F j}nj=0) be a (GLn, ℏ)-oper on U log/S log, and (L,∇L)
an ℏ-log integrable line bundle on U log/S log. We regard {F j ⊗ L}nj=1 as a
decreasing filtration on F ⊗ L. One verifies easily that the collection of data
(360) F♥⊗L := (F ⊗ L,∇F ⊗∇L, {F j ⊗ L}nj=0)
(cf. § 4.1 for the definition of ∇F ⊗∇L) forms a (GLn, ℏ)-oper on U log/S log.
Definition 4.2.2.
Let F♥ := (F ,∇F , {F j}nj=0), G♥ := (G,∇G , {Gj}nj=0) be (GLn, ℏ)-opers on
U log/S log. We shall say that F♥ is equivalent to G♥ if there exists an ℏ-log
integrable line bundle (L,∇L) on U log/S log such that the (GLn, ℏ)-oper F♥⊗L
is isomorphic (cf. Definition 4.2.1 (ii)) to G♥. (In fact, the binary relation ∼
on the set of (GLn, ℏ)-opers on U log/S log defined by “F♥ ∼ G♥ ⇐⇒ F♥ is
equivalent to G♥ in the above sense” forms an equivalence relation.)
If u′ : U ′ → U is an e´tale morphism and F♥ := (F ,∇F , {F j}nj=0) is a
(GLn, ℏ)-oper on U log/S log, then its restriction
(361) u′∗(F♥) := (u′∗(F), u′∗(∇F), {u′∗(F j)}nj=0)
to U ′ forms a (GLn, ℏ)-oper on U ′×UU log/S log. The operation of taking restric-
tion is compatible with both composition of e´tale morphisms and the equiva-
lence relation defined above. Thus, one obtains the Set-valued sheaf
(362) Op♥
GLn,ℏ,U log/Slog
: Et/U → Set
on Et/U associated with the presheaf which, to any e´tale U -scheme U
′, assigns
the set of equivalence classes of (GLn, ℏ)-opers on U ′ ×U U log/S log.
4.3. From (GLn, ℏ)-opers to (sln, ℏ)-opers.
For the rest of this section, we assume that
the characteristic char(k) of the base field k is either zero or a
prime p satisfying that n < p.
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In particular, under this assumption, the Lie algebra of PGLn, which is of
adjoint type, is isomorphic to sln (via the composite isomorphism sln →֒ gln ։
pgln). The following lemma will be elemental, but shows clearly how to apply
this assumption to the discussions in the rest of this section.
Lemma 4.3.1.
(i) Let L be a line bundle on U . Suppose that we are given an S-ℏ-log
connection ∇L⊗n on the n-fold tensor product L⊗n of L. Then, there
exists a unique S-ℏ-log connection ∇ on L satisfying that ∇⊗n = ∇L⊗n
(cf. § 4.1).
(ii) Let EGLn be a GLn-torsor over U . Suppose that we are given a pair
(∇PGLn,∇Gm), where
• ∇PGLn denotes an S-ℏ-log connection on the PGLn-torsor EPGLn :=
E ×GLn PGLn induced by EGLn via the natural quotient µPGLn :
GLn ։ PGLn;
• ∇Gm denotes an S-ℏ-log connection on the Gm-torsor EGm := E×GLn
Gm induced by EGLn via the determinant map µGm : GLn → Gm.
Then, there exists a unique S-ℏ-log connection ∇GLn on E which induces
∇PGLn and ∇Gm via µPGLn and µGm respectively.
Proof. Consider the morphism
T˜(L×)log/Slog → T˜(L⊗n)×log/Slog(363) (
resp., T˜E logGLn/Slog → T˜E logPGLn/Slog ×TXlog/Slog T˜E logGm/Slog
)
(cf. § 3.7 for the definition of (−)×) induced by the n-th power morphism
L× → (L⊗n)× (resp., the morphism (µPGLn , µGm) : GLn → PGLn×kGm). Since
this n-th power morphism (resp., the morphism (µPGLn , µGm)) is e´tale by the
assumption on char(k), the morphism (363) is verified to be an isomorphism.
This implies assertion (i) (resp., assertion (ii)). 
We shall construct a morphism of sheaves Λ♥→♠
n,ℏ,U log/Slog : Op♥GLn,ℏ,U log/Slog →
Op♠
sln,ℏ,U log/Slog
. In the following, we shall write
(364) B (⊆ PGLn)
for the Borel subgroup of PGLn consisting of the images of upper triangular
matrices in GLn. Let u
′ : U ′ → U be an e´tale morphism of k-schemes, F♥ =
(F ,∇F , {F j}nj=0) a (GLn, ℏ)-oper on U ′×UU log/S log. Denote by (FPGLn ,∇FPGLn )
the ℏ-log integrable PGLn-torsor on U ′ ×U U log/S log arising from (F ,∇F) via
the change of structure group GLn ։ PGLn. The data of the filtration {F i}ni=0
may be interpreted as giving a B-reduction FB of FPGLn . It follows from
the definition of a (GLn, ℏ)-oper that the pair F♠ := (FB,∇FPGLn ) forms an
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(sln, ℏ)-oper on U ′ ×U U log/S log. The isomorphism class [F♠] of the (sln, ℏ)-
oper F♠ does not depend on the choice of a representative in the equivalence
class defining F♥. Moreover, the assignment F♥ 7→ [F♠] is compatible with
restriction to any e´tale U ′-schemes, and hence, determines a morphism
(365) Λ♥→♠
n,ℏ,U log/Slog : Op♥GLn,ℏ,U log/Slog → Op♠sln,ℏ,U log/Slog
of sheaves.
Proposition 4.3.2.
Λ♥→♠
n,ℏ,U log/Slog is an isomorphism.
Proof. In order to prove the surjectivity of Λ♥→♠
n,ℏ,U log/Slog , it suffices to prove the
following claim: for any (sln, ℏ)-oper E♠ = (EB,∇E), there exists, after possibly
replacing U with its e´tale covering, a (GLn, ℏ)-oper which determines (the
isomorphism class of) E♠ via Λ♥→♠
n,ℏ,U log/Slog . It is well-known that EB comes, e´tale
locally on U , from a vector bundle F together with a complete flag {F j}nj=0
on F via the change of structure group GLn ։ PGLn. Also, by Lemma 4.3.1,
there exists an S-ℏ-log connection ∇F on F inducing ∇E . By construction, the
collection of data (F ,∇F , {F j}nj=0) forms a desired (GLn, ℏ)-oper. This proves
the claim.
Next, let us consider the injectivity of Λ♥→♠
n,ℏ,U log/Slog . To this end, it suf-
fices to prove the following claim: if F♥ := (F ,∇F , {F j}nj=0) and G♥ :=
(G,∇G, {Gj}nj=0) are (GLn, ℏ)-opers on U log/S log whose associated (sln, ℏ)-opers
F♠ := (FB,∇FPGLn ) and G♠ := (GB,∇GPGLn ) are isomorphic, then F♥ is equiv-
alent to G♥. Let us suppose this hypothesis, i.e., that there exists an isomor-
phism
(366) hPGLn : FPGLn ∼→ GPGLn
that is compatible with the respective B-reductions FB, GB and S-ℏ-connections
∇FPGLn , ∇GPGLn . Then, there exist a line bundle L on U and an isomorphism
h : F ∼→ G ⊗ L. Let us denote by
(367) hdet : det(F) ∼→ det(G)⊗L⊗n
the isomorphism induced by h, and define an S-ℏ-log connection ∇L⊗n on
L to be ∇L⊗n := det(∇G)∨ ⊗ det(∇F ) via the isomorphism iddet(G)∨ ⊗ hdet :
det(G)∨ ⊗ det(F) ∼→ L⊗n. By Lemma 4.3.1 (i), there exists a unique S-ℏ-log
connection ∇L on L satisfying that ∇⊗nL = ∇L⊗n. Thus, we have obtained an
ℏ-log integrable line bundle (L,∇L) for which both hPGLn and hdet are compat-
ible with the respective S-ℏ-connections on the domain and codomain. By the
asserted uniqueness of Lemma 4.3.1 (ii), h is compatible with the respective
S-ℏ-log connections ∇F and ∇G . Finally, if BGLn denotes the Borel subgroup
of GLn consisting of upper triangular matrices, then BGLn
∼→ B ×PGLn GLn.
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Hence, since the isomorphism hPGLn is compatible with the respective B-
reduction structures, h is compatible with the respective filtrations {F j}nj=0
and {Gj ⊗ L}nj=0. Consequently, F♥ is equivalent to G♥, and this completes
the proof of the injectivity of Λ♥→♠
n,ℏ,U log/Slog . 
4.4. The sheaf of ℏ-tlcdo’s.
We define the sheaf of ℏ-twisted logarithmic crystalline differential operators
(or ℏ-tlcdo’s for short)
(368) D<∞ℏ,U log/Slog
on U log over S log to be the Zariski sheaf on U generated, as a sheaf of rings, by
OU and TU log/Slog subject to the following relations:
• f1 ∗ f2 = f1 · f2;
• f1 ∗ ξ1 = f1 · ξ1;
• ξ1 ∗ ξ2 − ξ2 ∗ ξ1 = ℏ · [ξ1, ξ2];
• f1 ∗ ξ1 − ξ1 ∗ f1 = ℏ · ξ1(f1),
for local sections f1, f2 ∈ OU and ξ1, ξ2 ∈ TU log/Slog , where ∗ denotes the
multiplication in D<∞ℏ,U log/Slog .
In a usual sense, the order (≥ 0) of a given ℏ-tlcdo (i.e., a local section
of D<∞ℏ,U log/Slog) is well-defined. Hence, D<∞ℏ,U log/Slog admits, for each j ≥ 0, the
subsheaf
(369) D<jℏ,U log/Slog
(
⊆ D<∞ℏ,U log/Slog
)
consisting of ℏ-tlcdo’s of order < j. D<jℏ,U log/Slog (j = 0, 1, 2, · · · ,∞) admits
two different structures of OU -module — one as given by left multiplication
(where we denote this OU -module by lD<jℏ,U log/Slog), and the other given by
right multiplication (where we denote this OU -module by rD<jℏ,U log/Slog) —. In
particular, we have D<0ℏ,U log/Slog = 0 and lD
<1
ℏ,U log/Slog =
rD<1ℏ,U log/Slog = OU . We
shall not distinguish the OU -module lD<jℏ,U log/Slog (resp., rD<jℏ,U log/Slog) from its
associated sheaf on Et/U in a natural fashion (cf. the comment in Remark
2.7.4).
The set {D<jℏ,U log/Slog}j≥0 forms an increasing filtration on D<∞ℏ,U log/Slog satisfy-
ing that
(370)
⋃
j≥0
D<jℏ,U log/Slog = D<∞ℏ,U log/Slog , and D<j+1ℏ,U log/Slog/D<jℏ,U log/Slog
∼→ T ⊗j
U log/Slog
for any j ≥ 0. In particular, if gr(D<∞ℏ,U log/Slog) denotes the graded OU -algebra
associated with this filtration, then there exists a canonical isomorphism
(371) gr(D<∞ℏ,U log/Slog)
∼→ SOU (TU log/Slog)
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of gradedOU -algebras (where the two structures ofOU -module on gr(D<∞ℏ,U log/Slog)
induced by lD<∞ℏ,U log/Slog and rD<∞ℏ,U log/Slog are identical).
Let V be a vector bundle on U (or more generally, an OU -module), and
consider the tensor product D<jℏ,U log/Slog ⊗ V (resp., V ⊗ D<jℏ,U log/Slog) of V with
the OU -module rD<jℏ,U log/Slog (resp., lD
<j
ℏ,U log/Slog). In the following, we shall
regard D<jℏ,U log/Slog ⊗ V (resp., V ⊗ D<jℏ,U log/Slog) as being equipped with a struc-
ture of OU -module arising from the structure of OU -module lD<jℏ,U log/Slog (resp.,
rD<jℏ,U log/Slog) on D<jℏ,U log/Slog .
Next, let ∇ : V → ΩU log/Slog ⊗ V be an S-ℏ-log connection on V. One may
associate ∇ with a structure of left D<∞ℏ,U log/Slog-module
(372) ∇D : D<∞ℏ,U log/Slog ⊗ V → V,
(which is OU -linear) determined uniquely by the condition that ∇D(∂ ⊗ v) =
〈∇(v), ∂〉 for any local sections v ∈ V and ∂ ∈ TU log/Slog , where 〈−,−〉 denotes
the pairing (ΩU log/Slog ⊗ V) × TU log/Slog → V induced by the natural paring
TU log/Slog × ΩU log/Slog → OU . This assignment ∇ 7→ ∇D determines a bijective
correspondence between the set of S-ℏ-log connections on V and the set of
structures of left D<∞ℏ,U log/Slog-module D<∞ℏ,U log/Slog⊗V → V on V. Such a bijective
correspondence holds evan if n ≥ p (:= char(k)) > 0 is satisfied (cf. the
discussion following Proposition 9.3.1).
4.5. The sheaves ✶Bj
U log/Slog
and ✶BjU log/Slog.
Let us fix a line bundle B on U . For j = 0, · · · , n, we shall define ✶Bj
U log/Slog
(resp., ✶BjU log/Slog) to be the OU -module
✶Bj
U log/Slog
:= HomOU (B, (Ω⊗nU log/Slog ⊗ B)⊗D<jℏ,U log/Slog)(373) (
resp., ✶BjU log/Slog := HomOU (T ⊗nU log/Slog ⊗ B∨,D<jℏ,U log/Slog ⊗ B∨)
)
,
where (Ω⊗n
U log/Slog
⊗B)⊗D<jℏ,U log/Slog (resp., D<jℏ,U log/Slog⊗B∨) may be considered as
being equipped with the structure of OU -module defined in § 4.4. We shall refer
to a global section of ✶Bj
U log/Slog
as an ℏ-twisted logarithmic crystalline
differential operator on B (or ℏ-tlcdo on B for short) of order < j.
The set {✶Bj
U log/Slog
}nj=0 (resp., { ✶BjU log/Slog}nj=0) forms an increasing filtration
on ✶BnU log/Slog (resp., ✶B
n
U log/Slog) with
✶B0U log/Slog = 0 (resp., ✶B
0
U log/Slog). The
isomorphism D<j+1ℏ,U log/Slog/D<jℏ,U log/Slog
∼→ T ⊗j
U log/Slog
of (370) yields an isomorphism
(374)
✶Bj+1
U log/Slog
/✶Bj
U log/Slog
∼→ Ω⊗(n−j)
U log/Slog
(
resp., ✶Bj+1U log/Slog/ ✶B
j
U log/Slog
∼→ Ω⊗(n−j)
U log/Slog
)
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for each j = 0, · · · , n. Write
(375)
✶Symbj+1 : ✶Bj+1
U log/Slog
։ Ω
⊗(n−j)
U log/Slog
(
resp., ✶Symbj :
✶BjU log/Slog ։ Ω⊗(n−j)U log/Slog
)
for the composite of the quotient ✶Bj+1
U log/Slog
։ ✶Bj+1
U log/Slog
/✶Bj
U log/Slog
(resp.,
✶Bj+1U log/Slog ։ ✶Bj+1U log/Slog/ ✶BjU log/Slog ) and the isomorphism (374).
Consider the composite isomorphism
(376) β
j
: ✶Bj
U log/Slog
∼→ Ω⊗n
U log/Slog
⊗ B ⊗D<jℏ,U log/Slog ⊗ B∨
∼→ ✶BjU log/Slog
of OU -bimodules, where the first and second isomorphisms follow from the def-
inition of ✶Bj
U log/Slog
and ✶BjU log/Slog respectively. Then, the following equalities
hold:
(377) ✶Symbj ◦ βj = ✶Symbj , βj |
✶Bj′
U log/Slog
= β
j′
(where j′ ≤ j).
We shall define the sheaf ℏ-Diff ♣
n,B,U log/Slog on Et/U to be
(378) ℏ-Diff ♣
n,B,U log/Slog := (
✶Symbn+1)−1(1)
(
⊆ ✶Bn+1U log/Slog
)
.
i.e., the sheaf consisting of ℏ-tlcdo’s D on B of order n satisfying the equal-
ity ✶Symbn+1(D) = 1 (∈ OU). ℏ-Diff ♣n,B,U log/Slog is nonempty and admits a
natural (Ker(✶Symbn+1) =) ✶BnU log/Slog-torsor structure over U .
4.6. (GLn, ℏ,B)-opers.
Next, we shall define (cf. Definition 4.6.1 below) a certain type of (GLn, ℏ)-
opers on U log/S log with a prescribed underlying filtered vector bundle.
Here, observe that D<nℏ,U log/Slog ⊗ B∨ is a rank n vector bundle on U , which
admits a decreasing filtration {D<n−jℏ,U log/Slog ⊗ B∨}nj=0.
Definition 4.6.1.
(i) A (GLn, ℏ,B)-oper on U log/S log is an S-ℏ-log connection∇♦ onD<nℏ,U log/Slog⊗
B∨ such that the collection of data
(379) ∇♥ := (D<nℏ,U log/Slog ⊗ B∨,∇♦, {D<n−jℏ,U log/Slog ⊗ B∨}nj=0)
forms a (GLn, ℏ)-oper on U log/S log.
(ii) Let ∇♦1 , ∇♦2 be (GLn, ℏ,B)-opers on U/S. We shall say that ∇♦1 is
isomorphic to ∇♦2 if the associated (GLn, ℏ)-opers ∇♥1 and ∇♥2 (cf.
(379)) are isomorphic (cf. Definition 4.2.1 (ii)).
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If u′ : U ′ → U is an e´tale morphism and ∇♦ is a (GLn, ℏ,B)-oper on
U log/S log, then the restriction u′∗(∇♦) forms a (GLn, ℏ, u′∗(B))-oper on U ′ ×U
U log/S log. Moreover, the operation of taking restriction is compatible with
composition of e´tale morphisms. Thus, one may define an Set-valued presheaf
(380) Op♦
GLn,ℏ,B,U log/Slog : Et/U → Set
on Et/U which, to any e´tale U -scheme u
′ : U ′ → U , assigns the set of isomor-
phism classes of (GLn, ℏ, u′∗(B))-opers on U ′ ×U U log/S log.
4.7. (GLn, ℏ,B)-opers twisted by an ℏ-log integrable line bundle.
In this subsection, we discuss an interaction between ℏ-Diff ♣
n,B,U log/Slog ’s, as
well as Op♦
GLn,ℏ,B,U log/Slog ’s, for different B’s.
Let L := (L,∇L) be an ℏ-log integrable line bundle on U log/S log and ∇♦ a
(GLn, ℏ,B)-oper on U log/S log. The S-ℏ-log connection ∇L ⊗∇♦ (cf. § 4.1) on
the tensor product L ⊗ D<nℏ,U log/Slog ⊗ B∨ corresponds (cf. § 4.4) to a structure
of left D<∞ℏ,U log/Slog-module
(381) (∇L⊗∇♦)D : D<∞ℏ,U log/Slog⊗(L⊗D<nℏ,U log/Slog⊗B∨)→ L⊗D<nℏ,U log/Slog⊗B∨.
Consider the left OU -linear composite
can∇♦,L : D<nℏ,U log/Slog ⊗ (B∨ ⊗ L)
∼→ D<nℏ,U log/Slog ⊗ (L ⊗ D<1ℏ,U log/Slog ⊗ B∨)
(382)
→֒ D<∞ℏ,U log/Slog ⊗ (L ⊗D<nℏ,U log/Slog ⊗ B∨)
(∇L⊗∇♦)D→ L⊗ (D<nℏ,U log/Slog ⊗ B∨),
where the first arrow arises from the identification lD<1ℏ,U log/Slog = rD<1ℏ,U log/Slog =
OU and the second arrow arises from the inclusions D<nℏ,U log/Slog →֒ D<∞ℏ,U log/Slog ,
D<1ℏ,U log/Slog →֒ D<nℏ,U log/Slog . It follows from the definition of a (GLn, ℏ)-oper
that can∇♦,L is an isomorphism. By passing to this composite isomorphism,
∇L ⊗ ∇♦ carries an S-ℏ-log connection on D<nℏ,U log/Slog ⊗ (B∨ ⊗ L), which we
denote by
(383) ∇♦⊗L.
∇♦⊗L forms a (GLn, ℏ,B ⊗ L∨)-oper on U log/S log and the assignment ∇♦ 7→
∇♦⊗L is compatible with restriction to any e´tale U -scheme. Thus, we obtain a
morphism
(384) ♦B→B⊗L∨ : Op♦GLn,ℏ,B,U log/Slog → Op♦GLn,ℏ,B⊗L∨,U log/S log
of sheaves on Et/S .
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Next, let D♣ ∈ Γ(U, ℏ-Diff ♣
n,B,U log/Slog). The composite
T ⊗n
U log/Slog
⊗ (B ⊗ L∨)∨ ∼→ L⊗ T ⊗n
U log/Slog
⊗ B∨(385)
idL⊗βn+1(D♣)→ L⊗D<n+1ℏ,U log/Slog ⊗ B∨
can−1∇♦,L→ D<n+1ℏ,U log/Slog ⊗ (B∨ ⊗L)
corresponds, via βn+1 (cf. (376)), to an elementD♣⊗L in Γ(U, ℏ-Diff ♣n,B⊗L∨,U log/Slog),
i.e., an ℏ-tlcdo D♣⊗L on B⊗L∨ of order n with ✶Symbn(D♣⊗L) = 1. The assign-
ment D♣ 7→ D♣⊗L determines a morphism
(386) ♣B→B⊗L∨ : ℏ-Diff ♣n,B,U log/Slog → ℏ-Diff ♣n,B⊗L∨,U log/Slog
of sheaves on Et/U .
Proposition 4.7.1.
Both ♦B→B⊗L∨ and ♣B→B⊗L∨ are isomorphisms.
Proof. The assertion follows directly from the equalities
(387) ♦B→B⊗L∨ ◦ ♦(B⊗L)→(B⊗L∨)⊗L = id, ♦(B⊗L∨)→(B⊗L∨)⊗L ◦ ♦B→B⊗L∨ = id,
and similarly,
(388) ♣B→B⊗L∨ ◦ ♣(B⊗L)→(B⊗L∨)⊗L = id, ♣(B⊗L∨)→(B⊗L∨)⊗L ◦ ♣B→B⊗L∨ = id.

4.8. From ℏ-tlcdo’s to (GLn, ℏ,B)-opers.
We shall construct a morphism Λ♣→♦
n,ℏ,B,U log/Slog of sheaves from ℏ-Diff ♣n,B,U log/Slog
to Op♦
GLn,ℏ,B,U log/Slog .
LetD♣ : B → Ω⊗n
U log/Slog
⊗B⊗D<n+1ℏ,U log/Slog be a global section of ℏ-Diff♣n,B,U log/Slog .
In the natural fashion, D<∞ℏ,U log/Slog ⊗ B∨ admits a structure of left D<∞ℏ,U log/Slog-
module. Consider the quotient
(389) D<∞ℏ,U log/Slog ⊗ B∨/(Im(βn+1(D♣)))
of D<∞ℏ,U log/Slog ⊗B∨ by the D<∞ℏ,U log/Slog-submodule generated by the image of the
morphism
(390) β
n+1
(D♣) : T ⊗n
U log/Slog
⊗ B∨ → D<n+1ℏ,U log/Slog ⊗ B∨ (⊆ D<∞ℏ,U log/Slog ⊗ B∨).
Since ✶Symbn(D
♣) = 1, the composite
(391)
D<nℏ,U log/Slog ⊗ B∨ →֒ D<∞ℏ,U log/Slog ⊗ B∨ ։ D<∞ℏ,U log/Slog ⊗ B∨/(Im(βn+1(D♣)))
A THEORY OF DORMANT OPERS ON POINTED STABLE CURVES 99
is an isomorphism of OX -modules. Consider the composite
D<∞ℏ,U log/Slog ⊗ (D<nℏ,U log/Slog ⊗ B∨)→ D<∞ℏ,U log/Slog ⊗ B∨(392)
։ D<∞ℏ,U log/Slog ⊗ B∨/(Im(βn+1(D♣)))
∼→ D<nℏ,U log/Slog ⊗ B∨,
where the first arrow arises from the multiplication ∗ (cf. § 4.4) in D<∞ℏ,U log/Slog
and the third arrow denotes the inverse of (391). It determines (cf. § 4.4) an
S-ℏ-log connection
(393) D♦ : D<nℏ,U log/Slog ⊗ B∨ → ΩU log/Slog ⊗ (D<nℏ,U log/Slog ⊗ B∨)
on D≤n−1ℏ,U log/Slog ⊗ B∨. Moreover, the collection of data
(394) D♥ := (D<nℏ,U log/Slog ⊗ B∨,D♦, {D<n−jℏ,U log/Slog ⊗ B∨}nj=0)
forms a (GLn, ℏ,B)-oper on U/S . The assignment D♣ 7→ D♥ is functorial with
respect to restriction to e´tale U -schemes, and hence, determines a morphism
(395) Λ♣→♦n,ℏ,B,U/S : ℏ-Diff ♣n,B,U log/Slog → Op♦GLn,ℏ,B,U log/Slog
of presheaves on Et/U .
Proposition 4.8.1.
Λ♣→♦
n,ℏ,B,U log/Slog is an isomorphism of presheaves. In particular, Op♦GLn,ℏ,B,U log/Slog
is a sheaf on Et/U .
Proof. We shall construct an inverse to Λ♣→♦
n,ℏ,B,U log/Slog . Let
(396) ∇♦ : D<nℏ,U log/Slog ⊗ B∨ → ΩU log/Slog ⊗ (D<nℏ,U log/Slog ⊗ B∨)
be a (GLn, ℏ,B)-oper on U log/S log. It corresponds, according to the discussion
in § 4.4, a structure of left D<∞ℏ,U log/Slog-linear morphism
(397) ∇♦D : D<∞ℏ,U log/Slog ⊗ (D<nℏ,U log/Slog ⊗ B∨)→ D<nℏ,U log/Slog ⊗ B∨.
For j ≥ 0, consider the restriction
(398) ∇♦D<j := ∇♦D|D<j
ℏ,U log/Slog
⊗B∨ : D<jℏ,U log/Slog ⊗ B∨ → D<nℏ,U log/Slog ⊗ B∨
of ∇♦D to the OU -submodule
(399)
D<jℏ,U log/Slog⊗B∨ = D<jℏ,U log/Slog⊗(D<1ℏ,U log/Slog⊗B∨) ⊆ D<∞ℏ,U log/Slog⊗(D<nℏ,U log/Slog⊗B∨).
It follows from the definition of a (GLn, ℏ,B)-oper that ∇♦D<n is an isomor-
phism and ∇♦D<n+1 is surjective. Also, we consider the short exact sequence
(400) 0→ D<nℏ,U log/Slog ⊗ B∨ → D<n+1ℏ,U log/Slog ⊗ B∨ → T ⊗nU log/Slog ⊗ B∨ → 0,
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of OU -modules arising (by tensoring with B∨) from the natural sequence
(401) 0→ D<nℏ,U log/Slog → D<n+1ℏ,U log/Slog → T ⊗nU log/Slog → 0
(cf. (370)). Then, the composite (∇♦D<n)−1 ◦ ∇♦D<n+1 determines a split
surjection of this exact sequence (400), equivalently, a split injection
(402) ∇♣ : T ⊗n
U log/Slog
⊗ B∨ →֒ D<n+1ℏ,U log/Slog ⊗ B∨,
which is a global section of ✶Bn+1U log/Slog satisfying the equality ✶Symbn+1(∇♣) =
1. Since the isomorphism βn+1 is compatible with ✶Symbn+1 and ✶Symbn+1
(cf. (377)), (βn+1)−1(∇♣) lies in the set of global sections of ℏ-Diff ♣
n,B,U log/Slog .
One verifies easily that the assignment ∇♦ 7→ (βn+1)−1(∇♣) is functorial
with respect to restriction to any e´tale U -schemes, and the resulting morphism
Op♦
GLn,ℏ,B,U log/Slog → ℏ-Diff ♣n,B,U log/Slog determines an inverse to Λ♣→♦n,ℏ,B,U log/Slog .
This completes the proof of Proposition 4.8.1. 
Proposition 4.8.2.
Let L = (L,∇L) be an ℏ-log integrable line bundle on U log/S log. Then, the
square diagram
(403)
ℏ-Diff ♣
n,B,U log/Slog
Λ♣→♦
n,ℏ,B,U log/Slog−−−−−−−−−→ Op♦
GLn,ℏ,B,U log/Slog
♣B→B⊗L∨
y y♦B→B⊗L∨
ℏ-Diff ♣
n,B⊗L∨,U log/Slog
Λ♣→♦
n,ℏ,B⊗L∨,U log/Slog−−−−−−−−−−−→ Op♦
GLn,ℏ,B⊗L∨,U log/Slog
is commutative.
Proof. The assertion follows from the definitions of the various morphisms in
(403). 
Proposition 4.8.3.
Let U ′ be an e´tale U-scheme and∇♦ ∈ Γ(U ′,Op♦
GLn,ℏ,B,U log/Slog),
✶R ∈ Γ(U ′, ✶BnU log/Slog).
(i) Write ∇♦+✶R for the S-ℏ-log connection on D<nℏ,U ′log/Slog ⊗ B∨|U ′ defined
to be
(404) ∇♦+✶R := ∇♦ − (∇♦D<n)−1 ◦ γ(βn(✶R)) ◦ ∇♦D<n,
where
• ∇♦D<n is the isomorphism (of the case where the U is taken to be
U ′) given in the proof of Proposition 4.8.1 (cf. (398));
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• γ denotes the injection
(405) ✶BnU log/Slog →֒ ΩU log/Slog ⊗ EndOU (D<nℏ,U log/Slog ⊗ B∨)
given by composition with the quotient
(406)
TU log/Slog⊗(D<nℏ,U log/Slog⊗B∨)։ TU log/Slog⊗(T ⊗(n−1)U log/Slog⊗B∨)
(
= T ⊗n
U log/Slog
⊗ B∨
)
.
Then, ∇♦+✶R forms a (GLn, ℏ,B|U ′)-oper on U ′×U U log i.e., determines
an element of Γ(U ′,Op♦
GLn,ℏ,B,U log/Slog).
(ii) Consider the structure of ✶BnU log/Slog-torsor on Op♦GLn,ℏ,B,U log/Slog induced,
via the isomorphism Λ♣→♦
n,ℏ,B,U log/Slog, by the structure of
✶BnU log/Slog-torsor
on ℏ-Diff ♣
n,B,U log/Slog (cf. § 4.5). Then, it is given by assigning
Op♦
GLn,ℏ,B,U log/Slog × ✶B
n
U log/Slog → Op♦GLn,ℏ,B,U log/Slog(407)
(∇♦, ✶R) 7→ ∇♦+✶R.
Proof. The assertion follows from the definition of the isomorphism Λ♣→♦
n,ℏ,B,U log/Slog .

4.9. (n, ℏ)-determinant data and (GLn, ℏ,U)-opers.
Next, we consider restricting the isomorphism Λ♣→♦
n,ℏ,B,U log/Slog to an isomor-
phism between a subsheaf of ℏ-Diff ♣
n,B,U log/Slog classifying ℏ-tlcdo’s with pre-
scribed subprincipal symbol and a subsheaf of Op♦
GLn,ℏ,B,U log/Slog classifying
(GLn, ℏ,B)-opers with prescribed determinant.
Definition 4.9.1.
(i) An (n, ℏ)-determinant data for U log over S log is a pair U := (B,∇0)
consisting of a line bundle B on U and an S-ℏ-log connection ∇0 on the
determinant det(D<nℏ,U log/Slog⊗B∨). (In particular, since det(D<nℏ,U log/Slog⊗
B∨) is a line bundle, giving an (n, 0)-determinant data for U log over S log
is equivalent to giving a line bundle B together with a global section of
ΩU log/Slog .)
(ii) Let U := (B,∇0) and U′ := (B′,∇′0) be (n, ℏ)-determinant data for U log
over S log. An isomorphism of (n, ℏ)-determinant data from U to
U′ is an isomorphism B ∼→ B′ of OU -modules such that the induced
isomorphism
(408) det(D<nℏ,U log/Slog ⊗ B∨)
∼→ det(D<nℏ,U log/Slog ⊗ B′∨)
is compatible with the respective S-ℏ-connections ∇0 and ∇′0.
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Remark 4.9.2.
(i) By means of the isomorphism in (370), we have the following sequence
of isomorphisms:
det(D<nℏ,U log/Slog ⊗ B∨)
∼→
n−1⊗
j=0
((D<n−jℏ,U log/Slog/D<n−1−jℏ,U log/Slog)⊗ B∨)(409)
∼→ ( n−1⊗
j=0
T ⊗(n−j−1)
U log/Slog
)⊗ (B∨)⊗n
∼→ T ⊗
n(n−1)
2
U log/Slog
⊗ (B∨)⊗n.
(ii) Let U := (B,∇0) be an (n, ℏ)-determinant data for U log over S log. If
u′ : U ′ → U is an e´tale morphism, then the restriction
(410) u′∗(U) := (u′∗(B), u′∗(∇0))
to U ′ forms an (n, ℏ)-determinant data for U log over S log.
Also, if s′ : S ′ → S is a morphism of k-schemes, then the base-change
(411) (idU × s′)∗(U) := ((idU × s′)∗(B), (idU × s′)∗(∇0))
via s′ forms an (n, ℏ)-determinant data for U log ×S S ′ over S log ×S S ′.
Both the operation of taking restriction to e´tale U -schemes and base-
change over S are compatible with composition of morphisms.
(iii) Suppose that we are given an unpointed smooth curve X/S of genus
g > 1 (hence, both the log structures ofX log and S log are trivial). Then,
X/S necessarily admits at least e´tale locally on S, an (n, ℏ)-determinant
data U = (B,∇0).
Indeed, let us denote by PicdX/S the relative Picard scheme of X/S
classifying the set of (equivalence classes, relative to the equivalence
relation determined by tensoring with a line bundle pulled-back from
the base S, of) degree d invertible sheaves on X . The morphism
(412) Pic
(−g+1)(n−1)
X/S → Pic(−g+1)n(n−1)X/S : [L] 7→ [L⊗n]
given by multiplication by n is finite and e´tale under our assumption
on char(k), i.e., the assumption that char(k) equals either 0 or p (> n).
Here, observe that
(413) deg(T ⊗
n(n−1)
2
X/S ) = (−2g + 2) ·
n(n− 1)
2
= (−g + 1)n(n− 1).
The equivalence class [T ⊗
n(n−1)
2
X/S ] represented by the line bundle T
⊗n(n−1)
2
X/S
determines an S-rational point of Pic
(−g+1)n(n−1)
X/S , which lifts, e´tale lo-
cally on S, to a point of Pic
(−g+1)(n−1)
X/S . Equivalently, after possibly
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replacing S with an e´tale covering of S, there exists a line bundle N on
X satisfying that N⊗n ∼= T ⊗
n(n−1)
2
X/S . Then, we have
(414) det(D<nℏ,Xlog/Slog ⊗N ∨)
∼→ T ⊗
n(n−1)
2
X/S ⊗ (N ∨)⊗n
∼→ OX
(cf. (409)). The universal derivation ℏ · dX/S : OX → ΩX/S multiplied
by ℏ defines, via this composite isomorphism, an S-ℏ-(log) connection
on det(D<nℏ,Xlog/Slog ⊗ N ∨). Thus, we have an (n, ℏ)-determinant data
(N , ℏ · dX/S), as desired.
But, unlike the classical case (i.e., the case where X is a proper
smooth curve over an algebraically closed field) or the above case, a
nodal curve X/k may not admit any such (n, ℏ)-determinant data U =
(B,∇0) satisfying that det(D<nℏ,Xlog/Slog ⊗ B∨) ∼= OX (cf. the discussion
in [Chi], 1.2.4 Example).
In the following, suppose that we are given an (n, ℏ)-determinant data U =
(B,∇0) for U log over S log.
Lemma 4.9.3.
(i) For an ℏ-log integrable line bundle L = (L,∇L), we shall consider the
pair
(415) U⊗ L∨ := (B ⊗ L∨,∇0 ⊗∇⊗nL ),
where we regard ∇0 ⊗∇⊗nL as an S-ℏ-log connection on
(416) det(D<nℏ,U log/Slog ⊗ (B∨ ⊗ L)) (∼= det(D<nℏ,U log/Slog ⊗ B∨)⊗ L⊗n).
Then, U⊗ L∨ forms an (n, ℏ)-determinant data for U log/S log.
(ii) Conversely, if U′ = (B′,∇′0) is an (n, ℏ)-determinant data for U log/S log,
then there exists an ℏ-log integrable line bundle L′ = (L′,∇L′), which is
uniquely determined up to isomorphism by the condition that U′ ⊗ L∨
is isomorphic to U (cf. Definition 4.9.1 (ii)).
Proof. Assertion (i) is clear from the definition of an (n, ℏ)-determinant data.
Assertion (ii) follows from Lemma 4.3.1 (i). 
Definition 4.9.4.
A (GLn, ℏ,U)-oper on U log/S log is a (GLn, ℏ,B)-oper ∇♦ on U log/S log with
det(∇♦) = ∇0.
We shall write
(417) Op♦
GLn,ℏ,U,U log/Slog
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for the subsheaf of Op♦
GLn,ℏ,B,U log/Slog classifying (GLn, ℏ,U)-opers. Also, we
shall write
(418) ℏ-Diff ♣
n,U,U log/Slog := (Λ
♣→♦
n,ℏ,B,U log/Slog)
−1(Op♦
GLn,ℏ,U,U log/Slog
).
Evidently, the isomorphism Λ♣→♦
n,ℏ,B,U log/Slog restricts to an isomorphism
(419) Λ♣→♦
n,ℏ,U,U log/Slog : ℏ-Diff ♣n,U,U log/Slog
∼→ Op♦
GLn,ℏ,U,U log/Slog
.
of sheaves on Et/U .
4.10. The structure of ✶Bn−1
U log/Slog
-torsor on Op♦
GLn,ℏ,U,U log/Slog
.
Next, we shall verify the fact that Op♦
GLn,ℏ,U,U log/Slog
has a natural ✶Bn−1
U log/Slog
-
torsor structure.
Let ∇♦ be a (GLn, ℏ,U)-oper on U log/S log and ✶R ∈ Γ(U, ✶BnU log/Slog). Recall
(cf. Proposition 4.8.3) the ✶BnU log/Slog-torsor structure on Op♦GLn,ℏ,B,U log/Slog ,
which sends ∇♦, via the action by ✶R, to the (GLn, ℏ,U)-oper
(420) ∇♦+✶R := ∇♦ − (∇♦D<n)−1 ◦ γ(βn(✶R)) ◦ ∇♦D<n.
Thus, det(∇♦+✶R) = ∇0 if and only if the trace of
(421) (∇♦D<n)−1 ◦ γ(βn+1(✶R)) ◦ ∇♦D<n ∈ Γ(U,ΩU log/Slog)
vanishes identically on U . But,
trace((∇♦D<n)−1 ◦ γ(βn(✶R)) ◦ ∇♦D<n) = trace(γ(βn(✶R)))(422)
= ✶Symbn(β
n
(✶R))
= ✶Symbn(✶R).
Hence, the section of Op♦
GLn,ℏ,B,U log/Slog classifying ∇♦+✶R lies in Op♦GLn,ℏ,U log/Slog
if and only if ✶R ∈ Ker(✶Symbn) = ✶Bn−1
U log/Slog
. Moreover, Op♦
GLn,ℏ,B,U log/Slog
is verified to be nonempty. Consequently, the structure of ✶BnU log/Slog-torsor on
Op♦
GLn,ℏ,B,U log/Slog carries a structure of
✶Bn−1
U log/Slog
-subtorsor onOp♦
GLn,ℏ,U,U log/Slog
,
as well as on ℏ-Diff ♣
n,U,U log/Slog .
In the rest of this subsection, let X/S := (f : X → S, {σi}ri=1) be a pointed
stable curve of type (g, r) over a k-scheme S, and U := (B,∇0) an (n, ℏ)-
determinant data for X log over S log. If t : T → S is a morphism of k-schemes,
then the pull-back of sections gives a morphism
(423) Γ(X, ℏ-Diff ♣
n,U,Xlog/Slog)→ Γ(X ×S T, ℏ-Diff ♣n,(idX×t)∗(U),(X×ST )log/T log)
(cf. Remark 4.9.2 (ii) for the definition of (idX × t)∗(U)). The operation
of taking pull-back is compatible, in an evident sense, with composition of
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morphisms. Thus, one may define the Set-valued contravariant functor
(424) ℏ-Diff♣
n,U,Xlog/Slog : Sch/S → Set
on Sch/S which, to any S-scheme t : T → S, assigns the set of global sec-
tions Γ(X ×S T, ℏ-Diff ♣n,(idX×t)∗(U),(X×ST )log/T log) (cf. Remark 4.9.2 (ii) for the
definition of (idX × t)∗(U)).
Proposition 4.10.1.
(i) f∗(✶Bn−1Xlog/Slog) is a vector bundle on S of rank
(425) (g − 1)(n2 − 1) + r
2
· (n+ 2)(n− 1) (= ℵ(sln))
(cf. (135)).
(ii) ℏ-Diff♣
n,U,Xlog/Slog may be represented by a relative affine space over S
modeled on V(f∗(✶Bn−1Xlog/Slog)). In particular, the fiber of ℏ-Diff♣n,U,Xlog/Slog
over any point of S is nonempty.
Proof. First, we consider assertion (i). Recall that ✶Bj+1
Xlog/Slog
/✶Bj
Xlog/Slog
∼=
Ω
⊗(n−j)
Xlog/Slog
for j = 0, · · · , n − 2 (cf. (374)). By Grothendieck-Serre duality, we
have
R1f∗(✶Bj+1Xlog/Slog/✶BjXlog/Slog)
∼→ R1f∗(Ω⊗(n−j)Xlog/Slog)(426)
∼→ f∗(T ⊗(n−1−j)Xlog/Slog (−DX/S))∨
= 0.
It follows that R1f∗(✶Bn−1Xlog/Slog) = 0, and hence, f∗(✶Bn−1Xlog/Slog) is a vector
bundle on S (cf. [Ha], Chap. III, Theorem 12.11 (b)); its rank rk(f∗(✶Bn−1Xlog/Slog))
may be calculated by
rk(f∗(✶Bn−1Xlog/Slog)) =
n−2∑
j=0
rk(f∗(✶Bj+1Xlog/Slog/✶BjXlog/Slog))(427)
=
n−2∑
j=0
rk(f∗(Ω
⊗(n−j)
Xlog/Slog
))
=
n−2∑
j=0
(g − 1)(2n− 2j − 1) + r(n− j)
= (g − 1)(n2 − 1) + r
2
· (n+ 2)(n− 1)
(= ℵ(sln)) ,
where the third equality arises from the Riemann-Roch theorem. This com-
pletes the proof of assertion (i).
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Next, we consider assertion (ii). Apply the isomorphism (419) and the discus-
sion in § 4.10. Then, f∗(ℏ-Diff ♣n,U,Xlog/Slog) admits a free and transitive action
of f∗(✶Bn−1Xlog/Slog). Since R1f∗(✶Bn−1Xlog/Slog) = 0, the sheaf f∗(ℏ-Diff ♣n,U,Xlog/Slog)
admits sections locally on S. Moreover, this equality implies that the direct
image f∗(ℏ-Diff ♣n,U,Xlog/Slog) is compatible, in an evident sense, with pull-back
via any morphism S ′ → S. Thus, f∗(ℏ-Diff ♣n,U,Xlog/Slog) may be represented
by a relative affine space over S modeled on the vector bundle f∗(✶Bn−1Xlog/Slog),
and is isomorphic to ℏ-Diff♣
n,U,Xlog/Slog . This completes the proof of assertion
(ii). 
4.11. From (GLn, ℏ,U)-opers to (GLn, ℏ)-opers.
Let U log/S log and U be as before. We shall compare Op♦
GLn,ℏ,U,U log/Slog
with
Op♥
GLn,ℏ,U log/Slog
.
Proposition 4.11.1.
Let us consider the morphism
(428) Λ♦→♥
n,ℏ,U,U log/Slog : Op♦GLn,ℏ,U,U log/Slog → Op♥GLn,ℏ,U log/Slog
determined by assigning, to each (GLn, ℏ,U)-oper ∇♦, the equivalence class
represented by the (GLn, ℏ)-oper ∇♥ (cf. Definition 4.6.1 (i)). Then, it is an
isomorphism of sheaves of U .
Proof. First, we consider the injectivity of Λ♦→♥
n,ℏ,U,U log/Slog . It suffices to prove
that if ∇♦1 and ∇♦2 are (GLn, ℏ,U)-opers on U log/S log that are equivalent, then
they are, in fact, isomorphic locally on U . After possibly replacing U with an
open covering of U , we may assume that there exists an ℏ-log integrable line
bundle (L,∇L) on U log/S log and an isomorphism
(429) α : (L ⊗ D<nℏ,U log/Slog ⊗ B∨,∇L ⊗∇♦1 )
∼→ (D<nℏ,U log/Slog ⊗ B∨,∇♦2 )
of (GLn, ℏ)-opers, i.e., that is compatible with the respective filtrations. In
particular, by restricting α to the (n − 1)-st filtrations, we obtain an isomor-
phism
(430) L ⊗ D<1ℏ,U log/Slog ⊗ B∨
∼→ D<1ℏ,U log/Slog ⊗ B∨,
which implies that L ∼= OU . In the following, we shall identify L with OU
via a specific isomorphism L ∼→ OU . Denote by αdet the automorphism of
det(D<nℏ,U log/Slog ⊗ B∨) induced by α. The following equalities hold:
(431) ∇0 = α∗det(∇0) = α∗det(det(∇♦2 )) = det(∇L ⊗∇♦1 ) = ∇⊗nL ⊗∇0.
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It follows that (L⊗n,∇⊗nL ) ∼= (OX , d), and hence, (L,∇L) ∼= (OX , d) by Lemma
4.3.1 (i). That is, ∇♥1 is, by definition, isomorphic to ∇♥2 , and this completes
the injectivity of Λ♦→♥
n,ℏ,U,U log/Slog .
Next, consider the surjectivity of Λ♦→♥
n,ℏ,U,U log/Slog . We shall prove that, for each
(GLn, ℏ)-oper F♥ := (F ,∇F , {F j}nj=0) on U log/S log, there exists a (GLn, ℏ,U)-
oper ∇♦ on U log/S log whose associated (GLn, ℏ)-oper ∇♥ (cf. Definition 4.6.1
(i)) is equivalent to F♥. By means of the isomorphisms kslF♥ (j+1 ≤ l ≤ n−1)
(cf. (359)), we obtain a canonical composite isomorphism
(432) F j/F j+1 ∼→ (F j+1/F j+2)⊗ TU log/Slog ∼→ · · · ∼→ Fn−1 ⊗ T ⊗n−1−jU log/Slog
(j = 0, · · · , n − 1). By applying these isomorphisms for all j, we obtain a
composite isomorphism
(433) det(F) ∼→
n−1⊗
j=0
(F j/F j+1) ∼→ ( n−1⊗
j=0
T ⊗(n−1−j)
U log/Slog
)⊗ (Fn−1)⊗n.
If we write BF := (B⊗Fn−1)∨, then (409) and (433) give rise to an isomorphism
(434)
(
det(F ⊗ BF ) ∼→
)
det(F)⊗ B⊗nF ∼→ det(D<nℏ,U log/Slog ⊗ B∨)
By Lemma 4.3.1 (i), there exists a unique S-ℏ-log connection ∇ on BF such
that det(∇F)⊗∇⊗n (= det(∇F ⊗∇)) coincides with ∇0 via the isomorphism
(434). It follows from the definition of a (GLn, ℏ)-oper that the morphism
(435)
(
D<nℏ,U log/Slog ⊗ B∨
∼→
)
D<nℏ,U log/Slog ⊗ (Fn−1 ⊗ BF )→ F ⊗ BF
obtained by restricting (∇F ⊗∇)D to the OU -submodule D<nℏ,U log/Slog ⊗ (Fn−1⊗
BF) of D<∞ℏ,U log/Slog ⊗ (F ⊗ BF) is an isomorphism.
Consequently, the collection of data
(436) F♥⊗L := (F ⊗ BF ,∇F ⊗∇, {F i ⊗ BF}ni=0)
forms, via (435), a (GLn, ℏ,U)-oper on U log/S log whose associated (GLn, ℏ)-
oper is equivalent to F♥. This completes the proof of the surjectivity. 
By combining Proposition 4.3.2, the discussion following Definition 4.9.4,
and Proposition 4.11.1, we have obtained the following theorem.
Theorem 4.11.2 (Comparison of the moduli of opers I).
Suppose that we are given an (n, ℏ)-determinant data U := (B,∇0) for U log
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over S log. Then, there exists a canonical sequence of isomorphisms
ℏ-Diff ♣
n,U,U log/Slog
Λ♣→♦
n,ℏ,U,U log/Slog−→ Op♦
GLn,ℏ,U,U log/Slog
(437)
Λ♦→♥
n,ℏ,U,U log/Slog−→ Op♥
GLn,ℏ,U log/Slog
Λ♥→♠
n,ℏ,U log/Slog−→ Op♠
sln,ℏ,U log/Slog
of sheaves on Et/U .
Now, let S be a k-scheme, X/S a pointed stable curve of type (g, r) over S.
For each (n, ℏ)-determinant data U for X log/S log, we shall write
(438) Op♦GLn,ℏ,U,X/S
(
resp., Op♥GLn,ℏ,X/S
)
: Sch/S → Set
for the Set-valued contravariant functor on Sch/S which, to any S-scheme
t : T → S, assigns the set Γ(X ×S T,Op♦GLn,ℏ,(idX×t)∗(U),Xlog×ST ) (resp., Γ(X ×S
T,Op♥
GLn,ℏ,Xlog×ST ). By applying Proposition 4.10.1 (i), (ii), and the above
theorem, we have the following corollary.
Corollary 4.11.3 (Comparison of the moduli of opers II).
Suppose that we are given an (n, ℏ)-determinant data U := (B,∇0) for X log/S log.
Then, the isomorphism (437) induces a canonical sequence of isomorphisms
ℏ-Diff♣
n,U,Xlog/Slog
ΓΛ♣→♦n,ℏ,U,X/S−→ Op♦GLn,ℏ,U,X/S(439)
ΓΛ♦→♥GLn,ℏ,U,X/S−→ Op♥GLn,ℏ,X/S
ΓΛ♥→♠GLn,ℏ,X/S−→ Op♠sln,ℏ,X/S
of functors, where recall that Op♠sln,ℏ,X/S := Opsln,ℏ,X/S . In particular, the func-
tor Opsln,ℏ,X/S (for the case where char(k) equals either 0 or a prime p satisfying
that n < p) may be represented by a relative affine space over S of relative di-
mension
(440) (g − 1)(n2 − 1) + r
2
· (n+ 2)(n− 1) (= ℵ(sln))
(cf. (135)).
Corollary 4.11.4.
Let U be as in Corollary 4.11.3 and L = (L,∇L) an ℏ-log integrable line bundle
on X log/S log. Then, the isomorphisms Γ♣B→B⊗L∨ (cf. (386)) and Γ♦B→B⊗L∨
(cf. (384)) induce isomorphisms
(441) Γ♣U→U⊗L∨ : ℏ-Diff♣n,U,Xlog/Slog
∼→ ℏ-Diff♣
n,U⊗L,Xlog/Slog
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and
(442) Γ♦U→U⊗L∨ : Op♦GLn,ℏ,U,X/S
∼→ Op♦GLn,ℏ,U⊗L∨,X/S
respectively. Moreover, the diagram
(443)
ℏ-Diff♣
n,U,Xlog/Slog
ΓΛ
♣→♦
GLn,ℏ,U,X/S−−−−−−−−→ Op♦GLn,ℏ,U,X/S
ΓΛ
♦→♥
GLn,ℏ,U,X/S−−−−−−−−→ Op♥GLn,ℏ,X/S
Γ♣U→U⊗L∨
y Γ♦U→U⊗L∨y idy
ℏ-Diff♣
n,U⊗L,Xlog/Slog
ΓΛ
♣→♦
GLn,ℏ,U⊗L∨,X/S−−−−−−−−−−−→ Op♦GLn,ℏ,U⊗L∨,X/S
ΓΛ
♦→♥
GLn,ℏ,U⊗L∨,X/S−−−−−−−−−−−→ Op♥GLn,ℏ,X/S
consisting of isomorphisms of S-schemes is commutative (cf. Proposition 4.8.2).
Proof. The assertion follows from the definition of the various morphisms in-
volved and the equivalence relation defined in Definition 4.2.2. 
4.12. (sln, ℏ)-opers of canonical type II.
Let S log be an fs log scheme over k, U log a log-curve over S log, and U :=
(B,∇0) an (n, ℏ)-determinant data for U log/S log. Denote by
(444) πGLn,ℏ,U log/Slog : E †n,ℏ,U log/Slog → U
the right GLn-torsor over U associated with D<nℏ,U log/Slog⊗B∨, i.e., the U -scheme
representing the functor
(445) IsomOU (O⊕nU ,D<nℏ,U log/Slog ⊗ B∨) : Et/U → Set.
Then, its adjoint vector bundle (gln)E†
n,ℏ,U log/Slog
is canonically isomorphic to the
vector bundle EndOU (D<nℏ,U log/Slog ⊗ B∨) on U .
For each j ∈ Z, we shall denote by
(446) (gln)
j
E†
n,ℏ,U log/Slog
theOU -submodule of the vector bundle EndOU (D<nℏ,U log/Slog⊗B∨) (= (gln)E†
n,ℏ,U log/Slog
)
consisting of local sections w satisfying that w(D<lℏ,U log/Slog⊗B∨) ⊆ D<l−jℏ,U log/Slog⊗
B∨ for all l = 0, · · · , n. The collection of theseOU -submodules {(gln)jE†
n,ℏ,U log/Slog
}j∈Z
forms a decreasing filtration on EndOU (D<nℏ,U log/Slog ⊗ B∨):
0 = (gln)
n
E†
n,ℏ,U log/Slog
( (gln)
n−1
E†
n,ℏ,U log/Slog
( · · ·(447)
· · · ( (gln)−nE†
n,ℏ,U log/Slog
= EndOU (D<nℏ,U log/Slog ⊗ B∨).
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Next, consider the natural inclusion
(448) diag : OU →֒ EndOU (D<nℏ,U log/Slog ⊗ B∨)
which, to any local section a ∈ OU , assigns the locally defined endomorphism
diag(a) of D<nℏ,U log/Slog ⊗ B∨ given by multiplication by a. Denote by
(449) πPGLn,ℏ,U log/Slog : E
†
n,ℏ,U log/Slog → U
the right PGLn-torsor over U induced from E †n,ℏ,U log/Slog via the change of
structure group GLn → PGLn. Then, its associated adjoint vector bundle
(pgln)E†
n,ℏ,U log/Slog
is canonically isomorphic to the quotient
(450) EndOU (D<nℏ,U log/Slog ⊗ B∨) := EndOU (D<nℏ,U log/Slog ⊗ B∨)/Im(diag).
Write
(451) (pgln)
j
E†
n,ℏ,U log/Slog
:= (gln)
j
E†
n,ℏ,U log/Slog
/((gln)
j
E†
n,ℏ,U log/Slog
∩ Im(diag)).
The filtration {D<n−jℏ,U log/Slog ⊗ B∨}nj=0 carries a structure of B-reduction
(452) πB,ℏ,U log/Slog : E †B,ℏ,U log/Slog → U
on E †n,ℏ,U log/Slog (cf. (364) for the definition of B). The adjoint vector bun-
dle associated with E†B,ℏ,U log/Slog is canonically isomorphic to (pgln)0E†
n,ℏ,U log/Slog
.
For each j = −n, · · · , n, the OU -module (pgln)jE†
n,ℏ,U log/Slog
is closed under the
adjoint action of B (arising from the B-action on E†B,ℏ,U log/Slog), and
(453) (pgln)
j
E†
n,ℏ,U log/Slog
/(pgln)
j+1
E†
n,ℏ,U log/Slog
∼→ (Ω⊗j
U log/Slog
)⊕mj ,
where mj = n− |j| (resp., mj = n− 1) if j 6= 0 (resp., j = 0).
Definition 4.12.1.
An (sln, ℏ)-oper on U log/S log of canonical type II is an (sln, ℏ)-oper ob-
tained, via the change of structure group GLn → PGLn, from D♥ (cf. (394))
for some D♣ ∈ Γ(U, ℏ-Diff ♣
n,U,U log/Slog). (In particular, the underlying B-torsor
of any (sln, ℏ)-oper of canonical type II coincides with E†B,ℏ,U log/Slog .)
Remark 4.12.2.
Note that by Corollary 4.11.4, whether an (sln, ℏ)-oper is of canonical type
II or not does not depend on the choice of an (n, ℏ)-determinant data U in
Definition 4.12.1. Also, an (sln, ℏ)-oper on U log/S log of canonical type II arises
from a unique D♣ ∈ Γ(U, ℏ-Diff ♣
n,U,U log/Slog).
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4.13. Properties on the PGLn-torsor E †n,ℏ,U log/Slog.
In consideration of the discussion in § 2.4, we mention some properties (i)-
(iv) concerning the right PGLn-torsor E †n,ℏ,U log/Slog . Let S be a k-scheme, and
X/S := (f : X → S, {σi}ri=1) a pointed stable curve of type (g, r) over S.
(i) Suppose that we are given a log chart (U, ∂) on X log over S log (cf. § 1.2).
In the following discussion, we shall construct S-ℏ-log connections ∇B∨
and ∇⊚ on certain vector bundles.
First,the section ∂ gives an identification TU log/Slog (= OU · ∂) ∼= OU
(and hence, an identification T ⊗
n(n−1)
2
U log/Slog
∼= OU). Hence, according to
Remark 4.9.2 (i), we have
det(D<nℏ,U log/Slog ⊗ B∨)
∼→ (B∨)⊗n.(454)
∇0 corresponds, via (454), to an S-ℏ-log connection ∇(B∨)⊗n on (B∨)⊗n.
By Lemma 4.3.1 (i), there exists a unique S-ℏ-log connection
∇B∨ : B∨ → ΩU log/Slog ⊗ B∨(455)
on B∨ whose n-fold tensor product coincides with ∇(B∨)⊗n .
Next, denote by ιn the inclusion OU →֒ D<∞ℏ,U log/Slog (=
⊕∞
j=0OU ·
∂j) given by assigning a 7→ (0, · · · , 0, a · ∂n, 0, · · · ). The quotient
D<∞ℏ,U log/Slog/(Im(ιn)) ofD<∞ℏ,U log/Slog by theD<∞ℏ,U log/Slog-submodule (Im(ιn))
(⊆ D<∞ℏ,U log/Slog) generated by the image Im(ιn) of ιn admits a structure
of left D<∞ℏ,U log/Slog-module. Since the composite
D<nℏ,U log/Slog →֒ D<∞ℏ,U log/Slog ։ D<∞ℏ,U log/Slog/(Im(ιn))(456)
is verified to be an isomorphism, the structure of left D<∞ℏ,U log/Slog-module
on D<∞ℏ,U log/Slog/(Im(ιn)) yields an S-ℏ-log connection
∇⊚ : D<nℏ,U log/Slog → ΩU log/Slog ⊗D<nℏ,U log/Slog(457)
on D<nℏ,U log/Slog .
Now, let us consider the composite
D<nℏ,U log/Slog ⊗ B∨
∼→ D<nℏ,U log/Slog ⊗ (B∨ ⊗D<1ℏ,U log/Slog)(458)
→֒ D<∞ℏ,U log/Slog ⊗ (B∨ ⊗D<nℏ,U log/Slog)
(∇B∨⊗∇⊚)D→ B∨ ⊗D<nℏ,U log/Slog
(
= B∨ ⊗ (
n−1⊕
j=0
OU · ∂j)
)
∼→ (B∨)⊕n,
where the second arrow arises from the inclusionsD<nℏ,U log/Slog →֒ D<∞ℏ,U log/Slog
and D<1ℏ,U log/Slog →֒ D<nℏ,U log/Slog . By the definitions of ∇B∨ and ∇⊚, this
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composite turns out to be an isomorphism. It yields an isomorphism
(459)
E †
n,ℏ,U log/Slog
( ∼→ IsomOU (O⊕nU ,D<nℏ,U log/Slog ⊗ B∨)) ∼→ (B∨)× ×Gm (U ×k GLn)
(cf. § 3.7 for the definition of (−)×) of right GLn-torsors, which induces
a trivialization
(460) E †n,ℏ,U log/Slog ∼→ U ×k PGLn
of the right PGLn-torsor E†n,ℏ,U log/Slog .
(ii) For each j = 0, · · · , n, let us identify (B∨)⊕(n−j) with an OU -submodule
of (B∨)⊕n via the inclusion (B∨)⊕(n−j) →֒ (B∨)⊕n given by assigning
(al)
n−j
l=1 7→ (a1, · · · , an−j, 0, · · · , 0). Then, {(B∨)⊕(n−j)}nj=0 forms a de-
creasing filtration on (B∨)⊕n. One verifies that (458) is compatible with
the filtration {D<n−jℏ,U log/Slog⊗B∨}nj=0 on D<nℏ,U log/Slog⊗B∨ and the filtration
{(B∨)⊕(n−j)}nj=0. Thus, (460) induces a canonical trivialization
(461) trivB,ℏ,(U,∂) : E†B,ℏ,U log/Slog ∼→ U ×k B
of the right B-torsor E†B,ℏ,U log/Slog . Consequently, we have constructed a
trivialization trivB,ℏ,(U,∂) of E†B,ℏ,U log/Slog from a log chart (U, ∂). The fol-
lowing proposition follows immediately from the definitions of E†B,ℏ,U log/Slog
and trivB,ℏ,(U,∂).
Proposition 4.13.1.
Let (U, ∂) be a log chart on X log over S log and let a ∈ Γ(U,O×U ) (hence, (U, a∂)
forms a log chart). Then, the automorphism trivB,ℏ,(U,∂) ◦ triv−1B,ℏ,(U,a∂) of the
trivial right B-torsor U ×k B coincides with the left-translation by the element
in B(U) represented by the matrix
1 0 0 · · · 0
0 a 0 · · · 0
0 0 a2 · · · 0
...
...
...
. . .
...
0 0 0 · · · an−1
 .(462)
(iii) It follows from Proposition 2.2.5 and Corollary 4.11.3 that for each
(sln, ℏ)-oper E♠ on U log/S log there exists a unique pair
(463) (E♠♦II, canE♠)
consisting of an (sln, ℏ)-oper on U log/S log of canonical type II and an
isomorphism canE♠ : E♠ ∼→ E♠♦II of (sln, ℏ)-opers. In particular, the
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underlying B-torsors of (sln, ℏ)-opers are all isomorphic to E†B,ℏ,U log/Slog ,
which does not depends on the choice of B. By construction, the as-
signment E♠ 7→ (E♠♦II, canE♠) is compatible with restriction to e´tale
U -schemes, as well as base-change over S.
(iv) It follows from Proposition 4.10.1 (ii), Corollary 4.11.4, and the isomor-
phism βn (cf (376)) thatOpsln,ℏ,X/S may be regarded as a relative affine
space over S modeled on V(f∗( ✶Bn−1Xlog/Slog)). We review this structure
of relative affine space as follows. First, observe that the composite
✶Bn−1Xlog/Slog →֒ ✶B
n
Xlog/Slog(464)
γ→֒ ΩXlog/Slog ⊗ EndOU (D<nℏ,Xlog/Slog ⊗ B∨)
։ ΩXlog/Slog ⊗ EndOX (D<nℏ,Xlog/Slog ⊗ B∨)
∼→HomOX (TXlog/Slog , (pgln)E†
n,ℏ,Xlog/Slog
)
(cf. (405) for the definition of γ) is injective. Let E♠♦II := (E †B,ℏ,Xlog/Slog ,∇♦E )
be an (sln, ℏ)-oper onX log/S log of canonical type II andR ∈ Γ(U, ✶Bn−1Xlog/Slog).
Write R♮ for the image of R via the composite injection (464). Then,
it is verified that the pair
(465) E♠♦II+R := (E
†
B,ℏ,Xlog/Slog ,∇♦E +R♮)
forms an (sln, ℏ)-oper on X log/S log of canonical type II. Moreover,
the assignment (E♠♦II, R) 7→ E♠♦II+R defines the action on Opsln,ℏ,X/S
of V(f∗( ✶Bn−1Xlog/Slog)), which gives the structure of relative affine space
mentioned above (cf. Proposition 4.8.3).
(v) Let us consider the representability of the moduli stack Opsln,ℏ,ρ,X/S for
prescribed radii ρ. Let E♠♦II := (E †B,ℏ,Xlog/Slog ,∇♦E ) be a (sln, ℏ)-oper on
X log/S log of canonical type II and of radii ρ := (ρi)
r
i=1 ∈ c×rsln(S). For
each i0 ∈ {1, · · · , r}, consider the composite
σ∗i0(
✶Bn−1Xlog/Slog) ∼→HomOS(σ∗i0(TXlog/Slog), (pgln)σ∗i0 (E†n,ℏ,Xlog/Slog ))(466)
∼→ (pgln)σ∗i0 (E†n,ℏ,Xlog/Slog),
where the first arrow denotes the restriction of (464) via σi0 and the
second arrow arises from trivσi0 ,X (cf. (80)). It induces a composite
KosE
♠♦II
sln,X/S ,σi0
: V(σ∗i0(
✶Bn−1Xlog/Slog))→ V((pgln)σ∗i0 (E†n,ℏ,Xlog/Slog))(467)
→ S ×k cpgln (= S ×k csln)
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of S-schemes, where the second arrow determined by assigning
Ri0 7→ [χ]((σ∗i0(E
†
n,ℏ,Xlog/Slog), Ri0 + µ
(E†
n,ℏ,Xlog/Slog
,∇♦E )
i0
)).(468)
Recall that the adjoint quotient χ of the case g = sln (= pgln) may
be identified with the map which, to any matrix in sln, assigns the set
of roots of its characteristic polynomial. Hence, by the definition of
✶Bn−1Xlog/Slog , the composite (467) turns out to be an isomorphism.
Now, let us consider the composite
KosE
♠♦II
sln,ℏ,X/S
: V(f∗( ✶Bn−1Xlog/Slog))→
r∏
i=1
V(σ∗i (
✶Bn−1Xlog/Slog))(469)
∏r
i=1 Kos
E♠♦II
sln,X/S,σi→
r∏
i=1
S ×k csln,
where the first arrow denotes the morphism determined by assigning
R 7→ (σ∗i (R))ri=1 for any R ∈ Γ(X, ✶Bn−1Xlog/Slog). Since the second ar-
row in (469) is an isomorphism, the scheme-theoretic inverse image via
KosE
♠♦II
sln,ℏ,X/S
of the graph S → ∏ri=1 S ×k c corresponding to ρ ∈ c×rsln(S)
is isomorphic to the closed subscheme V(f∗( ✶Bn−1Xlog/Slog(−DX/S))) of
V(f∗( ✶Bn−1Xlog/Slog)). Thus, it follows from the above discussion that for
R ∈ Γ(X, ✶Bn−1Xlog/Slog) the (sln, ℏ)-oper E♠♦II+R is of radii ρ if and only if R
lies in Γ(X, ✶Bn−1Xlog/Slog(−DX/S)). That is, the V(f∗( ✶B
n−1
Xlog/Slog))-action
on Opsln,ℏ,X/S carries a free and transitive V(f∗(
✶Bn−1Xlog/Slog(−DX/S)))-
action on Opsln,ℏ,ρ,X/S (if Opsln,ℏ,ρ,X/S is nonempty). Moreover, the fol-
lowing proposition holds.
Proposition 4.13.2.
(Recall that we have assumed that char(k) is either 0 or a prime p satisfy-
ing that n < p.) Let ρ = (ρi)
r
i=1 ∈ c×rsln(S). Then, the functor Opsln,ℏ,ρ,X/S
may be represented by a relative affine subspace of Opsln,ℏ,X/S (over S) modeled
on V(f∗( ✶Bn−1Xlog/Slog(−DX/S))). In particular, the fiber of Opsln,ℏ,ρ,X/S over any
point of S is nonempty.
Proof. The assertion follows from an argument similar to the argument in the
proof of Proposition 2.11.1. (Indeed, the relative dimensions of V(f∗( ✶Bn−1Xlog/Slog))
and V(f∗( ✶Bn−1Xlog/Slog(−DX/S))) over S are ℵ(sln) and cℵ(sln) respectively.) 
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Remark 4.13.3.
We shall study the adjoint vector bundle (pgln)E†
n,ℏ,U log
of the case where ℏ = 0.
Consider the symmetric algebra
(470) SOX (TU log/Slog) :=
⊕
j≥0
SjOU (TU log/Slog)
on TU log/Slog over OU , where SjOU (TU log/Slog) denotes the j-th symmetric power
of TU log/Slog (hence SjOU (TU log/Slog) = T ⊗jU log/Slog). By the definition of D<∞ℏ,U log/Slog
(cf. § 4.4), there exists a canonical isomorphism
(471) D<∞0,U log/Slog
∼→ SOX (TU log/Slog)
that is compatible with the respective increasing filtrations {D<j
0,U log/Slog
}j≥0
and {⊕j≥j′≥0 Sj′OU (TU log/Slog)}j≥0. In particular, we have an isomorphism
(472) D<n0,U log/Slog ⊗ B∨
∼→
n−1⊕
j=0
T ⊗j
U log/Slog
⊗ B∨
of OU -modules, and this isomorphism gives (by the definition of E†n,ℏ,U log/Slog)
a canonical decomposition
(473) (pgln)
j
E†
n,ℏ,U log/Slog
∼→
n−1⊕
l=j
(pgln)
l
E†
n,ℏ,U log/Slog
/(pgln)
l+1
E†
n,ℏ,U log/Slog
for −n ≤ j ≤ n, that is compatible with the respective B-actions.
4.14. Dormant (GLn, ℏ,U)-opers.
Finally, we consider the case of positive characteristic. That is, suppose
(cf. § 4.3) that the characteristic char(k) of k is a prime p satisfying that
n < p. A remarkable point of dealing with opers in positive characteristic is
that there alway exists an (n, ℏ)-determinant data (even if X/S is not necessarily
an unpointed smooth curve (cf. Remark 4.9.2 (iii))). In particular, any (sln, ℏ)-
oper may be necessarily constructed from a globally defined (GLn, ℏ,U)-oper
(as well as from a certain ℏ-tlcdo on B) for some (n, ℏ)-determinant data U =
(B,∇0).
Note that the classical p-curvature map (cf., e.g., [Katz1], § 5, p. 190 for
the case where ℏ = 1) of ℏ-log integrable vector bundle is compatible, in the
evident sense, with the p-curvature map of the associated ℏ-log integrable GLn-
torsor. In the following, we shall not distinguish between these definitions of
the p-curvature map.
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Definition 4.14.1.
Let U := (B,∇0) be an (n, ℏ)-determinant data for U log over S log. We shall
say that a (GLn, ℏ,U)-oper ∇♦ on U log/S log is dormant if it has vanishing
p-curvature, i.e., pψ
(D<n
ℏ,U log/Slog
⊗B∨,∇♦)
= 0.
Here, apply Proposition 3.2.3 to the case where the collection of data (G,G′, w :
G → G′) is taken to be “(GLn,Gm, µGm : GLn → Gm)”, where µGm de-
notes the determinant map. Then, for an (n, ℏ)-determinant data U satisfy-
ing that pψ
(det(D<n
ℏ,U log/Slog
⊗B∨),∇0) 6= 0, it turns out that there are no dormant
(GLn, ℏ,U)-opers. Hence, to proceed with our discussion, we should consider
whether there exists at least an (n, ℏ)-determinant data U := (B,∇0) with
pψ
(det(D<n
ℏ,U log/Slog
⊗B∨),∇0)
= 0 or not. But, one may prove the following proposi-
tion.
Proposition 4.14.2.
(i) There exists an (n, ℏ)-determinant data U := (B,∇0) for U log over S log
with pψ
(det(D<n
ℏ,U log/Slog
⊗B∨),∇0)
= 0.
(ii) Let U be as asserted in (i) and ∇♦ a (GLn, ℏ,U)-oper on U log/S log.
Write E♠ = (EB,∇E) for the (sln, ℏ)-oper on U log/S log associated with
∇♦ via the composite Λ♥→♠
n,ℏ,U log/Slog ◦Λ♦→♥n,ℏ,U,U log/Slog. Then, ∇♦ is dormant
if and only if E♠ is dormant (cf. Definition 3.6.1).
Proof. First, we shall consider assertion (i). Since p does not divide n, one may
choose a pair of nonnegative integers (k, l) satisfying that p · k = n · l+ n(n−1)
2
.
Let us take B := Ω⊗l
U log/Slog
. Then,
det(D<nℏ,U log/Slog ⊗ B∨)
∼→ T ⊗
n(n−1)
2
U log/Slog
⊗ T ⊗(l·n)
U log/Slog
(474)
∼→ (T ⊗k
U log/Slog
)⊗p
∼→ F ∗U/S((idU × FS)∗(T ⊗kU log/Slog))
(cf. (409)). The canonical S-ℏ-connection ∇can
(idU×FS)∗(T ⊗k
U log/Slog
),ℏ
(cf. § 3.3) on
F ∗U/S((idU×FS)∗(T ⊗kU log/Slog)) carries, via this composite isomorphism, an S-ℏ-log
connection ∇0 on det(D<nℏ,U log/Slog ⊗ B∨). By Proposition 3.3.1, its p-curvature
is zero, and hence, we have obtained the pair (B,∇0) which forms a required
(n, ℏ)-determinant data.
Next, we shall consider assertion (ii). By applying the isomorphism in the
resp’d portion of (363), one verifies that pψ
(D<n
ℏ,U log/Slog
⊗B∨,∇♦)
= 0 if and only
if the p-curvature of both its associated ℏ-log integrable PGLn-torsor (i.e.,
(EPGLn,∇E)) and its associated ℏ-log integrableGm-torsor (i.e., (det(D<nℏ,U log/Slog⊗
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B∨),∇0)) are zero. Hence, the assertion follows from the hypothesis that the
p-curvature of (det(D<nℏ,U log/Slog ⊗ B∨),∇0) is zero. 
If U is as asserted in Proposition 4.14.2 (i), then we shall denote by
(475) Op♦
Zzz...
GLn,ℏ,U,X/S
the subfunctor of Op♦GLn,ℏ,U,X/S classifying dormant (GLn, ℏ,U)-opers. Then,
the isomorphism ΓΛ♦→♠GLn,ℏ,U,X/S in Corollary 4.11.3 restricts to an isomorphism
between Op♦
Zzz...
GLn,ℏ,U,X/S
and Op
Zzz...
sln,ℏ,X/S
asserted as follows.
Corollary 4.14.3.
(i) There exists a canonical isomorphism
(476) ΓΛ♦→♠
Zzz...
GLn,ℏ,U,X/S
: Op♦
Zzz...
GLn,ℏ,U,X/S
∼→ OpZzz...sln,ℏ,X/S
of S-schemes.
(ii) If, moreover, L = (L,∇L) is an ℏ-log integrable line bundle on X log/S log
with vanishing p-curvature. (Hence, the (n, ℏ)-determinant data U ⊗
L∨ := (B ⊗ L∨,∇0 ⊗ ∇⊗nL ) satisfies the condition required in Proposi-
tion 4.14.2 (i), i.e., that pψ
(det(D<n
ℏ,U log/Slog
⊗(B⊗L∨)∨),∇0⊗∇⊗nL ) = 0.) Then,
the isomorphism Γ♦U→U⊗L∨ (cf. (442)) asserted in Corollary 4.11.4
restricts to an isomorphism
(477) Γ♦Zzz...U→U⊗L∨ : Op♦
Zzz...
GLn,ℏ,U,X/S
∼→ Op♦Zzz...GLn,ℏ,U⊗L∨,X/S
of S-schemes which makes the square diagram
(478)
Op♦
Zzz...
GLn,ℏ,U,X/S
ΓΛ♦→♠
Zzz...
GLn,ℏ,U,X/S−−−−−−−−→ OpZzz...sln,ℏ,X/S
Γ♦
Zzz...
U→U⊗L∨
y yid
Op♦
Zzz...
GLn,ℏ,U⊗L∨,X/S
ΓΛ♦→♠
Zzz...
GLn,ℏ,U⊗L∨,X/S−−−−−−−−−−−→ OpZzz...sln,ℏ,X/S
commute.
Proof. The assertion follows from Proposition 4.14.2 (ii) and Corollary 4.11.4.

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5. Duality of opers for some types of classical groups
In this section, we consider a certain duality of (g, ℏ)-opers for some types
of classical Lie algebras, i.e., g = sln, so2l+1, or sp2m. For such a g and each
(g, ℏ)-oper E♠, we construct its dual (g, ℏ)-oper E♠⊻ (cf. Definition 5.7.2) in
such a way that (E♠⊻)⊻ is isomorphic to E♠. The duality E♠ 7→ E♠⊻ arises
from taking the dual (V∨,∇∨V) of the ℏ-log integrable vector bundle (V,∇V)
associated with E♠ under the change of structure group via a natural inclusion
g →֒ sln. As a consequence, we obtain the duality isomorphism d♠g,ℏ,ρ,X/S be-
tween the moduli stacks of (g, ℏ)-opers (cf. Theorem 5.8.1). If, moreover, the
base field k is of positive characteristic, then d♠g,ℏ,ρ,X/S restricts to the duality
isomorphisms d♠
Zzz...
g,ℏ,ρ,X/S
(resp., d♠
p-nilp
g,ℏ,ρ,X/S
) between the moduli stacks of dormant
(resp., p-nilpotent) (g, ℏ)-opers (cf. Theorem 5.9.2). In particular, the exis-
tence of such an isomorphism d♠
Zzz...
g,ℏ,ρ,X/S
(for the case where X/S is taken to be
the universal family of pointed stable curves Cg,r/Mg,r) may be a part of proper-
ties on Op
Zzz...
g,ℏ,ρ,g,r which are necessarily to construct the dormant operatic fusion
ring F
Zzz...
g,p introduced in § 7 later.
For a positive integer q, we denote by by GO2q+1 (resp., GSp2q) the group of
symplectic similitudes of rank 2q+1 (resp., the group of orthogonal similitudes
of rank 2q). That is to say,
GO2q+1 := {A ∈ GL2q+1 | tAK2q+1A = cK2q+1 for some c ∈ k×}(479)
and
GSp2q := {A ∈ GL2q | tAJ2qA = cJ2q for some c ∈ k×},(480)
where (for each a ≥ 1)Ka :=

0 0 · · · 0 1
0 0 · · · 1 0
...
...
...
...
...
0 1 · · · 0 0
1 0 · · · 0 0
 ∈ GLa and J2a :=
(
0 Ka
−Ka 0
)
∈
GL2a.
5.1. GO2l+1-opers and GSp2m-opers.
First, we define the notions of a (GO2l+1, ℏ)-oper (l ≥ 0) and a (GSp2m, ℏ)-
oper (m ≥ 0), which are, roughly speaking, certain (GLn, ℏ)-opers (for some n)
equipped with a nondegenerate bilinear form. The non-resp’d portion in the
following discussion deals with (GO2l+1, ℏ)-opers, and the resp’d portion deals
with (GSp2m, ℏ)-opers. Let n be a positive integer and suppose that n = 2l+1
(resp., n = 2m) for some l ∈ Z (resp., m ∈ Z). Suppose further that char(k)
is either 0 or a prime p satisfying that 4l < p (resp., 4m < p). In particular,
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PGLn (= (GLn)ad) and the adjoint group
PGO2l+1 := (GO2l+1)ad (resp., PGSp2m := (GSp2m)ad)(481)
of GO2l+1 (resp., GSp2m) satisfy, respectively, either one of the two conditions
(Char)0, (Char)p. Finally, let S
log be an fs log scheme over k, U log/S log a
log-curve over S log, and ℏ ∈ Γ(S,OS).
Definition 5.1.1.
(i) A (GO2l+1, ℏ)-oper (resp., (GSp2m, ℏ)-oper) on U
log/S log is a collection
of data
F♥GO (resp., F♥GSp) := (F ,∇F , {F j}nj=0,N ,∇N , ωF),(482)
where
• F♥GL := (F ,∇F , {F j}nj=0) forms a (GLn, ℏ)-oper on U log/S log;
• (N ,∇N ) forms an ℏ-log integrable line bundle on U log/S log;
• ωF denotes a symmetric (resp., skew-symmetric) OU -bilinear map
F⊗2 → N on F valued in N
satisfying the following two conditions:
• ωF is compatible with the respective S-ℏ-log connections ∇⊗2F and
∇N ;
• ωF is nondegenerate and the resulting isomorphism
ω′F : F ∼→ F∨ ⊗N(483)
may restrict to an isomorphism F j ∼→ F∨j ⊗ N for any j ∈
{0, · · · , n}, where F∨j denotes the OU -submodule of F consist-
ing of local sections h satisfying that h(Fn−j) = 0.
We shall refer to the (GLn, ℏ)-oper F♥GL described above as the under-
lying (GLn, ℏ)-oper of F♥GO (resp., F♥GSp).
(ii) Let F♥GO (resp., F♥GSp) := (F ,∇F , {F j}nj=0,N ,∇N , ωF) and G♥GO (resp.,
G♥GSp) := (G,∇G, {Gj}nj=0,L,∇L, ωG) be (GO2l+1, ℏ)-opers (resp., (GSp2m, ℏ)-
opers) on U log/S log. An isomorphism of (GO2l+1, ℏ)-opers from F♥GO
to G♥GO (resp., isomorphism of (GSp2m, ℏ)-opers from F♥GSp to G♥GSp)
is a pair (h1, h2) consisting of an isomorphism h1 : F♥GL ∼→ G♥GL between
the underlying (GLn, ℏ)-opers and an isomorphism h2 : (N ,∇N ) ∼→
(L,∇L) of ℏ-log integrable line bundles satisfying the equality h2◦ωF =
ωG ◦ h⊗21 .
Let F♥GO (resp., F♥GSp) := (F ,∇F , {F j}nj=0,N ,∇N , ωF) be a (GO2l+1, ℏ)-
oper (resp., (GSp2m, ℏ)-oper) on U
log/S log and (L,∇L) an ℏ-log integrable line
bundle on U log/S log. Then,
ωF⊗L := ωF ⊗ (idL)⊗2 : (F ⊗ L)⊗2 → N ⊗L⊗2(484)
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is a symmetric (resp., skew-symmetric) OU -bilinear map on F ⊗ L, for which
the collection of data
F♥GO,⊗L
(
resp., F♥GSp,⊗L
)
(485)
:= (F ⊗ L,∇F ⊗∇L, {F j ⊗L}nj=0,N ⊗L⊗2,∇N ⊗∇⊗2L , ωF⊗L)
forms a (GO2l+1, ℏ)-oper (resp., a (GSp2m, ℏ)-oper) on U
log/S log.
Definition 5.1.2.
Let F♥GO and G♥GO (resp., F♥GSp and G♥GSp) be (GO2m, ℏ)-opers (resp., (GSp2m, ℏ)-
opers) on U log/S log. We shall say that F♥GO is equivalent to G♥GO (resp., F♥GSp
is equivalent to G♥GSp) if there exists an ℏ-log integrable line bundle (L,∇L)
on U log/S log such that F♥GO,⊗L ∼= G♥GO (resp., F♥GSp,⊗L ∼= G♥GSp).
5.2. (GO2l+1, ℏ,U)-opers and (GSp2m, ℏ,U)-opers.
Next, let U := (B,∇0) be an (n, ℏ)-determinant data for U log/S log and ∇♦
a (GLn, ℏ,U)-oper on U log/S log. We shall write
B⊻ := T ⊗(n−1)
U log/Slog
⊗ B∨.(486)
Suppose that we are given a nondegenerate OU -bilinear map ω : (D<nℏ,U log/Slog ⊗
B∨)⊗2 → B⊻ valued in B⊻. By means of the resulting isomorphism ω′ :
D<nℏ,U log/Slog ⊗ B∨
∼→ (D<nℏ,U log/Slog ⊗ B∨)∨ ⊗ B⊻ (cf. (483)) and by taking de-
terminants, we have an isomorphism
det(D<nℏ,U log/Slog ⊗ B∨)⊗2
∼→ (B⊻)⊗n.(487)
It follows from Lemma 4.3.1 (i) that there exists a unique S-ℏ-log connection
∇⊗
2
n
0 on B⊻ such that ∇⊗20 and (∇⊗
2
n
0 )
⊗n are compatible via (487).
Definition 5.2.1.
A (GO2l+1, ℏ,U)-oper (resp., (GSp2m, ℏ,U)-oper) on U
log/S log is a pair ∇♦GO
(resp., ∇♦GSp) := (∇♦, ω) consisting of a (GLn, ℏ,U)-oper∇♦ on U log/S log and a
symmetric (resp., skew-symmetric) OU -bilinear map ω : (D<nℏ,U log/Slog⊗B∨)⊗2 →
B⊻ valued in B⊻ for which the collection of data
(D<nℏ,U log/Slog ⊗ B∨,∇♦, {D<n−jℏ,U log/Slog ⊗ B∨}nj=0,B⊻,∇
⊗ 2
n
0 , ω)(488)
forms a (GO2l+1, ℏ)-oper (resp., (GSp2m, ℏ)-oper) on U
log/S log.
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5.3. The moduli of (GO2l+1, ℏ)-opers (resp., (GSp2m, ℏ)-opers).
We shall introduce the moduli stackOp♥GO2l+1,ℏ,X/S (resp., Op
♥
GSp2m,ℏ,X/S
) clas-
sifying the equivalence classes of (GO2l+1, ℏ)-opers (resp., (GSp2m, ℏ)-opers),
as well as the moduli stack Op♦GO2l+1,ℏ,U,X/S (resp., Op
♦
GSp2m,ℏ,U,X/S
) classifying
(GO2l+1, ℏ,U)-opers (resp., (GSp2m, ℏ,U)-opers) for prescribed (n, ℏ)-determinant
data U. Just as in the case of (GLn, ℏ)-opers (discussed in the previous sec-
tion), it will be shown (cf. Proposition 5.3.1 below) that the moduli stacks
Opso2l+1,ℏ,X/S (resp., Opsp2m,ℏ,X/S),Op
♥
GO2l+1,ℏ,X/S
(resp., Op♥GSp2m,ℏ,X/S), andOp
♦
GO2l+1,ℏ,U,X/S
(resp., Op♦GSp2m,ℏ,U,X/S) are all isomorphic.
Let S be a k-scheme, X/S := (f : X → S, {σi}ri=1) a pointed stable curve of
type (g, r) over S. Let us write
Op♥GO2l+1,ℏ,X/S : Sch/S → Set
(
resp., Op♥GSp2m,ℏ,X/S : Sch/S → Set
)
(489)
for the Set-valued contravariant functor on Sch/S which, to any S-scheme T ,
assigns the set of equivalence classes of (GO2l+1, ℏ)-opers (resp., (GSp2m, ℏ)-
opers) on X/T .
Suppose that we are given a (GO2l+1, ℏ)-oper F♥GO (resp., (GSp2m, ℏ)-oper
F♥GSp) := (F ,∇F , {F j}nj=0,N ,∇N , ωF) on X/S. The vector bundle F together
with ωF induces, via the change of structure group by the quotient GO2l+1 ։
PGO2l+1 (resp., GSp2m ։ PGSp2m), a PGO2l+1-torsor EPGO (resp., a PGSp2m-
torsor EPGSp) over X . Moreover, ∇F and {F j}nj=0 defines an S-ℏ-log connection
and a Borel reduction on EPGO2l+1 (resp., EPGSp2m) respectively. Thus, F♥GO
(resp., F♥GSp), induces an (so2l+1, ℏ)-oper (resp., an (sp2m, ℏ)-oper), which we
shall denote by E♠PGO (resp., E♠PGSp). The isomorphism class of E♠PGO (resp.,
E♠PGSp) depends only on the equivalence class of F♥GO (resp., F♥GSp). Moreover,
the assignment F♥GO → E♠PGO (resp., F♥GSp → E♠PGSp) is compatible with base-
change over S, and hence, determines a morphism
ΓΛ
♥→♠
GO2l+1,ℏ,X/S
: Op♥GO2l+1,ℏ,X/S → Opso2l+1,ℏ,X/S(490) (
resp., ΓΛ
♥→♠
GSp2m,ℏ,X/S
: Op♥GSp2m,ℏ,X/S → Opsp2m,ℏ,X/S
)
of functors Sch/S → Set.
Next, let U be an (n, ℏ)-determinant data for X log/S log. We shall write
Op♦GO2l+1,ℏ,U,X/S
(
resp., Op♦GSp2m,ℏ,U,X/S
)
: Sch/S → Set(491)
for the Set-valued contravariant functor on Sch/S which, to any S-scheme
T , assigns the set of (GO2l+1, ℏ,U)-opers (resp., (GSp2m, ℏ,U)-opers) on X/T .
The assignment from each (GO2l+1, ℏ,U)-oper (resp., (GSp2m, ℏ,U)-oper) to
the equivalence class represented by its associated (GO2l+1, ℏ)-oper (resp.,
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(GSp2m, ℏ)-oper) yields a morphism
ΓΛ
♦→♥
GO2l+1,ℏ,X/S
: Op♦GO2l+1,ℏ,U,X/S → Op♥GO2l+1,ℏ,X/S(492) (
resp., ΓΛ
♦→♥
GSp2m,ℏ,X/S
: Op♦GSp2m,ℏ,U,X/S → Op
♥
GSp2m,ℏ,X/S
)
of functors Then, one may prove immediately (the former assertion in) the
following proposition, by applying a discussion similar to the discussion in the
proofs of Propositions 4.3.2 and 4.11.1.
Proposition 5.3.1.
The morphisms given in (490) and (492) are isomorphisms. In particular, both
Op♥GO2l+1,ℏ,X/S and Op
♦
GO2l+1,ℏ,U,X/S
(resp., Op♥GSp2m,ℏ,X/S and Op
♦
GSp2m,ℏ,U,X/S
)
may be represented by relative affine spaces over S.
Proof. The latter assertion follows from the former assertion and Proposition
2.7.5 of the case where g = so2l+1 (resp., g = sp2m). 
5.4. The change of structure group from PGO2l+1 (resp., PGSp2m) to
PGLn.
Let us consider a natural inclusion
PGO2l+1 →֒ PGLn (resp., PGSp2m →֒ PGLn) ,(493)
which induces an inclusion
so2l+1 →֒ sln (resp., sp2m →֒ sln)(494)
of Lie algebras. It is well-known that there exist pinnings of PGO2l+1 (resp.,
PGSp2m) and PGLn respectively which are compatible, in an evident sense,
via (494) (cf., e.g., [MT], Exercise 10.19 (b); [BD2], §§ 2.3-2.5). By carrying
out the change of structure group via (493) (and by means of such pinnings),
one may assign an (sln, ℏ)-oper to each (so2l+1, ℏ)-oper (resp., (sp2m, ℏ)-oper).
This assignment defines a morphism
(495) Opso2l+1,ℏ,X/S → Opsln,ℏ,X/S
(
resp., Opsp2m,ℏ,X/S → Opsln,ℏ,X/S
)
over S. Moreover, (494) induces, via the quotient χ, a closed immersion
cso2l+1 →֒ csln (resp., csp2m →֒ csln)(496)
of k-schemes, and hence, c×rso2l+1(S) (resp., c
×r
sp2m
(S)) may be thought of as a
subset of c×rsln(S). For any ρ ∈ c×rso2l+1(S) ⊆ c×rsln(S) (resp., ρ ∈ c×rsp2m(S) ⊆ c×rsln(S)),
the morphism (495) restricts to a morphism
(497) Opso2l+1,ℏ,ρ,X/S → Opsln,ℏ,ρ,X/S
(
resp., Opsp2m,ℏ,ρ,X/S → Opsln,ℏ,ρ,X/S
)
.
Then, the following proposition holds.
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Proposition 5.4.1.
The morphisms (495) and (497) are closed immersions.
Proof. It suffices to consider the case of (495). Recall that we have spec-
ified pinnings of PGO2l+1 (resp., PGSp2m) and PGLn that are compatible
via (493). Hence, (494) restricts to an inclusion so
ad(p1)
2l+1 →֒ slad(p1)n (resp.,
sp
ad(p1)
2m →֒ slad(p1)n ). It gives rise to a closed immersion V(f∗(Vso2l+1,ℏ,X/S)) →
V(f∗(Vsln,ℏ,X/S)) (resp., V(f∗(Vsp2m,ℏ,X/S))→ V(f∗(Vsln,ℏ,X/S))). Then, the asser-
tion follows from Corollary 2.7.6 (i). 
Next, the assignment from the set of (GO2l+1, ℏ)-opers to the set of (GLn, ℏ)-
opers given by forgetting the data of a symmetric (resp., skew-symmetric)
bilinear map is compatible with the respective equivalence relations. Hence,
this assignment determines a morphism
Op♥GO2l+1,ℏ,X/S → Op♥GLn,ℏ,X/S
(
resp., Op♥GSp2m,ℏ,X/S → Op
♥
GLn,ℏ,X/S
)
(498)
over S. Similarly, for each (n, ℏ)-determinant data for X log/S log, we have a
morphism
Op♦GO2l+1,ℏ,U,X/S → Op♦GLn,ℏ,U,X/S
(
resp., Op♦GSp2m,ℏ,U,X/S → Op
♦
GLn,ℏ,U,X/S
)(499)
given by forgetting the data of a symmetric (resp., skew-symmetric) bilinear
map. The following proposition follows directly from the various definitions
involved.
Proposition 5.4.2.
The following diagram is commutative:
Op♦GO2l+1,ℏ,U,X/S
ΓΛ
♦→♥
GO2l+1,ℏ,U,X/S−−−−−−−−−−→
∼
Op♥GO2l+1,ℏ,X/S
ΓΛ
♥→♠
GO2l+1,ℏ,X/S−−−−−−−−−→
∼
Opso2l+1,ℏ,X/S
≀
y(499) ≀y(498) ≀y(495)
Op♦GLn,ℏ,U,X/S
ΓΛ
♦→♥
GLn,ℏ,U,X/S−−−−−−−−→
∼
Op♥GLn,ℏ,X/S
ΓΛ
♥→♠
GLn,ℏ,X/S−−−−−−−→
∼
Opsln,ℏ,X/S
(500)
resp.,
Op♦GSp2m,ℏ,U,X/S
ΓΛ
♦→♥
GSp2m,ℏ,U,X/S−−−−−−−−−−→
∼
Op♥GSp2m,ℏ,X/S
ΓΛ
♥→♠
GSp2m,ℏ,X/S−−−−−−−−−→
∼
Opsp2m,ℏ,X/S
≀
y(499) ≀y(498) ≀y(495)
Op♦GLn,ℏ,U,X/S
ΓΛ
♦→♥
GLn,ℏ,U,X/S−−−−−−−−→
∼
Op♥GLn,ℏ,X/S
ΓΛ
♥→♠
GLn,ℏ,X/S−−−−−−−→
∼
Opsln,ℏ,X/S
 .
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In particular, (by Proposition 5.4.1) all the vertical arrows are closed immer-
sions.
5.5. Dual opers.
In the rest of this section, we shall consider duality of opers. Let F♥ :=
(F ,∇F , {F j}nj=0) be a (GLn, ℏ)-oper on U log/S log. For each j = 0, · · · , n,
we shall write F∨j for an OU -submodule of F∨ consisting of local sections h
satisfying the equality h(Fn−j) = 0. {F∨j}nj=0 forms a decreasing filtration on
F∨. The collection of data
F♥⊻ := (F∨,∇∨F , {F∨j}nj=0)(501)
forms a (GLn, ℏ)-oper on U log/S log. Moreover, it is clear that there exists an
isomorphism
(F♥⊻)⊻ ∼→ F♥(502)
of (GLn, ℏ)-opers.
Definition 5.5.1.
For each (GLn, ℏ)-oper F♥, we shall refer to F♥⊻ defined above as the dual
(GLn, ℏ)-oper of F♥.
Next, let F♥GO (resp., F♥GSp) := (F ,∇F , {F j}nj=0,N ,∇N , ωF) be a (GO2l+1, ℏ)-
oper (resp., a (GSp2m, ℏ)-oper) on U
log/S log. The isomorphism ω′F
−1 ⊗ idN∨ :
F∨ ∼→ F⊗N ∨ (cf. (483)) corresponds to a symmetric (resp., skew-symmetric)
OU -bilinear map ω⊻F : (F∨)⊗2 → N ∨ valued in N ∨. Then, the collection of
data
F♥⊻GO
(
resp., F♥⊻GSp
)
:= (F∨,∇∨F , {F∨j}nj=0,N ∨,∇∨N , ω⊻F)(503)
forms a (GO2l+1, ℏ)-oper (resp., a (GSp2m, ℏ)-oper) on U
log/S log. Just as in the
case of GLn discussed above, we have an isomorphism
(F♥⊻GO)⊻ ∼→ F♥GO
(
resp., (F♥⊻GSp)⊻ ∼→ F♥GSp
)
.(504)
5.6. The dual determinant data.
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Let U := (B,∇0) be an (n, ℏ)-determinant data for U log/S log. Then, we have
a composite isomorphism
det(D<nℏ,U log/Slog ⊗ (B⊻)∨)
∼→ T ⊗
n(n−1)
2
U log/Slog
⊗ ((B⊻)∨)⊗n(505)
∼→ T ⊗
n(n−1)
2
U log/Slog
⊗ (Ω⊗n(n−1)
U log/Slog
⊗ B⊗n)
∼→ Ω⊗
n(n−1)
2
U log/Slog
⊗ B⊗n
∼→ det(D<nℏ,U log/Slog ⊗ B∨)∨
(cf. (486) for the definition of B⊻), where both the first and last isomor-
phisms follow from (409). The dual ∇∨0 of ∇0 may be thought of as an S-ℏ-log
connection on det(D<nℏ,U log/Slog ⊗ (B⊻)∨) via (505). Thus, we obtain an (n, ℏ)-
determinant data
U⊻ := (B⊻,∇∨0 )(506)
for U log/S log, which is referred to as the dual determinant data of U.
5.7. The duality isomorphism between the moduli stacks of opers.
Let ∇♦ be a (GLn, ℏ,U)-oper on U log/S log. Since
(D<nℏ,U log/Slog ⊗ B∨)∨(n−1) = ((D<nℏ,U log/Slog/D<n−1ℏ,U log/Slog)⊗ B∨)∨ = (B⊻)∨,(507)
we have an inclusion
(B⊻)∨ →֒ (D<nℏ,U log/Slog ⊗ B∨)∨.(508)
The composite
D<nℏ,U log/Slog ⊗ (B⊻)∨ →֒ D<∞ℏ,U log/Slog ⊗ (D<nℏ,U log/Slog ⊗ B∨)∨(509)
(∇♦∨)D→ (D<nℏ,U log/Slog ⊗ B∨)∨
is an isomorphism, where the first arrow denotes the tensor product of (508)
and the inclusion D<nℏ,U log/Slog →֒ D<∞ℏ,U log/Slog . The S-ℏ-log connection ∇♦∨ cor-
responds, via this composite isomorphism, to an S-ℏ-log connection
∇♦⊻ : D<nℏ,U log/Slog ⊗ (B⊻)∨ → ΩU log/Slog ⊗ (D<nℏ,U log/Slog ⊗ (B⊻)∨)(510)
on D<nℏ,U log/Slog ⊗ (B⊻)∨. One verifies that ∇♦⊻ forms a (GLn, ℏ,U⊻)-oper on
U log/S log whose underlying (GLn, ℏ)-oper is equivalent to the dual (GLn, ℏ)-
oper of ∇♥. Also, for each (GO2l+1, ℏ,U)-oper ∇♦⊻GO (resp., (GSp2m, ℏ,U)-oper
∇♦⊻GSp) on U log/S log given by (∇♦, ω), the pair
∇♦⊻GO
(
resp., ∇♦⊻GSp
)
:= (∇♦⊻, ω⊻)(511)
forms a (GO2l+1, ℏ,U⊻)-oper (resp., (GSp2m, ℏ,U
⊻)-oper) on U log/S log.
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The assignments F♥ 7→ F♥⊻, F♥GO 7→ F♥⊻GO (resp., F♥GSp 7→ F♥⊻GSp), ∇♦ 7→
∇♦⊻, and ∇♦GO 7→ ∇♦⊻GO (resp., ∇♦GSp 7→ ∇♦⊻GSp) discussed so far are all com-
patible with any base-change over S log. Also, the first two assignments are,
in an evident sense, compatible with the equivalence relations. Thus, these
assignments define the isomorphisms (512) in the following proposition.
Proposition 5.7.1.
Let S, X/S, and U be as in § 5.3. For ✷ ∈ {GLn,GO2l+1,GSp2m}, there exist
canonical isomorphisms
d♥
✷,ℏ,X/S
: Op♥
✷,ℏ,X/S
∼→ Op♥
✷,ℏ,X/S
, d♦
✷,ℏ,U,X/S
: Op♦
✷,ℏ,U,X/S
∼→ Op♦
✷,ℏ,U⊻,X/S
(512)
over S which satisfy the equalities d♥
✷,ℏ,X/S
◦d♥
✷,ℏ,X/S
= id, d♦
✷,ℏ,U⊻,X/S
◦d♦
✷,ℏ,U,X/S
=
id and make the square diagram
Op♦
✷,ℏ,U,X/S
ΓΛ
♦→♥
✷,ℏ,U,X/S−−−−−−−→
∼
Op♥
✷,ℏ,X/S
≀
yd♦✷,ℏ,U,X/S ≀yd♥✷,ℏ,X/S
Op♦
✷,ℏ,U⊻,X/S
ΓΛ
♦→♥
✷,ℏ,U,X/S−−−−−−−→
∼
Op♥
✷,ℏ,X/S
(513)
commute. Finally, the isomorphisms (512) are compatible with (498) and (499)
respectively.
By applying the above proposition, we obtain composite involutions
d♠sln,ℏ,X/S :=
ΓΛ
♥→♠
GLn,ℏ,X/S
◦ d♥GLn,ℏ,X/S ◦ (ΓΛ
♥→♠
GLn,ℏ,X/S
)−1(514)
d♠so2l+1,ℏ,X/S :=
ΓΛ
♥→♠
GO2l+1,ℏ,X/S
◦ d♥GO2l+1,ℏ,X/S ◦ (ΓΛ
♥→♠
GO2l+1,ℏ,X/S
)−1
d♠sp2m,ℏ,X/S :=
ΓΛ
♥→♠
GSp2m,ℏ,X/S
◦ d♥GSp2m,ℏ,X/S ◦ (ΓΛ
♥→♠
GSp2m,ℏ,X/S
)−1
of Opsln,ℏ,X/S , Opso2l+1,ℏ,X/S , and Opsp2m,ℏ,X/S respectively.
Definition 5.7.2.
Let ✷ ∈ {sln, so2l+1, sp2m}. For each (✷, ℏ)-oper E♠ on X/S, we shall refer
to the (✷, ℏ)-oper corresponding to the image of E♠ via d♠
✷,ℏ,X/S
as the dual
(✷, ℏ)-oper of E♠; we shall denote it by E♠⊻.
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5.8. Duality of opers of prescribed radii.
Next, we consider the duality for opers of prescribed radii. Let us consider
the involution (−)⊻ : sln ∼→ sln given by assigning (ai,j)i,j 7→ (−an+1−j,n+1−i)i,j;
it restricts to an involution (−)⊻ of so2l+1 (resp., sp2m) via the inclusion (494).
There exist unique involutions (−)⊻ of csln and cso2l+1 (resp., csp2m) that are
compatible with the quotients χ for sln and so2l+1 (resp., sp2m) respectively. In
particular, we obtain involutions (−)⊻ of c×rsln(S) and c×rso2l+1(S) (resp., c×rsp2m(S)).
Theorem 5.8.1.
Let ✷ ∈ {sln, so2l+1, sp2m} and ρ := (ρi)ri=1 ∈ c×r✷ (S) (where we take ρ := ∅ and
ρ⊻ := ∅ if r = 0). Then, the involution d♠
✷,ℏ,X/S
restricts to an isomorphism
d♠
✷,ℏ,ρ,X/S
: Op✷,ℏ,ρ,X/S
∼→ Op✷,ℏ,ρ⊻,X/S(515)
over S such that d♠
✷,ℏ,ρ⊻,X/S
◦ d♠
✷,ℏ,ρ,X/S
= id.
Proof. By the closed immersion (495) (cf. Proposition 5.4.1), it suffices to
consider the case of sln (and r > 0). One may verify immediately the following
fact concerning generalities of radii: if (E ,∇E) denotes the ℏ-log integrable
GLn-torsor over X
log/S log corresponding to an ℏ-log integrable vector bundle
(V,∇V) and (G,∇G) denotes the ℏ-log integrable GLn-torsor corresponding to
the dual (V∨,∇∨V), then for any i ∈ {1, · · · , r}, the equality ρ(G,∇G)i = (ρ(E,∇E )i )⊻
holds. Indeed, let us restrict (E ,∇E) to an open covering of X over which
(E ,∇E) becomes trivial. If (E|U ,∇E |U) denotes the restriction, then Γ(U ×X,σi
S, σU∗i ((sln)E|U )) = sln(U ×X,σi S) and hence, µ(E|U ,∇E |U )i lies in sln(U ×X,σi S).
The restriction (G|U ,∇G|U) of (G,∇G) to U is trivial and, by the definition of
(V∨,∇∨V), satisfies the equality µ(G|U ,∇G |U )i = (µ(E|U ,∇E |U )i )⊻ ∈ sln(U ×X,σi S).
Note that for any S-ℏ-log connection on the trivial torsor, the change of its
monodromy under any gauge transformation is compatible with (−)⊻. Thus,
the radius of (G,∇G)|U (i.e., χ ◦ (µ(E|U ,∇E |U )i )⊻ ∈ csln(U ×X,σi S)) may be glued
together to the radius of (G,∇G), which coincides with ρ⊻i . This completes the
proof of the fact, and hence, the proof of the proposition. 
5.9. Duality for dormant opers.
In this last subsection, we propose some results concerning dormant opers
deduced from the results obtained so far, via restricting the various moduli
stacks to their closed substacks. Suppose further that char(k) is a prime p
satisfying that 4l < p (resp., 4m < p) (cf. § 5.1).
Proposition 5.9.1.
Let ✷ ∈ {so2l+1, sp2m}. Also, let us take ρ ∈ c×r✷ (k) (where we take ρ := ∅
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if r = 0), which is also considered as an element of c×rsln(Fp) via the closed
immersion c✷ →֒ csln (cf. (496)). Then, the closed immersion (497) of the
case where X/S is taken to be the universal family of pointed stable curves
Cg,r/Mg,r restricts to closed immersions
Op
Zzz...
✷,ℏ,ρ,g,r → Op
Zzz...
sln,ℏ,ρ,g,r, Op
p-nilp
✷,ℏ,ρ,g,r → Op
p-nilp
sln,ℏ,ρ,g,r(516)
over Mg,r.
Proof. The morphisms (494) and (496) induce morphisms⊕⊗
✷,ℏ,Cg,r/Mg,r
→⊕⊗sln,ℏ,Cg,r/Mg,r , ⊕⊗c✷,Cg,r/Mg,r →⊕⊗csln ,Cg,r/Mg,r(517)
respectively, where
⊕⊗
(−),(ℏ,)Cg,r/Mg,r
denotes the universal family of
⊕⊗
(−),(ℏ,)X/S ’s
(defined in (237) and (247)) over Mg,r. It follows from Proposition 3.2.3 that
the square diagrams
Op✷,ℏ,ρ,g,r
(497)−−−→ Opsln,ℏ,ρ,g,r
κ✷,ℏ,ρ,C
g,r/Mg,r
y y κsln,ℏ,ρ,Cg,r/Mg,r⊕⊗
✷,ℏ,Cg,r/Mg,r
(517)−−−→ ⊕⊗sln,ℏ,Cg,r/Mg,r
(518)
and
Op✷,ℏ,ρ,g,r
(497)−−−→ Opsln,ℏ,ρ,g,r
κ
H-M
✷,ℏ,ρ,C
g,r/Mg,r
y y κH-Msln,ℏ,ρ,Cg,r/Mg,r⊕⊗
c✷,Cg,r/Mg,r
(517)−−−→ ⊕⊗csln ,Cg,r/Mg,r
(519)
are commutative. By the definitions of the various moduli stacks involved,
these commutativities imply the proof of the proposition. 
Moreover, since the dual (✷, ℏ)-oper of any dormant (✷, ℏ)-oper is verified
to be dormant, the following proposition holds.
Theorem 5.9.2.
Let ✷ ∈ {sln, so2l+1, sp2m} and ρ ∈ c×r✷ (k) (where we take ρ := ∅ and ρ⊻ := ∅ if
r = 0). Then, the isomorphism d♠
✷,ℏ,ρ,X/S
obtained in Proposition 5.8.1 of the
case where X/S is taken to be Cg,r/Mg,r restricts to isomorphisms
d♠
Zzz...
✷,ℏ,ρ,g,r : Op
Zzz...
✷,ℏ,ρ,g,r
∼→ OpZzz...
✷,ℏ,ρ⊻,g,r, d
♠p-nilp
✷,ℏ,ρ,g,r : Op
p-nilp
✷,ℏ,ρ,g,r
∼→ Opp-nilp
✷,ℏ,ρ⊻,g,r
(520)
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over Mg,r which satisfy the equalities d
♠Zzz...
✷,ℏ,ρ⊻,g,r ◦ d♠
Zzz...
✷,ℏ,ρ,g,r = id and d
♠p-nilp
✷,ℏ,ρ⊻,g,r ◦
d♠
p-nilp
✷,ℏ,ρ,g,r = id. In particular, for each ρ ∈ c×r✷ (Fp), we have an isomorphism
Op
Zzz...
✷,ℏ,ℏ⋆ρ,g,r
∼→ OpZzz...
✷,ℏ,ℏ⋆ρ⊻,g,r(521)
over Mg,r.
Proof. The latter assertion follows from the former assertion and the equality
ℏ ⋆ ρ⊻ = (ℏ ⋆ ρ)⊻. 
6. Deformation theory of opers
In this section, we study de Rham cohomology of various log integrable
vector bundles (e.g., the adjoint vector bundle) arising from a (g, ℏ)-oper, and
describe the deformation space of the (g, ℏ)-oper (i.e., the tangent bundle of
various moduli stacks classifying opers) in terms of cohomology. One may
prove, thanks to the nature of an oper, various good properties concerning
computations of cohomology. These properties lead us to the main result of this
section (cf. Corollary 6.12.2), which asserts that if the moduli stack Op
Zzz...
g,ℏ,ρ,g,r
of dormant opers is unramified over Mg,r at a point, then it is also flat (hence
e´tale) at this point. This assertion will be one of the important parts in proving
Joshi’s conjecture.
We shall review notation as follows; let k be a perfect field (cf. § 3.5), G
a split connected semisimple algebraic group of adjoint type over k (with Lie
algebra g) which admits a pinning Gւ (cf. (83)) and satisfies either one of the
two conditions (Char)0, (Char)p described in § 2.2. Also, let S be a scheme
over k and X/S := (f : X → S, {σi}ri=1) a pointed stable curve over S of type
(g, r).
6.1. Spectral sequences.
First, we recall two spectral sequences associated with a morphism of sheaves.
Let ∇ : K0 → K1 be a morphism of sheaves of abelian groups on X . It may
be thought of as a complex concentrated at degree 0 and 1; we denote this
complex by
(522) K•[∇]
(where Ki[∇] := Ki for i = 0, 1). For i = 0, 1, · · · , one may define the sheaf
(523) Rif∗(K•[∇])
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on S, where Rif∗(−) is the i-th hyper-derived functor of R0f∗(−) (cf. [Katz1],
(2.0)). In particular, R0f∗(K•[∇]) = f∗(Ker(∇)).
Consider the spectral sequence
(524) ′Ep,q1 := R
qf∗(Kp[∇])⇒ Rp+qf∗(K•[∇]),
which is called the Hodge to de Rham spectral sequence of the complex K•[∇].
This spectral sequence (524) yields a short exact sequence
(525) 0→ Coker(R0f∗(∇))
′e♯[∇]→ R1f∗(K•[∇])
′e♭[∇]→ Ker(R1f∗(∇))→ 0
of OS-modules, where Rif∗(∇) (i = 0, 1) denotes the morphism Rif∗(K0) →
Rif∗(K1) obtained by applying the functor Rif∗(−) to the morphism ∇.
Also, consider the spectral sequence
(526) ′′Ep,q2 := R
p(Hq(K•[∇]))⇒ Rp+qf∗(K•[∇]),
where Hq(K•[∇]) denotes the q-th cohomology sheaf of the complex K•[∇],
and call it the conjugate spectral sequence of K•[∇]. This spectral sequence
(526) induces a short exact sequence
(527) 0→ R1f∗(Ker(∇))
′′e♯[∇]→ R1f∗(K•[∇])
′′e♭[∇]→ f∗(Coker(∇))→ 0
of OS-modules.
6.2. The adjoint bundle associated with a g-oper.
Let ℏ ∈ k, and E♠ = (E †B,ℏ,X/S ,∇E) be a (g, ℏ)-oper on X/S of canonical type.
Denote by
(528) ∇adE : gE†
B,ℏ,X/S
→ ΩXlog/Slog ⊗ gE†
B,ℏ,X/S
the S-ℏ-log connection on the adjoint vector bundle gE†
B,ℏ,X/S
(
∼→ gE†
G,ℏ,X/S
) in-
duced by ∇E via the adjoint representation AdG : G→ GL(g). It follows from
the definition of a (g, ℏ)-oper (and the fact that [p−1, gj] ⊆ gj−1) that
(529) ∇adE (gjE†
B,ℏ,X/S
) ⊆ ΩXlog/Slog ⊗ gj−1E†
B,ℏ,X/S
for any j ∈ Z. We shall write
(530) ∇ad(j)E : gjE†
B,ℏ,X/S
→ ΩXlog/Slog ⊗ gj−1E†
B,ℏ,X/S
for the resulting morphism. Moreover, ∇ad(j)E induces, via the respective quo-
tients of the domain and codomain, a well-defined OX-linear morphism
(531) ∇ad(j/j+1)E : gjE†
B,ℏ,X/S
/gj+1E†
B,ℏ,X/S
→ ΩXlog/Slog ⊗ (gj−1E†
B,ℏ,X/S
/gjE†
B,ℏ,X/S
).
In the following discussions (i)-(iii), we shall study the morphism ∇ad(j/j+1)E in
some detail.
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(i) For ✷ = −1 or 1, write gad(p✷) for the space of ad(p✷)-coinvariants (i.e.,
gad(p✷) := g/Im(ad(p✷))). gad(p1) admits a grading gad(p1) =
⊕
j∈Z gad(p1),j
induced, via the quotient g ։ gad(p1), by the grading g =
⊕
j∈Z gj (cf.
(85) in § 2.1). Since {p−1, 2ρˇ, p1} forms an sl2-triple, the two composites
(532) gad(p1) →֒ g։ gad(p−1), gad(p−1) →֒ g։ gad(p1)
are verified to be isomorphisms. The second composite gad(p−1) →
gad(p1) in (532) is compatible with the respective gradings, i.e., induces
an isomorphism
(533) g
ad(p−1)
j
∼→ gad(p1),j
(cf. (129)) for any j ∈ Z. On the other hand, since we have assumed
one of the two conditions (Char)0 or (Char)p, there exists (cf. [KW],
Chap.VI, Theorem 5.1) aG-invariant nondegenerate symmetric k-bilinear
form
(534) Bil : g× g→ k
on g. Moreover, it follows from [KW], Chap.VI, Lemma 5.2, that the
isomorphism g
∼→ g∨ determined by Bil gives, via the quotients g ։
gad(p1) and g
∨ ։ (gad(p1))∨ (i.e., the dual of the inclusion gad(p1) →֒ g),
an isomorphism
(535) gad(p1)
∼→ (gad(p1))∨.
This isomorphism restricts to an isomorphism
(536) gad(p1),j
∼→ (gad(p1)−j−1 )∨
for j ∈ Z. The isomorphisms (532) and (535) yield an exact sequence
(537) 0→ (gad(p1))∨ → g ad(p−1)→ g→ gad(p1) → 0.
By taking the gradings of the vector spaces in (537) and applying the
isomorphisms (533) and (536), we obtain an exact sequence
(538) 0→ (gad(p1)−j−1 )∨ → gj/gj+1
ad(p−1)→ gj−1/gj → gad(p1)j−1 → 0
(j ∈ Z). If j ≤ 1 (resp., j ≥ 0), then gad(p1)j−1 = 0 (resp., (gad(p1)−j−1 )∨ = 0),
and moreover, the resulting short exact sequence defined by (538) is
split. Notice that the morphisms in (532)-(538) are all compatible with
the respective B⊙-actions on the domain and codomain.
By the definition of Vg,ℏ,X/S , there exists an isomorphism
(539) (gad(p1))∨E†
B⊙,ℏ,X/S
∼→ ΩXlog/Slog ⊗ V∨g,ℏ,X/S ,
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that is compatible with the respective gradings. The composite g ։
gad(p1)
∼→ (gad(p1))∨ (cf. (535)) induces a morphism
(540) ς∨Ωg,ℏ,X/S : gE†B,ℏ,X/S
→ ΩXlog/Slog ⊗ V∨g,ℏ,X/S
which satisfies (by (536)) that
(541)
ς∨Ωg,ℏ,X/S(g
j
E†
B,ℏ,X/S
) ⊆ ΩXlog/Slog ⊗ (Vg,ℏ,X/S/V−jg,ℏ,X/S)∨
(
⊆ ΩXlog/Slog ⊗ V∨g,ℏ,X/S
)
.
for any j ∈ Z.
(ii) Let us consider the case where j is an integer satisfying that j ≤ 1.
Then, g
ad(p1)
j−1 = 0, and (538) becomes the split short exact sequence
(542) 0→ (gad(p1)−j−1 )∨ → gj/gj+1
ad(p−1)→ gj−1/gj → 0.
The second arrow (g
ad(p1)
−j−1 )
∨ → gj/gj+1 in (542) induces the second
arrow in the following sequence:
0→ΩXlog/Slog ⊗ V∨g,ℏ,X/S ,−j−1 → gjE†
B,ℏ,X/S
/gj+1E†
B,ℏ,X/S
(543)
∇ad(j/j+1)E → ΩXlog/Slog ⊗ (gj−1E†
B,ℏ,X/S
/gjE†
B,ℏ,X/S
)→ 0.
By the definition of ∇ad(j/j+1)E (cf. (531)) and the split exact sequence
(542), the sequence (543) forms a split short exact sequence of OX -
modules.
(iii) Next, let us consider the case where j is an integer satisfying that j ≥ 0.
Then, (g
ad(p1)
−j−1 )
∨ = 0, and (538) becomes the split short exact sequence
(544) 0→ gj/gj+1 ad(p−1)→ gj−1/gj → gad(p1)j−1 → 0.
The third arrow gj−1/gj → gad(p1)j−1 in (544) induces the third arrow in
the sequence
(545)
0→ gjE†
B,ℏ,X/S
/gj+1E†
B,ℏ,X/S
∇ad(j/j+1)E → ΩXlog/Slog⊗(gj−1E†
B,ℏ,X/S
/gjE†
B,ℏ,X/S
)→ Vg,ℏ,X/S,j−1 → 0.
It follows from the definition of ∇ad(j/j+1)E and (532) that the sequence
(545) forms a split short exact sequence of OX -modules.
By applying the above discussions, one may prove the following Lemma 6.2.1,
which will be used in the proof of Proposition 6.2.2.
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Lemma 6.2.1.
Let j be an integer.
(i) The composite
(546) f∗(Vjg,ℏ,X/S)
f∗(ςjg,ℏ,X/S
)
→ f∗(ΩXlog/Slog ⊗ gjE†
B,ℏ,X/S
)։ Coker(f∗(∇ad(j+1)E )),
is an isomorphism of OS-modules, where ςjg,ℏ,X/S denotes the morphism
obtained by taking the j-th grading of ςg,ℏ,X/S (cf. (142)). In particular,
we have an isomorphism
(547) f∗(Vg,ℏ,X/S) ∼→ Coker(f∗(∇adE )).
(ii) The composite
Ker(R1f∗(∇ad(j)E )) →֒ R1f∗(gjE†
B,ℏ,X/S
)(548)
R1f∗(ς∨Ω,jg,ℏ,X/S
)
→ R1f∗(ΩXlog/Slog ⊗ (Vg,ℏ,X/S/V−jg,ℏ,X/S)∨),
is an isomorphism of OS-modules, where ς∨Ω,jg,ℏ,X/S denotes the morphism
obtained by taking the j-th grading of ς∨Ωg,ℏ,X/S (cf. (540)). In particular,
we have an isomorphism
(549) Ker(R1f∗(∇adE )) ∼→ R1f∗(ΩXlog/Slog ⊗ V∨g,ℏ,X/S).
Proof. We shall only consider assertion (ii) since assertion (i) follows from a
similar argument.
If j ≥ 0, then we have the equality Ker(R1f∗(∇ad(j/j+1)E )) = 0 (since (545)
is split) and Vg,ℏ,X/S/V−jg,ℏ,X/S = 0. Hence, it suffices to prove the case where
134 YASUHIRO WAKABAYASHI
j ≤ −1. Consider the morphism of sequences
(550)
0 0y y
R1f∗(g
j+1
E†
B,ℏ,X/S
)
R1f∗(∇ad(j+1)E )−−−−−−−−−→ R1f∗(ΩXlog/Slog ⊗ gjE†
B,ℏ,X/S
)y y
R1f∗(g
j
E†
B,ℏ,X/S
)
R1f∗(∇ad(j)E )−−−−−−−→ R1f∗(ΩXlog/Slog ⊗ gj−1E†
B,ℏ,X/S
)y y
R1f∗(g
j
E†
B,ℏ,X/S
/gj+1E†
B,ℏ,X/S
)
R1f∗(∇ad(j/j+1)E )−−−−−−−−−−→ R1f∗(ΩXlog/Slog ⊗ (gj−1E†
B,ℏ,X/S
/gjE†
B,ℏ,X/S
))y y
0 0.
Since gjE†
B,ℏ,X/S
/gj+1E†
B,ℏ,X/S
and ΩXlog/Slog ⊗ (gj−1E†
B,ℏ,X/S
/gjE†
B,ℏ,X/S
) are direct sums of
finite copies of Ω⊗j
Xlog/Slog
(cf. Remark 2.2.2 (i)), the following equalities hold:
(551) f∗(g
j
E†
B,ℏ,X/S
/gj+1E†
B,ℏ,X/S
) = f∗(ΩXlog/Slog ⊗ (gj−1E†
B,ℏ,X/S
/gjE†
B,ℏ,X/S
)) = 0.
By (551) and the fact that X/S is of relative dimension 1 (hence R2f∗(−) = 0),
the both sides of vertical sequences in (550) are exact. On the other hand,
because of the split short exact sequence (543), the bottom horizontal arrow
in (550) is surjective. By induction on j, one verifies that both the top and
middle horizontal arrows in (550) (of the case for any j ≤ −1) are surjective.
Hence, the “snake lemma” applied to (550) gives rise to a short exact sequence
(552)
0→ Ker(R1f∗(∇ad(j+1)E ))→ Ker(R1f∗(∇ad(j)E ))→ Ker(R1f∗(∇ad(j/j+1)E ))→ 0.
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Also, we obtain a morphism of short exact sequences
(553)
0 0y y
Ker(R1f∗(∇ad(j+1)E )) −−−→ R1f∗(ΩXlog/Slog ⊗ (Vg,ℏ,X/S/V−j−1g,ℏ,X/S)∨)y y
Ker(R1f∗(∇ad(j)E )) −−−→ R1f∗(ΩXlog/Slog ⊗ (Vg,ℏ,X/S/V−jg,ℏ,X/S)∨)y y
Ker(R1f∗(∇ad(j/j+1)E )) −−−→ R1f∗(ΩXlog/Slog ⊗ V∨g,ℏ,X/S ,−j−1)y y
0 0.
It follows from the split short exact sequence (543) that the bottom horizontal
arrow in (553) is an isomorphism. Hence, by induction on j, we conclude that
the middle horizontal arrow in (553) is an isomorphism. This completes the
proof of Lemma 6.2.1 (ii). 
The following Proposition 6.2.2 in the case where g = sl2 was proved in [Mz1],
Chap. I, Theorem 2.8.
Proposition 6.2.2.
(i) R0f∗(K•[∇adE ]) ( ∼→ f∗(Ker(∇adE ))) = 0.
(ii) There exists a natural short exact sequence
(554) 0→ f∗(Vg,ℏ,X/S)→ R1f∗(K•[∇adE ])→ R1f∗(ΩXlog/Slog ⊗ V∨g,ℏ,X/S)→ 0
of OS-modules. In particular, R1f∗(K•[∇adE ]) is a vector bundle on S of
rank (2g − 2 + r) · dim(g).
(iii) R2f∗(K•[∇adE ]) ( ∼→ R1f∗(Coker(∇adE ))) = 0.
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Proof. First, we shall prove assertion (i). Consider the morphism of short exact
sequences
(555)
0 0y y
gj+1E†
B,ℏ,X/S
∇ad(j+1)E−−−−−→ ΩXlog/Slog ⊗ gjE†
B,ℏ,X/Sy y
gjE†
B,ℏ,X/S
∇ad(j)E−−−→ ΩXlog/Slog ⊗ gj−1E†
B,ℏ,X/Sy y
gjE†
B,ℏ,X/S
/gj+1E†
B,ℏ,X/S
∇ad(j/j+1)E−−−−−−→ ΩXlog/Slog ⊗ (gj−1E†
B,ℏ,X/S
/gjE†
B,ℏ,X/S
)y y
0 0
(j ∈ Z). It follows from the exact sequence (545) that the bottom horizontal
arrow in (555) is injective. By descending induction on j, we conclude (upon
applying the functor f∗(−)) that
(556) f∗(∇ad(j)E ) : f∗(g0E†
B,ℏ,X/S
)→ f∗(ΩXlog/Slog ⊗ g−1E†
B,ℏ,X/S
)
is injective. On the other hand, since both gjE†
B,ℏ,X/S
/gj+1E†
B,ℏ,X/S
and ΩXlog/Slog ⊗
(gj−1E†
B,ℏ,X/S
/gjE†
B,ℏ,X/S
) are direct sums of finite copies of Ω
⊗(−j)
Xlog/Slog
(cf. Remark 2.2.2
(i)), we have
(557) f∗(g0E†
B,ℏ,X/S
) = f∗(g−1E†
B,ℏ,X/S
) = · · · = f∗(gE†
B,ℏ,X/S
)
and
f∗(ΩXlog/Slog ⊗ g−1E†
B,ℏ,X/S
) = f∗(ΩXlog/Slog ⊗ g−2E†
B,ℏ,X/S
)(558)
= · · ·
= f∗(ΩXlog/Slog ⊗ gE†
B,ℏ,X/S
).
Hence, by (556), (557), and (558), f∗(∇adE ) turns out to be injective, i.e.,
Ker(f∗(∇adE )) = R0f∗(K•[∇adE ]) = 0. This completes the proof of assertion
(i).
Assertion (ii) follows from the short exact sequence (525), and Lemma 6.2.1
(i), (ii). The computation of the rank ofR1f∗(K•[∇adE ]) follows from Proposition
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2.6.1 and the isomorphism
(559) R1f∗(ΩXlog/Slog ⊗ V∨g,ℏ,X/S)
∼→ f∗(cVg,ℏ,X/S)∨
arising from Grothendieck-Serre duality.
Finally, assertion (iii) follows from an argument similar to the argument of
the proof of (i). 
6.3. The Atiyah bundle associated with a g-oper.
Next, we shall describe the deformation sheaf of a (g, ℏ)-oper by means of
cohomology associated with a certain complex.
Consider the f−1(OS)-linear morphism
(560) ∇ad⊛EG : T˜E†logG,ℏ,X/S/Slog → ΩXlog/Slog ⊗ T˜E†logG,ℏ,X/S/Slog
determined uniquely by the condition that
(561) 〈∇ad⊛EG (s), ∂〉 = [s,∇E(∂)]−∇E([alogE†
G
(s), ∂])
(cf. (32) for the definition of alogE†
G
), where
• s and ∂ denote any local sections of T˜E†log
G,ℏ,X/S
/Slog and TXlog/Slog respec-
tively;
• 〈−,−〉 denotes the OX-bilinear pairing
(562) (ΩXlog/Slog ⊗ T˜E†log
G,ℏ,X/S
/Slog)× TXlog/Slog → T˜E†log
G,ℏ,X/S
/Slog
induced by the natural paring ΩXlog/Slog × TXlog/Slog → OX .
The restriction of ∇ad⊛EG to gE†logG (⊆ T˜E†logG,ℏ,X/S/Slog) coincides with ∇
ad
E .
Lemma 6.3.1.
The image of ∇ad⊛EG is contained in ΩXlog/Slog ⊗ gE†logG,ℏ,X/S . Moreover, the image
of the composite
(563) ∇ad⊛EG ◦ ι˜g/b : T˜E†logB,ℏ,X/S/Slog → ΩXlog/Slog ⊗ T˜E†logG,ℏ,X/S/Slog
(cf, (89) for the definition of ι˜g/b) is contained in ΩXlog/Slog ⊗ g−1E†log
B,ℏ,X/S
.
Proof. Since alogE†
G,ℏ,X/S
is compatible with the Lie bracket structures on T˜E†log
G,ℏ,X/S
/Slog
and TXlog/Slog , the following sequence of equalities (for any local sections s ∈
138 YASUHIRO WAKABAYASHI
T˜E†log
G,ℏ,X/S
/Slog and ∂ ∈ TXlog/Slog) holds:
alogE†
G,ℏ,X/S
([s,∇E(∂)]−∇E([alogE†
G,ℏ,X/S
(s), ∂]))(564)
= [alogE†
G,ℏ,X/S
(s), alogE†
G,ℏ,X/S
◦ ∇E(∂)]− alogE†
G,ℏ,X/S
◦ ∇E([alogE†
G,ℏ,X/S
(s), ∂])
= [alogE†
G,ℏ,X/S
(s), ℏ · ∂]− ℏ · [alogE†
G,ℏ,X/S
(s), ∂]
= 0.
That is, the image of ∇ad⊛EG is contained in
(565) ΩXlog/Slog ⊗Ker(alogE†
G,ℏ,X/S
)
(
= ΩXlog/Slog ⊗ gE†
G,ℏ,X/S
)
.
Moreover, it follows from the definition of a (g, ℏ)-oper that the image of the
composite ∇ad⊛EG ◦ ι˜g/b is contained in T˜ −1E†log
G,ℏ,X/S
/Slog
, and hence, in
(566) ΩXlog/Slog ⊗ (gE†
G,ℏ,X/S
∩ T˜ −1E†log
G,ℏ,X/S
/Slog
)
(
= ΩXlog/Slog ⊗ g−1E†
B,ℏ,X/S
)
.
This completes the proof of the lemma. 
By Lemma 6.3.1, we obtain an f−1(OS)-linear morphism
(567) ∇ad⊛EB : T˜E†logB,ℏ,X/S /Slog → ΩXlog/Slog ⊗ g
−1
E†
B,ℏ,X/S
given by the condition that
(568) 〈∇ad⊛EB (s), ∂〉 = [s,∇E(∂)]−∇E([alogE†
B,ℏ,X/S
(s), ∂])
(s ∈ T˜E†log
B,ℏ,X/S
/Slog , ∂ ∈ TXlog/Slog). The following lemma will be used in the
discussions in § 6.4 and § 6.12.
Lemma 6.3.2.
R2f∗(K•[∇ad(0)E ]) = R2f∗(K•[∇ad⊛EB ]) = 0.
Proof. By the Hodge to de Rham spectral sequence (524), R2f∗(K•[∇ad(0)E ])
and R2f∗(K•[∇ad⊛EB ]) may be considered as the cokernel of the morphisms
(569) R1f∗(∇ad(0)E ) : R1f∗(g0E†
B,ℏ,X/S
)→ R1f∗(ΩXlog/Slog ⊗ g−1E†
B,ℏ,X/S
)
and
(570) R1f∗(∇ad⊛EB ) : R1f∗(T˜E†logB,ℏ,X/S )→ R
1f∗(ΩXlog/Slog ⊗ g−1E†
B,ℏ,X/S
)
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respectively. (Here, recall the fact that the restriction of ∇ad⊛EB to g0E†
B,ℏ,X/S
(⊆ T˜E†log
B,ℏ,X/S
/Slog) coincides with ∇ad(0)E .) Thus, it suffices to prove that the
morphism R1f∗(∇ad(0)E ) is surjective. But, since the short exact sequence (543)
of the case where j = 0 or 1 is spit, the following equalities hold:
(571) Coker(R1f∗(∇ad(0/1)E )) = Coker(R1f∗(∇ad(1/2)E )) = 0.
Thus, because of the diagram (550), the assertion reduces to proving the sur-
jectivity of R1f∗(∇ad(2)E ). But, this follows from the equality R1f∗(ΩXlog/Slog ⊗
g1E†
B,ℏ,X/S
) = 0 (cf. Remark 2.2.2 (i)). 
6.4. Cohomological description of the tangent bundle of Oplogg,ℏ,g,r.
Any abelian sheaf F on X may be thought of as a complex concentrated at
degree 0. For n ∈ Z, we define the complex F [n] to be (the complex) F shifted
down by n, so that F [n]−n = F and F [n]i = 0 (i 6= −n).
Consider the short exact sequence
(572) 0→ K•[∇ad(0)E ]→ K•[∇ad⊛EB ]→ TXlog/Slog [0]→ 0
of complexes, where the second arrow is obtained by restricting∇ad⊛EB to g0E†
B,ℏ,X/S
and the third arrow arises from the surjection alogE†
B,ℏ,X/S
: T˜E†log
B,ℏ,X/S
/Slog ։ TXlog/Slog
(cf. (32)). By applying the functor R1f∗(−), we obtain a sequence
(573) 0→ R1f∗(K•[∇ad(0)E ])→ R1f∗(K•[∇ad⊛EB ])→ R1f∗(TXlog/Slog)→ 0
of OS-modules. By Lemma 6.3.2 and the equality f∗(TXlog/Slog) = 0, the se-
quence (573) is exact.
On the other hand, consider the short exact sequence
(574)
0→ Coker(f∗(∇ad(0)E ))
′e♯[∇ad(0)E ]→ R1f∗(K•[∇ad(0)E ])
′e♭[∇ad(0)E ]→ Ker(R1f∗(∇ad(0)E ))→ 0
of (525) applied to ∇ = ∇ad(0)E . It follows from Lemma 6.2.1 that
(575) Ker(R1f∗(∇ad(0)E )) = 0
and the composite
(576) f∗(Vg,ℏ,X/S)
f∗(ςg,ℏ,X/S )→ Coker(f∗(∇ad(0)E ))
′e♯[∇ad(0)E ]→ R1f∗(K•[∇ad(0)E ])
is an isomorphism. Thus, by combining (573) and the composite isomorphism
(576), we obtain a sequence
(577) 0→ f∗(Vg,ℏ,X/S)→ R1f∗(K•[∇ad⊛EB ])→ R1f∗(TXlog/Slog)→ 0
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of OS-modules.
Proposition 6.4.1.
Let slog : S log →Mlogg,r and s♠log : S log → Oplogg,ℏ,g,r (cf. (323) for the definition of
Opg,ℏ,g,r and (333) for its log structure) be the strict morphisms whose under-
lying S-rational points of Mg,r and Opg,ℏ,g,r classify X/S and the pair (X/S, E♠)
respectively. Let
(578) ΞX/S : s
log∗(T
M
log
g,r/k
)
∼→ R1f∗(TXlog/Slog)
be the isomorphism defined to be the Kodaira-Spencer map of X/S. Also, let
(579) ΞE♠/X/S : (s
♠∗(TOpg,ℏ,g,r/Mg,r) =) s♠log∗(TOplogg,ℏ,g,r/Mlogg,r)
∼→ f∗(Vg,ℏ,X/S)
be the canonical isomorphism arising from the structure of relative affine space
on Opg,ℏ,X/S modeled on V(f∗(Vg,ℏ,X/S)) (cf. Proposition 2.7.5). Then, there
exists a canonical isomorphism
(580) ΞE♠ : s
♠log∗(T
Op
log
g,ℏ,g,r/k
)
∼→ R1f∗(K•[∇ad⊛EB ])
which fits into the following diagram of OS-modules:
(581)
0 0y y
s♠log∗(T
Oplog
g,ℏ,g,r/M
log
g,r
)
ΞE♠/X/S−−−−−→
∼
f∗(Vg,ℏ,X/S)y y
s♠log∗(T
Oplogg,ℏ,g,r/k
)
ΞE♠−−−→
∼
R1f∗(K•[∇ad⊛EB ])y y
slog∗(T
M
log
g,r/k
)
ΞX/S−−−→
∼
R1f∗(TXlog/Slog)y y
0 0,
where the right-hand vertical sequence coincides with (577) and the left-hand
vertical sequence is the natural exact sequence of tangent bundles. In particular,
the sequence (577) is exact.
Proof. The assertion follows from the structure of relative affine space on
Opg,ℏ,X/S and the assumption that E♠ is of canonical type. Indeed, one may
apply an argument (in the case where X/S is a pointed stable curve over an
arbitrary scheme S) similar to the argument (in the case where X/S is an un-
pointed smooth curve over C) given in [Che]. By the explicit description of
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the hyperchomology sheaf R1f∗(K•[∇ad⊛EB ]) in terms of the Cˇech double com-
plex associated with K•[∇ad⊛EB ], R1f∗(K•[∇ad⊛EB ]) may be naturally identified
with the deformation space (relative to S) of (X/S, E♠), i.e., the OS-module
s♠log∗(T
Op
log
g,ℏ,g,r/k
). In particular, for completing the proof of Proposition 6.4.1,
we refer to [Che], Proposition 4.1.3 and Proposition 4.3.1. 
6.5. Cohomological description of the tangent bundle of Oplogg,ℏ,ρ,g,r.
Suppose further that r > 0 and the (g, ℏ)-oper E♠ is of radii ρ for some
ρ ∈ c×r(k). Then, we shall construct from ∇ad⊛EB a certain morphism c∇ad⊛EB and
prove (cf. Proposition 6.5.2) that the cohomology of the complex corresponding
to this morphism may be identified with the tangent space of Opg,ℏ,ρ,g,r at the
point classifying E♠.
Write T g and T c for the total space of the tangent bundles over k (cf. § 1.2)
of g and c respectively, and dχ : T g→ T c for the differential of the morphism
χ : g → c (cf. (168)). Suppose that for each i ∈ {1, · · · , r}, there exists a
trivialization
(582) trivB⊙,σi : σ
∗
i (E †B⊙,ℏ,X/S)
∼→ S ×k B⊙
of the right B⊙-torsor σ∗i (E †B⊙,ℏ,X/S). Note that such a trivialization necessarily
exists after possibly replacing S with an open subscheme of S. The change of
structure group via ιG|B⊙ : B⊙ →֒ G gives rise to an isomorphism
(583) trivg,σi : σ
∗
i (gE†
G,ℏ,X/S
)
∼→ OS ⊗k g.
By passing to this isomorphism (583), the monodromy µ
(EG,∇E)
i ∈ Γ(S, σ∗i (gE†
G,ℏ,X/S
))
(cf. (81)) corresponds to a global section of OS⊗k g, equivalently, an S-rational
point S → g of S; for simplicity, we shall write µi for this S-rational point.
Consider the differential of χ at µi, i.e., the morphism
(584) dµiχ : (V(OS ⊗k g) ∼→) T g×g,µi S → T c×c,χ◦µi S
of affine spaces over S obtained as the pull-back of dχ via the composite χ◦µi :
S → c. We define a sheaf
(585) K1[c∇ad⊛EB ]
onX to be the OX -submodule of ΩXlog/Slog⊗g−1E†
B,ℏ,X/S
consisting of local sections
s such that the local section σ∗i (s) of V(σ
∗
i (ΩXlog/Slog ⊗ g−1E†
B,ℏ,X/S
)) is mapped to
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the zero section via the composite
V(σ∗i (ΩXlog/Slog ⊗ g−1E†
B,ℏ,X/S
))→ V(σ∗i (ΩXlog/Slog ⊗ gE†
B,ℏ,X/S
))(586)
V(triv∨σi,X⊗id)→ V(σ∗i (gE†
B,ℏ,X/S
))
V(trivg,σi)→ V(OS ⊗k g)
dµiχ→ T c×c,χ◦µi S.
Note that the subsheaf K1[c∇ad⊛EB ] of ΩXlog/Slog⊗g−1E†
B,ℏ,X/S
does not depend on the
choice of a trivialization trivB⊙,σi in (582). Hence, even if there does not exist
globally any trivialization (582), the sheaf K1[c∇ad⊛EB ] on X may be constructed.
Lemma 6.5.1.
The image of ∇ad⊛EB (cf. (567)) is contained in K1[c∇ad⊛EB ] (⊆ ΩXlog/Slog ⊗
g−1E†
B,ℏ,X/S
).
Proof. For any scheme Y over k, we shall write Yǫ := Y ×Spec(k) Spec(k[ǫ]/(ǫ2)),
and write prY : Yǫ → Y for the natural projection.
Let us fix i ∈ {1, · · · , r} and an affine open subscheme U of X with U ∩
Im(σi) 6= ∅. For a logarithmic derivation ∂ ∈ Γ(U, T˜E†log
B,ℏ,X/S
/Slog), we shall prove
that ∇ad⊛EB (∂) lies in Γ(U,K1[c∇ad⊛EB ]).
Consider the natural isomorphism
Γ((E †B,ℏ,X/S |U)ǫ,O(E†B,ℏ,X/S |U )ǫ)(587)
∼→ Γ(E †B,ℏ,X/S |U ,OE†B,ℏ,X/S |U )⊕ ǫ · Γ(E
†
B,ℏ,X/S
|U ,OE†
B,ℏ,X/S
|U ).
The automorphism of Γ((E †B,ℏ,X/S |U)ǫ,O(E†B,ℏ,X/S |U )ǫ) given, via (587), by (a, ǫ ·
b) 7→ (a, ǫ ·(∂(a)+b)) determines (since (E †B,ℏ,X/S |U)ǫ is affine) an automorphism
of the right B-torsor (E †B,ℏ,X/S |U)ǫ over Uǫ; we denote by
(588) η∂ : (E †B,ℏ,X/S |U)ǫ
∼→ (E †B,ℏ,X/S |U)ǫ
this automorphism. It follows from the construction of the isomorphism ΞE♠ :
s♠∗(TOpg,ℏ,g,r/k) ∼→ R1f∗(K1[∇ad⊛EB ]) (cf. the proof of Proposition 6.4.1 or the dis-
cussion given in [Che]) asserted in Proposition 6.4.1 that the following equality
holds:
(589) η∗∂(pr
∗
U(∇E |U)) = pr∗U(∇E |U) + ǫ · ∇ad⊛EB (∂)♮,
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where ∇ad⊛EB (∂)♮ denotes the morphism TU log/Slog → T˜(E†G,ℏ,X/S |U )log/Slog corre-
sponding to ∇ad⊛E (∂) via the composite
Γ(U,ΩXlog/Slog ⊗ g−1E†
B,ℏ,X/S
) →֒ Γ(U,ΩXlog/Slog ⊗ T˜E†log
G,ℏ,X/S
/Slog)(590)
∼→ HomOU (TU log/Slog , T˜(E†
G,ℏ,X/S
|U )log/Slog).
But, since G acts trivially on c, the radii of the ℏ-log integrable G-torsor
((E †G,ℏ,X/S |U)ǫ, pr∗U(∇E |U)) coincides (via the automorphism η∂) with the radii of
its pull-back ((E †G,ℏ,X/S |U)ǫ, η∗∂(pr∗U(∇E |U))). This implies that the (U ×X,σi S)ǫ-
rational point of c corresponding to the radius of ((E †G,ℏ,X/S |U)ǫ, η∗∂(pr∗U(∇E |U)))
factors through the (U ×X,σi S)-rational point µi|U×X,σiS : U ×X,σi S → c. That
is, the (U×X,σiS)-rational point of T g×g,µiS corresponding to the monodromy
of ((E †G,ℏ,X/S |U)ǫ, η∗∂(pr∗U(∇E |U))) at the marked point pr∗U×X,σiS(σ
U
i ) : (U ×X,σi
S)ǫ → Uǫ is sent, via dµiχ, to the zero section of T c×c,χ◦µi S over U ×X,σi S. It
follows (by recalling the equality (589)) that ∇ad⊛EB (∂) lies in Γ(U,K1[c∇ad⊛EB ]),
and hence, completes the proof of Lemma 6.5.1. 
By Lemma 6.5.1, ∇ad⊛EB yields an f−1(OS)-linear morphism
(591) c∇ad⊛EB : T˜E†logB,ℏ,X/S/Slog → K
1[c∇ad⊛E ].
One verifies easily that cVg,ℏ,X/S lies in K1[c∇ad⊛EB ], and hence, the inclusion
cVg,ℏ,X/S →֒ K1[c∇ad⊛EB ] yields the second arrow of the sequence
(592) 0→ cVg,ℏ,X/S [−1]→ K•[c∇ad⊛EB ]→ TXlog/Slog [0]→ 0,
where the third arrow arises from the surjection alogE†
B,ℏ,X/S
. By applying the
functor R1f∗(−) to this sequence, we obtain a sequence
(593) 0→ f∗(cVg,ℏ,X/S)→ R1f∗(K•[c∇ad⊛EB ])→ R1f∗(TXlog/Slog)→ 0
of OS-modules.
Proposition 6.5.2.
Let slog and ΞX/S be as in Proposition 6.4.1, and let
cs♠log : S log → Oplogg,ℏ,ρ,g,r
be the strict morphism whose underlying S-rational point of Opg,ℏ,ρ,g,r classifies
the pair (X/S, E♠). Let
(594)
cΞE♠/X/S :
(
cs♠∗(TOpg,ℏ,ρ,g,r/Mg,r) =
)
cs♠log∗(T
Op
log
g,ℏ,ρ,g,r/M
log
g,r
)
∼→ f∗(cVg,ℏ,X/S)
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be the canonical isomorphism arising from the structure of relative affine space
on Opg,ℏ,ρ,X/S modeled on V(f∗(
cVg,ℏ,X/S)). Then, there exists a canonical iso-
morphism
(595) cΞE♠ :
cs♠log∗(T
Op
log
g,ℏ,ρ,g,r/k
)
∼→ R1f∗(K•[c∇ad⊛EB ])
which fits into the following diagram of OS-modules:
(596)
0 0y y
cs♠log∗(T
Oplog
g,ℏ,ρ,g,r/M
log
g,r
)
cΞE♠/X/S−−−−−−→
∼
f∗(cVg,ℏ,X/S)y y
cs♠log∗(T
Oplog
g,ℏ,ρ,g,r/k
)
cΞE♠−−−→
∼
R1f∗(K•[c∇ad⊛EB ])y y
slog∗(T
M
log
g,r/k
)
ΞX/S−−−→
∼
R1f∗(TXlog/Slog)y y
0 0,
where the right-hand vertical sequence coincides with (593) and the left-hand
vertical sequence is the natural exact sequence of tangent bundles. In particular,
the sequence (593) is exact. Finally, this diagram is compatible, in an evident
sense, with the diagram (581).
Proof. The assertion follows from the definition of K1[c∇ad⊛EB ] and an argument
similar to the argument given in the proof of Proposition 6.4.1. 
6.6. Adjoint operators determined by monodromy operators.
Let us consider the adjoint operator
(597) ad(µ
(E†
G,ℏ,X/S
,∇E)
i ) : σ
∗
i (gE†
G,ℏ,X/S
)→ σ∗i (gE†
G,ℏ,X/S
)
(i ∈ {1, · · · , r}) on σ∗i (gE†
G,ℏ,X/S
) determined by µ
(E†
G,ℏ,X/S
,∇E)
i . If we apply the iso-
morphism σ∗i (gE†
G,ℏ,X/S
)
∼→ σ∗i (ΩXlog/Slog ⊗ gE†
G,ℏ,X
S
) induced by the trivialization
(80), then the endomorphism
(598) ad(µ
(E†
G,ℏ,X/S
,∇E)
i ) ∈ EndOS(σ∗i (gE†
G,ℏ,X/S
)) = Γ(S, σ∗i (EndOX(gE†
G,ℏ,X/S
)))
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may be thought of as the monodromy at the marked point σi of the ℏ-log
integrable vector bundle (gE†
G,ℏ,X/S
,∇adE ) (viewed as an ℏ-log integrable GL(g)-
torsor).
The following proposition will be used in the proof of Proposition 6.10.1.
Proposition 6.6.1.
Both Ker(ad(µ
(E†
G,ℏ,X/S
,∇E)
i )) and Coker(ad(µ
(E†
G,ℏ,X/S
,∇E)
i )) are vector bundles on
S of rank rk(g).
Proof. Observe that the (g, ℏ)-oper (E †G,ℏ,X/S ,∇E) may be obtained as the pull-
back of the tautological (g, ℏ)-oper on Cg,r ×Mg,r Opg,ℏ,g,r via its classifying
morphism s♠ : S → Opg,ℏ,g,r. Hence, without loss of generality, we may assume
that S is reduced (since Opg,ℏ,g,r is reduced). Under this assumption, any
coherent OS-module H is locally free of rank l ≥ 0 if and only if for any closed
point s ∈ S, the fiber H⊗OS k(s) of H (where k(s) denotes the residue field of
s) is a k(s)-vector space of rank l. Hence, it suffices to prove the assertion of the
case where S = Spec(k). Then, (since E♠ is of canonical type) the monodromy
µ
(E†
G,ℏ,X/S
,∇E)
i may be expressed as p−1 + R ∈ g for some R ∈ gad(p1). But, such
an element p−1+R is known to be regular (cf. [Ng], Lemma 1.2.1), and hence,
both the kernel and cokernel of the adjoint operator ad(p−1 + R) are of rank
rk(g). This completes the proof of Proposition 6.6.1. 
6.7. The Cartier operator of a log integrable vector bundle.
In §§ 6.7-6.9, we pause to discuss the notion of Cartier operator and some
general properties of log integrable vector bundles, including duality for de
Rham cohomology of them (cf. § 6.9). In this subsection, we shall recall the
Cartier operator associated with a (1-)log integrable vector bundle. For the rest
of this section, we suppose that k is of characteristic p > 0 (i.e., the condition
(Char)p is satisfied) and the pinning Gւ may be defined over Fp (cf. § 3.5).
Let (F ,∇F) be a (1-)log integrable vector bundle onX log/S log with vanishing
p-curvature. Although ∇F is not OX -linear, but it may be thought, via the
underlying homeomorphism of FX/S (cf. § 3.1), of as an OX(1)S -linear morphism
(599) FX/S∗(∇F) : FX/S∗(F)→ FX/S∗(ΩXlog/Slog ⊗ F).
In particular, both FX/S∗(Ker(∇F)) (= Ker(FX/S∗(∇F ))) and FX/S∗(Coker(∇F))
(= Coker(FX/S∗(∇F))) may be thought of as OX(1)S -modules.
The Cartier operator (cf. [Og1], Proposition 1.2.4) associated with (F ,∇F)
is, by definition, a unique O
X
(1)
S
-linear morphism
(600) C(F ,∇F) : FX/S∗(ΩXlog/Slog ⊗F)→ ΩX(1)logS /Slog ⊗ FX/S∗(F)
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satisfying the following condition: for any locally defined logarithmic derivation
∂ ∈ TXlog/Slog and any local section a ∈ ΩXlog/Slog ⊗F , we have the equality
(601) 〈C(F ,∇F )(a), (idX × FS)∗(∂)〉 = 〈a, ∂[p]〉 − ∇F(∂)◦(p−1)(〈a, ∂〉),
where ∇F(∂)◦(p−1) denotes the (p− 1)-st iterate of the endomorphism ∇F(∂) :
F → F , and 〈−,−〉’s denote the pairings induced by the natural pairing
ΩXlog/Slog×TXlog/Slog → OX . Moreover, since (F ,∇F) has vanishing p-curvature,
there exists (cf. [Og1], the discussion following Proposition 1.2.4) a commuta-
tive square
(602)
FX/S∗(ΩXlog/Slog ⊗F) C
(F,∇F )−−−−−→ Ω
X
(1)log
S /S
log ⊗ FX/S∗(F)y x
FX/S∗(Coker(∇F)) C
(F,∇F )−−−−−→ Ω
X
(1)log
S /S
log ⊗ FX/S∗(Ker(∇F)),
where the left-hand and right-hand vertical arrows denote the O
X
(1)
S
-linear
morphisms induced by the surjection ΩXlog/Slog ⊗ F ։ Coker(∇F) and the
injection Ker(∇F) →֒ F respectively. Finally, it follows from [Og2], Theorem
3.1.1, that the morphism C
(F ,∇F )
(i.e., the lower horizontal arrow in (602)) is
an isomorphism. (Here, we note that since X log/S log is of Cartier type, the
notion of the exact relative Frobenius map in the statement of loc. cit. coincides
with FX/S).
Next, the projection formula gives a composite isomorphism
Ω
X
(1)log
S /S
log ⊗ FX/S∗(F) ∼→ FX/S∗(F ∗X/S(ΩX(1)logS /Slog)⊗F)(603)
∼→ FX/S∗(Ω⊗p
X
(1)log
S /S
log
⊗ F).
Composition of C(F ,∇F ) with (603) yields a morphism
(604) Γ(U,C(F ,∇F)) : Γ(U,ΩXlog/Slog ⊗ F)→ Γ(U,Ω⊗pX(1)log/Slog ⊗ F)
for each open subscheme U of X .
6.8. Deformation of log integrable vector bundles with vanishing p-
curvature.
Let kǫ := k[ǫ]/(ǫ
2), and for any scheme Y , we write Yǫ := Y ×Spec(k)Spec(kǫ).
Also, write prY : Yǫ → Y for the natural projection and inY : Y → Yǫ for
the natural closed immersion. Let U be an open subscheme of X . Then, the
following proposition holds. (For the case where G = Gm, i.e., the case of log
integrable line bundles, we refer to [Katz2], (7.2.2), Proposition.)
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Proposition 6.8.1.
Let (E ,∇E) be a log integrable G-torsor over U log/S log with vanishing p-curvature
and R ∈ Γ(U,ΩU log/Slog⊗gE). Denote by R♮ the OU -linear morphism TU log/Slog →
gE (⊆ T˜E log/Slog) corresponding to R. Then, the p-curvature
(605) pψ(pr
∗
U (E),pr∗U (∇E )+ǫ·R♮) ∈ Γ(Uǫ,Ω⊗pU logǫ /Slogǫ ⊗ gpr∗U (E))
of the log integrable G-torsor (pr∗U(E), pr∗U(∇E) + ǫ ·R♮) over U logǫ /S logǫ satisfies
the equality
(606) pψ(pr
∗
U (E), pr∗U (∇E )+R♮) = −ǫ · Γ(U,C(gE ,∇adE ))(R),
where ∇adE denotes, as in (528), the S-log connection on gE induced by ∇E .
In particular, if the p-curvature of (pr∗U(E), pr∗U(∇E)+ǫ·R♮) vanishes, then R
may be expressed, Zariski locally on U , as R = ∇adE (R′) for some local section
R′ of gE .
Proof. After possibly replacing U with its open covering, we may suppose that
there exists a section x ∈ Γ(U,MU) with OU · dlog(x) = ΩU log/Slog . The dual
base ∂x ∈ Γ(U, TU log/Slog) corresponding to dlog(x) satisfies the equality ∂[p]x =
∂x (cf. [Og1], Remark 1.2.2). On the one hand, the following sequence of
equalities (between local sections in the enveloping algebra of the Lie algebroid
(T˜E log/Slog , alogE ) (cf. [FB], Appendix, A.3)) holds:
〈−ǫ · Γ(U,C(gE ,∇adE ))(R), pr∗U(∂x)⊗p〉(607)
= − ǫ · 〈Γ(U,C(gE ,∇adE ))(R), (idX × FS)∗(∂x)〉
= − ǫ · 〈R, ∂[p]x 〉+ ǫ · (∇adE (∂))◦(p−1)(〈R, ∂x〉)
= − ǫ · 〈R, ∂x〉+ ǫ · ad(∇E(∂))◦(p−1)(〈R, ∂x〉)
= − ǫ · 〈R, ∂x〉+ ǫ ·
p−1∑
i=0
(−1)i ·
(
p− 1
i
)
· ∇E(∂x)p−1−i · 〈R, ∂x〉 · ∇E(∂x)i
= − ǫ · 〈R, ∂x〉+ ǫ ·
p−1∑
i=0
∇E(∂x)p−1−i · 〈R, ∂x〉 · ∇E(∂x)i,
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where the second equality follows from (601). On the other hand, the following
sequence of equalities holds:
〈ψ(pr∗U (E),pr∗U (∇E )+ǫ·R♮), pr∗U(∂x)⊗p〉(608)
= (pr∗U(∇E) + ǫ ·R♮)(pr∗U(∂x))[p] − (pr∗U(∇E) + ǫ ·R♮)(pr∗U(∂x)[p])
= (pr∗U(∇E(∂x)) + ǫ · 〈R, ∂x〉)p − pr∗U(∇E(∂[p]x ))− ǫ · 〈R, ∂x〉
= ǫ ·
p−1∑
i=0
∇E(∂x)p−1−i · 〈R, ∂x〉 · ∇E(∂x)i
+ pr∗U(∇E(∂x)p +∇E(∂[p]x ))− ǫ · 〈R, ∂x〉.
= − ǫ · 〈R, ∂x〉+ ǫ ·
p−1∑
i=0
∇E(∂x)p−1−i · 〈R, ∂x〉 · ∇E(∂x)i.
Thus, by combining (607) and (608), we obtain the equality (606).
The latter assertion follows from this equality and the commutativity of the
square diagram (602). 
Corollary 6.8.2.
Let (Eǫ,∇Eǫ) be a log integrable G-torsor over U logǫ /S logǫ with pψ(Eǫ,∇Eǫ) = 0.
Suppose that the underlying right G-torsor Eǫ is isomorphic to the pull-back
(prU ◦ inU )∗(Eǫ) of Eǫ. Then, (Eǫ,∇Eǫ) is, Zariski locally on U , isomorphic to
the log integrable G-torsor ((prU ◦ inU)∗(Eǫ), (prU ◦ inU)∗(∇Eǫ)).
Proof. Write E0 := in∗U (Eǫ) and ∇E0 := in∗U(∇Eǫ). Then, the log integrable
G-torsor (E0,∇E0) over U log/S log has vanishing p-curvature. We may suppose,
without loss of generality, that Eǫ = pr∗U(E0) and U is affine. In the following
discussion, let us consider TU log/Slog (resp., T˜E log0 /Slog) as a subsheaf of TU logǫ /Slogǫ
(resp., T˜E logǫ /Slogǫ ) via the composite inclusion
TU log/Slog →֒ TU log/Slog ⊕ ǫ · TU log/Slog ∼→ TU logǫ /Slogǫ(609) (
resp., T˜E log0 /Slog →֒ T˜E log0 /Slog ⊕ ǫ · T˜E log0 /Slog
∼→ T˜E logǫ /Slogǫ
)
.
Now, let
(610) R ∈ Γ(U,ΩU log/Slog ⊗ gE0)
(
⊆ Γ(U,ΩU log/Slog ⊗ T˜E log0 /Slog)
)
be the element corresponding to the OU -linear morphism
(611) R♮ :=
1
ǫ
· (∇Eǫ − pr∗U(∇E0))|TU log/Slog : TU log/Slog → T˜E log0 /Slog .
It follows from the latter assertion of Proposition 6.8.1 that there exists, Zariski
locally on U , an element R′ in Γ(U, gE0) (⊆ Γ(U, T˜E log0 /Slog)) with ∇
ad
E0 (R
′) = R.
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Consider the automorphism ηR of Eǫ corresponding to the automorphism of
Γ(Eǫ,OEǫ) defined as idΓ(Eǫ,OEǫ ) + ǫ · R′, where we regard R′ as a logarithmic
derivation on Γ(Eǫ,OEǫ) via T˜E log0 /Slog →֒ T˜E logǫ /Slogǫ . One verifies easily that the
OUǫ-linear automorphism dηR of T˜E logǫ /Slogǫ obtained by differentiating ηR may
be expressed as idT˜Elogǫ /Slog
+ǫ·[R′,−]. Hence, for any local section ∂ of TU logǫ /Slogǫ ,
we have
dηR ◦ pr∗U(∇E0)(∂) = (idT˜Elogǫ /Slogǫ + ǫ · [R
′,−]) ◦ pr∗U(∇E0)(∂)(612)
= pr∗U(∇E0)(∂) + ǫ · [R′, pr∗U(∇E0)(∂)]
= pr∗U(∇E0)(∂) + ǫ · 〈∇adE0(R′), ∂〉
= pr∗U(∇E0)(∂) + ǫ · 〈R, ∂〉
= pr∗U(∇E0)(∂) + ǫ · (
1
ǫ
· (∇Eǫ − pr∗U(∇E0))(∂))
= ∇Eǫ(∂),
where 〈−,−〉 denotes the pairing
(613)
(
(ΩU log/Slog ⊗ gE)× TU logǫ /Slogǫ ⊆
)
(ΩU logǫ /Slogǫ ⊗ gEǫ)× TU logǫ /Slogǫ → gEǫ
induced by the natural pairing ΩU logǫ /Slogǫ × TU logǫ /Slogǫ → OUǫ . Thus, the au-
tomorphism ηR is compatible with the respective S-log connections ∇Eǫ and
pr∗U(∇E0). That is, (Eǫ,∇Eǫ) is locally isomorphic to (pr∗U(E0), pr∗U(∇E0)), as
desired. 
Proposition 6.8.3.
Let (F ,∇F) be a log integrable vector bundle on U log/S log with vanishing p-
curvature. Then, both FU/S∗(Ker(∇F)) and FU/S∗(Coker(∇F)) are relatively
torsion-free sheaves on U
(1)
S of rank rk(F) (cf. § 3.4).
Proof. Because of the isomorphism C
(F ,∇F )
(cf. (602)), it suffices to consider
only the case of FX/S∗(Ker(∇F)). If t : T → S is an S-scheme, then we denote
by (F/T ,∇F/T ) the log integrable vector bundle on (U log ×S T )/(S log ×S T )
defined to be the pull-back of (F ,∇F) via (idU × t) : U ×S T → U . Consider
the natural isomorphism of functors
(614) (id
U
(1)
S
× t)∗(FU/S∗(−)) ∼→ FU×ST/T∗((idU × t)∗(−)).
It follows from the definition of the Cartier operator (cf. (601)) that C
(F/T ,∇F/T )
may be identified, via the isomorphism (614), with the pull-back of C(F ,∇F ) via
t : T → S. On the other hand, we have
(615) FX×ST/T∗(Coker(∇F/T )) ∼→ (idU (1)S × t)
∗(Coker(∇F)).
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Hence, the right-hand vertical arrow in the square diagram (602) is compatible,
in an evident sense, with the base-change via t : T → S. That is, the natural
morphism
(616) (id
U
(1)
S
× t)∗(FU/S∗(Ker(∇F)))→ FU×ST/T∗(Ker(∇F/T ))
is an isomorphism, and hence, the natural morphism
(617) (id
U
(1)
S
× t)∗(FU/S∗(Ker(∇F )))→ (idU (1)S × t)
∗(FU/S∗(F))
is injective. Moreover, by applying this argument to various S-schemes t : T →
S, we conclude that FU/S∗(Ker(∇F))→ FU/S∗(F) is universally injective with
respect to base-change over S. This implies that FX/S∗(F)/FX/S∗(Ker(∇F ))
is flat over S (cf. [Ma], p. 17, Theorem 1). By [Ja], Proposition 1.1.1 (1),
FU/S∗(Ker(∇F)) turns out to be relatively torsion-free. (The computation of
its rank rk(FU/S∗(Ker(∇F))) follows, e.g., from the equivalence of categories
(870)). This completes the proof of Proposition 6.8.3. 
By Corollary 6.8.2 and Proposition 6.8.3, the following corollary holds:
Corollary 6.8.4.
Let (Fǫ,∇Fǫ) be a log integrable vector bundle of rank n (≥ 0) on U logǫ /S logǫ with
vanishing p-curvature. Then, the O
U
(1)
ǫ/Sǫ
-module FUǫ/Sǫ∗(Ker(∇Fǫ)) is relatively
torsion-free sheaf of rank n on U
(1)
ǫ/Sǫ
, and there exists a canonical isomorphism
(618) FUǫ/Sǫ∗(Ker(∇Fǫ))|U (1)S
∼→ FU/S∗(Ker(∇Fǫ|U)).
of O
U
(1)
S
-modules.
6.9. Duality for de Rham cohomology of log integrable vector bundles
with vanishing p-curvature.
In this subsection, we study duality between the cohomology sheaves of
the complexes associated with a log integrable vector bundle with vanishing
p-curvature.
The dualizing sheaves ωX/S and ωX(1)S /S
of X/S and X
(1)
S /S respectively (cf.
§ 1.5) satisfy that
(619) ωX/S
∼→ ΩXlog/Slog(−DX/S), F !X/S(ωX(1)S /S)
∼→ ωX/S .
Hence, for a vector bundle G on X , we obtain a composite isomorphism
ΨG : HomO
X
(1)
S
(FX/S∗(G), ωX(1)S /S)
∼→ FX/S∗(HomOX (G, ωX/S))(620)
∼→ FX/S∗(ΩXlog/Slog ⊗ G∨(−DX/S)),
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where first isomorphism follows from [Ha], Chap III, Exercise 6.10 (b). In the
following, we shall write
(621) FX/S∗(G)∨∧ := HomO
X
(1)
S
(FX/S∗(G), ωX(1)S /S)
for simplicity.
Now, let (F ,∇F) be a log integrable vector bundle on X log/S log of rank
n with vanishing p-curvature. By applying the contravariant functor (−)∨∧
(:= HomO
X
(1)
S
(−, ω
X
(1)
S /S
)) to the morphism (599) for the case of the fixed
(F ,∇F), one obtains a morphism
FX/S∗(∇F)∨∧ : FX/S∗(ΩXlog/Slog ⊗ F)∨∧ → FX/S∗(F)∨∧(622)
of O
X
(1)
S
-modules. On the other hand, consider the S-log connection ∇∨F :
F∨ → ΩXlog/Slog ⊗ F∨ on the dual F∨ arising from ∇F (cf. § 4.1). Moreover,
we shall write
(623) ∇∨F(−DX/S) : F∨(−DX/S)→ ΩXlog/Slog ⊗F∨(−DX/S)
for the S-log connection on F∨(−DX/S) obtained as the restriction of ∇∨F to
F∨(−DX/S) ⊆ F∨. As the case of ∇F , FX/S∗(∇∨F(−DX/S)) may be thought
of as a morphism of O
X
(1)
S
-modules. One verifies easily that both ∇∨F and
∇∨F(−DX/S) have vanishing p-curvature.
Proposition 6.9.1.
(i) The square diagram
(624)
FX/S∗(ΩXlog/Slog ⊗ F)∨∧ Ψ
Ω
Xlog/Slog
⊗F
−−−−−−−−−→
∼
FX/S∗(F∨(−DX/S))
FX/S∗(∇F )∨∧
y yFX/S∗(∇∨F (−DX/S ))
FX/S∗(F)∨∧ Ψ
F−−−→
∼
FX/S∗(ΩXlog/Slog ⊗F∨(−DX/S))
is anti-commutative, i.e.,
(625) FX/S∗(∇∨F(−DX/S)) ◦ΨΩXlog/Slog⊗F = −ΨF ◦ FX/S∗(∇F)∨∧ .
(ii) The diagram (624) induces canonical isomorphisms
(626) FX/S∗(Coker(∇F))∨∧ ∼→ FX/S∗(Ker(∇∨F(−DX/S)))
and
(627) FX/S∗(Ker(∇F))∨∧ ∼→ FX/S∗(Coker(∇∨F (−DX/S))).
Proof. We first consider assertion (i). By Proposition 3.4.1 and [Ja], Proposi-
tion 1.1.3, the O
X
(1)
S
-module at the left-hand upper corner of (624) is relatively
torsion-free (of rank n ·p). Hence, it suffices to verify the commutativity of the
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diagram (624) over the scheme-theoretically dense open subscheme Xsm of X
(cf. § 1.6). But, since (F ,∇F) has vanishing p-curvature, (F ,∇F) is, Zariski
locally on Xsm, isomorphic to the direct sum (O⊕nX , d⊕nX/S) of the trivial (log)
integrable line bundle (cf. (870)), where dX/S denotes the universal derivation
OX → ΩX/S . Hence, it suffices to consider the case where Xsm = X (i.e.,
DX/S = ∅ and ωX/S = ΩXlog/Slog = ΩX/S) and (F ,∇F) = (OX , dX/S).
We shall prove the assertion of this case. It is well-known that the trace
morphism
(628)
(
FX/S∗(F !X/S(ΩX(1)S /S
)) =
)
FX/S∗(ΩX/S)→ ΩX(1)S /S
coincides (after composing with the inclusion Ω
X
(1)
S /S
→֒ Ω
X
(1)
S /S
⊗FX/S∗(OX))
with the Cartier operator C(OX ,dX/S) associated with (OX , dX/S). Hence, if G is
a vector bundle on X and α, β are local sections of FX/S∗(ΩX/S⊗G∨), FX/S∗(G)
respectively, then the following equality holds:
(629) (ΨG)−1(α)(β) = C(OX ,dX/S)(〈α, β〉),
where 〈−,−〉 denotes the pairing
(630) FX/S∗(ΩX/S ⊗ G∨)× FX/S∗(G)→ FX/S∗(ΩX/S)
induced by the natural pairing G∨ × G → OX . Accordingly, for any local
sections a, b ∈ FX/S∗(OX) (which are regarded as local sections of OX), we
have a sequence of equalities as follows:
(FX/S∗(dX/S)∨∧ ◦ (ΨΩXlog/Slog )−1(a))(b)(631)
= (Ψ
Ω
Xlog/Slog )−1(a)(dX/S(b))
= C(OX ,dX/S)(a · dX/S(b))
= C(OX ,dX/S)(dX/S(a · b))− C(OX ,dX/S)(dX/S(a) · b)
= −C(OX ,dX/S)(dX/S(a) · b)
= −(ΨOX )−1(dX/S(a))(b)
= (−(ΨOX )−1 ◦ FX/S∗(dX/S)(a))(b),
where the fourth equality follows from the commutativity of the diagram (602).
This implies the equality (625), and completes the proof of assertion (i).
Next, we consider assertion (ii). By Proposition 6.8.3, FX/S∗(Coker(∇F)) is
relatively torsion-free of rank n. On the other hand, FX/S∗(ΩXlog/Slog ⊗ F) is
(by Proposition 3.4.1) relatively torsion-free of rank n · p. Hence, it follows
from [Ja], Proposition 1.1.1 (i), that FX/S∗(Im(∇F)) is relatively torsion-free
of rank n · (p− 1). Moreover, by Proposition 1.1.2 in loc. cit., the sequence
(632) 0→ FX/S∗(Coker(∇F))∨∧ → FX/S∗(ΩXlog/Slog ⊗F)∨∧
→ FX/S∗(F)∨∧ → FX/S∗(Ker(∇F))∨∧ → 0
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arising, in a natural way, from FX/S∗(∇F) is exact, and hence, induces the
asserted isomorphisms. 
Next, consider the tensor product
(633) (F∨(−DX/S)⊗ F ,∇∨F(−DX/S)⊗∇F )
(cf. § 4.1) of the log integrable vector bundles (F∨(−DX/S),∇∨F(−DX/S)) and
(F ,∇F). The natural pairing
(634) F∨(−DX/S)⊗ F → OX(−DX/S)
is compatible with the respective S-log connections ∇∨F(−DX/S) ⊗ ∇F and
dXlog/Slog(−DX/S), where dXlog/Slog(−DX/S) denotes the restrictionOX(−DX/S)→
ΩXlog/Slog(−DX/S) of the universal logarithmic derivation dXlog/Slog . By com-
posing this pairing and the cup product in the de Rham cohomology, we obtain
a composite OS-bilinear pairing
R1f∗(K•[∇∨F(−DX/S)])× R1f∗(K•[∇F ])(635)
→ R2f∗(K•[∇∨F(−DX/S)⊗∇F ])
→ R2f∗(K•[d(−DX/S)])
∼→ R1f∗(ωX/S)
∼→ OS,
which we denote by
∮
. In particular, this morphism yields a morphism
(636)
∮ ′
: R1f∗(K•[∇∨F (−DX/S)])→ R1f∗(K•[∇F ])∨
of OS-modules. By the definition of
∮
(and by, e.g., the explicit description of
the cup product in the de Rham cohomology in terms of the Cˇech double com-
plex), the restriction of
∮
to the image of ′′e♯[∇∨F(−DX/S)]× ′′e♯[∇F ] (cf. (527))
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vanishes identically. Thus, the morphism
∮ ′
fits into the following diagram:
(637)
0 0y y
R1f∗(Ker(∇∨F(−DX/S)))
∮ ′′
−−−→ f∗(Coker(∇F ))∨y′′e♯[∇∨F (−DX/S )] y′′e♭[∇F ]∨
R1f∗(K•[∇∨F(−DX/S)])
∮ ′
−−−→ R1f∗(K•[∇F ])∨y′′e♭[∇∨F (−DX/S )] y′′e♯[∇F ]∨
f∗(Coker(∇∨F(−DX/S)))
∮ ′′′
−−−→ R1f∗(Ker(∇F))∨y y
0 0,
where we recall that the left-hand vertical sequence is exact (cf. (527)).
Corollary 6.9.2.
The morphisms
∮ ′
,
∮ ′′
, and
∮ ′′′
are all isomorphisms. In particular, the right-
hand vertical sequence of (637) is exact, and the OS-bilinear paring
∮
is non-
degenerate.
Proof. Consider the composite isomorphism
R1f∗(Ker(∇∨F(−DX/S))) ∼→ R1f (1)∗ (FX/S∗(Ker(∇∨F(−DX/S))))(638)
∼→ f (1)∗ (FX/S∗(Ker(∇∨F (−DX/S)))∨∧ )∨
∼→ f (1)∗ (FX/S∗(Coker(∇F)))∨
∼→ f∗(Coker(∇F))∨,
where the second isomorphism arises from Grothendieck-Serre duality and the
third isomorphism follows from the isomorphism (626). One verifies from the
definition of
∮
that this composite coincides with
∮ ′′
. Thus,
∮ ′′
is an isomor-
phism. Also, a similar argument (together with the isomorphism (627)) shows
that
∮ ′′′
is an isomorphism, and hence, the right-hand vertical sequence of (637)
is exact. Moreover, the “five lemma” applied to the diagram (637) gives rise
to the fact that
∮ ′
is an isomorphism (i.e.,
∮
is nondegenerate). 
6.10. The kernel and cokernel of the log connection ∇adE .
Recall the assumption that E♠ = (E †B,ℏ,X/S ,∇E) is a (g, ℏ)-oper on X/S of
canonical type. Suppose further that ℏ ∈ k× and E♠ is dormant. If we consider
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the (g, 1)-oper E♠×ℏ−1 := (E †B,ℏ,X/S ,∇E×ℏ−1 := ℏ−1 ·∇E) (cf. (184)), then the S-log
connection ℏ−1 · ∇adE on gE†
B,ℏ,X/S
may be identified with ∇adE×ℏ−1 , i.e., the S-log
connection on gE†
B,ℏ,X/S
arising from ∇E×ℏ−1 via AdG : G→ GL(g). One verifies
equalities
(639) Ker(∇adE×ℏ−1 ) = Ker(∇
ad
E ), and Im(∇adE×ℏ−1 ) = Im(∇
ad
E )
of subsheaves of gE†
B,ℏ,X/S
and ΩXlog/Slog ⊗ gE†
B,ℏ,X/S
respectively; hence, we also
have a natural isomorphism
(640) Coker(∇adE×ℏ−1 )
∼→ Coker(∇adE ).
Proposition 6.10.1.
The direct image f∗(Coker(∇adE )) (resp., R1f∗(Ker(∇adE ))) is a vector bundles
on S of rank ℵ(g) (resp., cℵ(g) ) (cf. (135)).
Proof. By (639) and (640), we may assume that ℏ = 1. Observe that since X(1)S
is flat over S and both FX/S∗(Ker(∇adE )) and FX/S∗(Coker(∇adE )) are flat OX(1)S -
modules (cf. Proposition 6.8.3), both f∗(Coker(∇adE )) and R1f∗(Ker(∇adE )) are
flat over S. Also, observe that R2f∗(Ker(∇adE )) = 0 (since X/S is of relative
dimension 1) and
(641) R1f∗(Coker(∇adE ))
( ∼→ R2f∗(K•[∇adE ])) ∼→ 0
(by Proposition 6.2.2). Hence, it follows from [Ha], Chap. III, Theorem 12.11
(b), that both f∗(Coker(∇adE )) and R1f∗(Ker(∇adE )) are vector bundles on S.
In the following, we shall compute the rank of these vector bundles. First,
by Corollary 6.9.2 of the case where the log integrable vector bundle (F ,∇F)
is taken to be (gE†
G,1,X/S
,∇adE ), there exists an isomorphism
(642)
∮ ′′
: R1f∗(Ker(∇ad∨E )(−DX/S)) ∼→ f∗(Coker(∇adE ))∨.
(In particular, R1f∗(Ker(∇ad∨E )(−DX/S)) is a vector bundle on S of rank equal
to the rank of f∗(Coker(∇adE )).) On the other hand, the G-invariant nonde-
generate symmetric k-bilinear form Bil : g × g → k (cf. (534)) induces an
isomorphism gE†
G,1,X/S
∼→ g∨E†
G,1,X/S
that is compatible with the respective S-log
connections ∇adE and ∇ad∨E . Also, this isomorphism restricts to an isomorphism
(643) gE†
G,1,X/S
(−DX/S) ∼→ g∨E†
G,1,X/S
(−DX/S)
that is compatible with ∇adE (−DX/S) and ∇ad∨E (−DX/S). Here, we have
(644) R1f∗(Ker(∇adE )(−DX/S)) ∼→ R1f∗(Ker(∇ad∨E )(−DX/S)).
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Moreover, by composing (642) with (644), we obtain an isomorphism
(645) R1f∗(Ker(∇adE )(−DX/S)) ∼→ f∗(Coker(∇adE ))∨.
In particular, the following equality holds:
(646) rk(R1f∗(Ker(∇adE (−DX/S)))) = rk(f∗(Coker(∇adE ))).
Next, consider the natural injection of short exact sequences
(647)
0 0y y
gE†
G,1,X/S
(−DX/S)
∇adE (−DX/S )−−−−−−−→ ΩXlog/S log ⊗ gE†
G,1,X/S
(−DX/S)y y
gE†
G,1,X/S
∇adE−−−→ ΩXlog/Slog ⊗ gE†
G,1,X/Sy y⊕r
i=1 σi∗(σ
∗
i (gE†
G,1,X/S
)) −−−→ ⊕ri=1 σi∗(σ∗i (ΩXlog/Slog ⊗ gE†
G,1,X/S
))y y
0 0,
where the bottom horizontal arrow coincides with
⊕r
i=1 σ
(1)
i∗ (ad(µ
(E†
G,1,X/S
,∇E)
i ))
(cf. § 6.6). The “snake lemma” applied to this diagram gives rise to an exact
sequence
0→ Ker(∇adE (−DX/S))→ Ker(∇adE )(648)
→
r⊕
i=1
σi∗(Ker(ad(µ
(E†
G,ℏ,∇E)
i )))→ Coker(∇adE (−DX/S))
→ Coker(∇adE ).
Here, we consider the square diagram
(649)
FX/S∗(Coker(∇adE (−DX/S))) −−−→ FX/S∗(Coker(∇adE ))y y
ΩX(1)log/Slog ⊗Ker(∇adE (−DX/S)) −−−→ ΩX(1)log/Slog ⊗Ker(∇adE ),
where both the upper and lower horizontal arrows are natural morphisms aris-
ing from the inclusion gE†
G,1,X/S
(−DX/S) →֒ gE†
G,1,X/S
, and the left-hand and right-
hand vertical arrows denote the isomorphisms C
(gE†
G,1,X/S
(−DX/S ),∇adE (−DX/S ))
and
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C
(gE†
G,1,X/S
,∇adE )
(cf. (602)) respectively. It follows from the construction of
Cartier operators that this diagram is commutative. Since the lower horizontal
arrow in (649) is injective, the upper horizontal arrow, which may be consid-
ered as the last arrow in the sequence (648) (applied to FX/S∗(−)), turns out
to be injective. Thus, (648) yields a short exact sequence
(650)
0→ Ker(∇adE (−DX/S))→ Ker(∇adE )→
r⊕
i=1
σi∗(Ker(ad(µ
(E†
G,1,X/S
,∇E)
i )))→ 0.
But, one may observe the composite isomorphisms
R1f∗(
r⊕
i=1
σi∗(Ker(ad(µ
(E†
G,1,X/S
,∇E)
i ))))(651)
∼→
r⊕
i=1
R1idS∗(Ker(ad(µ
(E†
G,1,X/S
,∇E)
i )))
∼→ 0
and
(652) f∗(Ker(∇adE )) ∼→ R0f∗(K•[∇adE ]) ∼→ 0
(cf. Proposition 6.2.2 (i)). Hence, by applying the functor R1f∗(−) to (650),
we obtain a short exact sequence
0→
r⊕
i=1
Ker(ad(µ
(E†
G,1,X/S
,∇E)
i ))→ R1f∗(Ker(∇adE (−DX/S)))(653)
→ R1f∗(Ker(∇adE ))→ 0.
Since R1f∗(Ker(∇adE )) was verified, by the above discussion, to be a vector
bundle, the exact sequence (653) shows that R1f∗(Ker(∇adE (−DX/S))) is a vector
bundle on S. Moreover, its rank satisfies the equality
rk(R1f∗(Ker(∇adE (−DX/S))))(654)
= rk(R1f∗(Ker(∇adE ))) + rk(
r⊕
i=1
Ker(ad(µ
(E†
G,1,X/S
,∇E)
i )))
= rk(R1f∗(Ker(∇adE ))) + r · rk(g),
where the second equality follows from Proposition 6.6.1.
Finally, by Proposition 6.2.2 (ii) and the short exact sequence (527) applied
to the case where ∇ = ∇adE , the following equalities hold:
rk(f∗(Coker(∇adE ))) + rk(R1f∗(Ker(∇adE ))) = rk(R1f∗(K•[∇adE ]))(655)
= (2g − 2 + r) · dim(g).
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Thus, the equations (646), (654), and (655) deduce the equalities
(656) rk(f∗(Coker(∇adE ))) = ℵ(g), rk(R1f∗(Ker(∇adE ))) = cℵ(g).
This completes the proof of Proposition 6.10.1. 
6.11. Cohomological description of the p-curvature map.
In the rest of this section, let us assume the condition (Char)p. Write
(657) κg,ℏ,g,r : Opg,ℏ,g,r →
⊕⊗
g,ℏ,g,r
for the morphism (239) in the case where the pointed stable curve X/S is taken
to be the tautological curve Cg,r over Mg,r (cf. (517)). By pulling-back the log
structure ofMg,r via the projection
⊕⊗
g,ℏ,g,r →Mg,r, one obtains a log structure
on
⊕⊗
g,ℏ,g,r; let us denote the resulting log stack by
⊕⊗log
g,ℏ,g,r, and denote the
morphism of log stacks extending κg,ℏ,g,r by
κlogg,ℏ,g,r : Op
log
g,ℏ,g,r →
⊕⊗log
g,ℏ,g,r.(658)
In this section, we suppose further that ℏ = 1 and then, describe, by means
of Cartier operator, the differential of the morphism κlogg,1,g,r at the classifying
morphism of the dormant g-oper E♠ under consideration.
Lemma 6.11.1.
The subsheaves Im(∇ad⊛EG ), Im(∇adE ) of ΩXlog/Slog ⊗ gE†G,1,X/S (cf. Lemma 6.3.1)
are coincides.
Proof. Consider the OX-linear endomorphism ∇α of T˜E†log
G,1,X/S
/Slog determined
by assigning s 7→ s − ∇E ◦ alogE†
G,1,X/S
(s) for any local section s ∈ T˜E†log
G,1,X/S
/Slog .
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Then,
〈∇ad⊛EG (∇α(s)), ∂〉
(659)
= 〈∇ad⊛EG (s−∇E ◦ alogE†
G,1,X/S
(s)), ∂〉
= [s−∇E ◦ alogE†
G,1,X/S
(s),∇E(∂)]−∇E([alogE†
G,1,X/S
(s−∇E ◦ alogE†
G,1,X/S
(s)), ∂])
= [s,∇E(∂)]−∇E([alogE†log
G,1,X/S
(s), ∂])
−∇E([alogE†
G,1,X/S
(s), ∂]− [(alogE†
G,1,X/S
◦ ∇E) ◦ alogE†
G,1,X/S
(s), ∂])
= [s,∇E(∂)]−∇E([alogE†log
G,1,X/S
(s), ∂])
= 〈∇ad⊛EG (s), ∂〉,
where 〈−,−〉 denotes the OX -bilinear pairing
(660) (ΩXlog/Slog ⊗ T˜E†log
G,1,X/S
/Slog)× TXlog/Slog → T˜E†log
G,1,X/S
/Slog
induced by the natural pairing ΩXlog/Slog × TXlog/Slog → OX . This implies that
Im(∇ad⊛EG ) = Im(∇ad⊛EG ◦ ∇α). But,
alogE†
G,1,X/S
(s−∇E ◦ alogE†
G,1,X/S
(s))(661)
= alogE†
G,1,X/S
(s)− (alogE†
G,1,X/S
◦ ∇E) ◦ alogE†
G,1,X/S
(s)
= alogE†
G,1,X/S
(s)− id ◦ alogE†
G,1,X/S
(s)
= 0,
so the image of ∇α is contained in gE†
G,1,X/S
(= Ker(alogE†
G,1,X/S
)). Hence, since
∇ad⊛EG |gE†
G,1,X/S
= ∇adE , the following equalities hold:
(662) Im(∇ad⊛EG ) = ∇ad⊛EG (Im(∇α)) = ∇ad⊛EG (gE†G,1,X/S ) = Im(∇
ad
E ).
This completes the proof of Lemma 6.11.1. 
By Lemma 6.11.1 above, the square diagram
(663)
T˜E†log
G,1,X/S
/Slog −−−→ 0
∇ad⊛EG
y y
ΩXlog/Slog ⊗ gE†
G,1,X/S
−−−→ Coker(∇adE ),
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where the lower horizontal arrow denotes the natural surjection, is commuta-
tive. Thus, this diagram defines a morphism K•[∇ad⊛EG ] → Coker(∇adE )[−1] of
complexes. By applying the functor R1f∗(−) to the composite
(664) K•[∇ad⊛EB ]→ K•[∇ad⊛EG ]→ Coker(∇adE )[−1],
we obtain a morphism
e⊛♭ : R
1f∗(K•[∇ad⊛EB ])→ f∗(Coker(∇adE ))(665) ( ∼→ f (1)∗ (FX/S∗(Coker(∇adE ))))
of OS-modules.
Next, the composite
Ω
X
(1)log
S /S
log ⊗ FX/S∗(Ker(∇adE )) →֒ FX/S∗(F ∗X/S(ΩX(1)logS /Slog)⊗ gE†G,1,X/S )(666)
∼→ FX/S∗(Ω⊗p
X
(1)log
S /S
log
⊗ gE†
G,1,X/S
)
induces, via the functor f∗(−), an injection
f (1)∗ (ΩX(1)logS /Slog
⊗ FX/S∗(Ker(∇adE ))) →֒ f∗(Ω⊗pXlog/Slog ⊗ gE†G,1,X/S ).
Now, let slog : S log → Mlogg,r and s♠log : S log → Oplogg,1,g,r be as in Proposition
6.4.1 for our dormant g-oper E♠. Then, the underlying morphism between
stacks of the composite κlogg,1,g,r ◦ s♠log coincides with the zero section ☛ ◦ s :
S (→Mg,r)→
⊕⊗
g,1,g,r over S. We write
(667) ☛logs := κ
log
g,1,g,r ◦ s♠log : S log →
⊕⊗log
g,1,g,r.
The logarithmic differential of κlogg,1,g,r (over k) at s
♠ determines a morphism
(668) ds♠ κ
log
g,1,g,r : s
♠log∗(T
Op
log
g,1,g,r/k
)→☛log∗s (T⊕⊗log
g,1,g,r/k
)
of OS-modules.
Also, the morphism ☛logs determines naturally a decomposition
(669) ☛log∗s (T⊕⊗log
g,1,g,r/k
)
∼→ slog∗(T
M
log
g,r/k
)⊕☛log∗s (T⊕⊗log
g,1,g,r/M
log
g,r
).
By the definition of
⊕⊗
g,1,g,r, there exists a canonical isomorphism
(670) f∗(Ω
⊗p
Xlog/Slog
⊗ gE†
G,1,X/S
)
∼→☛log∗s (T⊕⊗log
g,1,g,r/M
log
g,r
).
Finally, recall that the conjugate spectral sequence of K•[∇adE ] (cf. (526)) in-
duces a short exact sequence
(671) 0→ R1f∗(Ker(∇adE ))
′′e♯[∇adE ]→ R1f∗(K•[∇adE ])
′′e♭[∇adE ]→ f∗(Coker(∇adE ))→ 0
(cf. (527)).
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Proposition 6.11.2.
The following square diagram is anti-commutative:
(672)
s♠log∗(T
Op
log
g,1,g,r/k
)
ΞE♠−−−→
∼
R1f∗(K•(∇ad⊛EB ))
d
s♠ κ
log
g,1,g,r
y ye⊛♭
☛log∗s (T⊕⊗log
g,1,g,r/k
) f
(1)
∗ (FX/S∗(Coker(∇adE )))
(669)
y≀ ≀y
slog∗(T
M
log
g,r/k
)⊕☛log∗s (T⊕⊗log
g,1,g,r/M
log
g,r
) f
(1)
∗ (ΩX(1)log/Slog ⊗ FX/S∗(Ker(∇adE )))y y(??)
☛log∗s (T⊕⊗log
g,1,g,r/M
log
g,r
)
(670)−−−→
∼
f∗(Ω
⊗p
Xlog/Slog
⊗ gE†
G,1,X/S
),
where the right-hand second vertical arrow denotes the isomorphism obtained
by applying the functor f
(1)
∗ (−) to the Cartier isomorphism C
(gE†
G,1,X/S
,∇adE )
(cf.
(602)) of (gE†
G,1,X/S
,∇adE ), and the left-hand third vertical arrow denotes the
projection to the second factor.
Proof. Write Ξ1 for the composite of the three right-hand vertical arrows in
(672). Also, write Ξ2 for the composite of Ξ
−1
E♠, the three left-hand vertical
arrows in (672), and the isomorphism (670). In the following, we shall show
the equality Ξ1 = Ξ2.
We may suppose, without loss of generality, that S is affine. Choose a
finite covering of X by affine open sets {Uα}α∈I indexed by a set I such that,
on each Uα, there exists a globally defined logarithmic coordinate xα (i.e.,
ΩU logα /Slog
∼= OUα · dlog(xα)). Then, Γ(S,R1f∗(K•[∇ad⊛EB ])) may be calculated as
the total cohomology of the Cˇech double complex
(673) Cp,q[∇ad⊛E ] := Cˇp({Uα}α,Kq[∇ad⊛EB ])
associated with K•[∇ad⊛E ] (cf. [Katz1], (3.4)). That is,
(674) Γ(S,R1f∗(K•[∇ad⊛EB ])) ∼= Hi(Tot•(C•,•[∇ad⊛EB ])).
Now let t be an element in Γ(S,R1f∗(K•[∇ad⊛EB ])). By applying the isomor-
phism (674), t may be represented by a 1-cocycle t of Tot•(C•,•[∇ad⊛EB ]). This
1-cocycle t may be given by a pair
(675) t = (a, (bα)α∈I)
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consisting of a Cˇech 1-cocycle
(676) a ∈ Cˇ1({Uα}α, T˜E†log
B,1,X/S
/Slog)
and a Cˇech 0-cochain
(677) (bα)α∈I ∈ Cˇ0({Uα}α,ΩXlog/Slog ⊗ g−1E†
G,1,X/S
)
which agree under ∇ad⊛EB and the Cˇech coboundary map.
First, we consider the image of t via Ξ1. The element e
⊛
♭ (t) ∈ Γ(X,Coker(∇adE ))
(⊆ Cˇ0({Uα}α,Coker(∇adEB))) corresponds to the image of b via the composite
Cˇ0({Uα}α,ΩXlog/Slog ⊗ g−1E†
G,1,X/S
) →֒ Cˇ0({Uα}α,ΩXlog/Slog ⊗ gE†
G,1,X/S
)(678)
։ Cˇ0({Uα}α,Coker(∇adE )).
One verifies that the global section Ξ1(t) of Ω
⊗p
Xlog/Slog
⊗ gE†
G,1,X/S
may be ex-
pressed, on each Uα (α ∈ I), as C
(gE†
G,1,X/S
,∇adE )
(bα).
Next, we consider the image of t via Ξ2. The image of a via the composite
(679)
Cˇ1({Uα}α, T˜E†log
B,1,X/S
/Slog)։ Cˇ
1({Uα}α, TXlog/Slog)։ Γ(S,R1f∗(TXlog/Slog))
induced by alogE†
B,1,X/S
corresponds to a 1-st order thickening X˜/Sǫ := (X˜/Sǫ, {σ˜i}i)
of X/S to a pointed stable curve over Sǫ := S ×k Spec(k[ǫ]/(ǫ2)). Moreover,
the element a represents (in Γ(S,R1f∗(T˜E†log
B,1,X/S
/Slog))) a 1-st order thickening
of E †B,1,X/S to a right B-torsor over X˜, which is (by the isomorphism ΞE♠ and
Proposition 2.7.3) isomorphic to E †
B,1,X˜/Sǫ
. Let us write U˜α,ǫ := Uα ×X X˜ , and
write πα : U˜α,ǫ → Uα for the natural projection. Then, the log integrable
G-torsor on X˜/Sǫ corresponding to ΞE♠(a) is, on each U˜α,ǫ, isomorphic to
(680) (π∗α(E †G,1,X/S |Uα), π∗α(∇E |Uα) + ǫ · b♮α),
where b♮α denotes the OUα-linear morphism TU logα /Slog → gE†G,1,Uα/S corresponding
to bα. Then, one verifies that the global section Ξ2(t) of Ω
⊗p
Xlog/Slog
⊗ gE†
G,1,X/S
may be expressed, on Uα, as
Ξ2(t)|Uα =
1
ǫ
· ψ(π
∗
α(E†G,1,X/S |Uα),π
∗
α(∇E |Uα)+ǫ·b♮α)
(681)
(
=
1
ǫ
· (ψ(π
∗
α(E†G,1,X/S |Uα),π
∗
α(∇E |Uα)+ǫ·b♮α) − π∗α(ψ
(E†
G,1,X/S
|Uα ,∇E |Uα)))
)
.
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Hence, it follows from Proposition 6.8.1 that Ξ1(t) = −Ξ2(t) (for any t ∈
Γ(S,R1f∗(K•[∇ad⊛EB ]))). This completes the proof of Proposition 6.11.2. 
6.12. Cohomological description of the tangent bundle of Op
Zzz...log
g,ℏ,ρ,g,r.
Consider the natural composite
(682) ̟ : ΩXlog/Slog ⊗ g−1E†
B,1,X/S
→֒ ΩXlog/Slog ⊗ gE†
G,1,X/S
։ Coker(∇adE ).
By Lemma 6.11.1, the image of ∇ad⊛EB is contained in Ker(̟). Hence, one
may restrict the codomain of ∇ad⊛EB to Ker(̟), and obtain an f−1(OS)-linear
morphism
(683) ∇⊛Zzz...EB : T˜E†logB,1 /Slog → Ker(̟).
Also, by restricting the domain of ∇⊛Zzz...EB to g0E†
B,1,X/S
(⊆ T˜E†log
B,1,X/S
/Slog), one
obtains an f−1(OS)-linear morphism
(684) ∇Zzz...EB : g0E†
B,1,X/S
→ Ker(̟).
The natural short exact sequence
(685) 0→ K•[∇Zzz...EB ]→ K•[∇⊛
Zzz...
EB ]→ TXlog/Slog [0]→ 0
yields (since f∗(TXlog/Slog) = 0) an exact sequence
(686) 0→ R1f∗(K•[∇Zzz...EB ])→ R1f∗(K•[∇⊛
Zzz...
EB ])→ R1f∗(TXlog/Slog)
of OS-modules.
On the other hand, ∇⊛Zzz...EB also gives naturally an exact sequence
(687) 0→ K•[∇⊛Zzz...EB ]→ K•[∇ad⊛EB ]→ Im(̟)[−1]→ 0.
Thus, by taking hypercohomology sheaves, we obtain an exact sequence
0→ R1f∗(K•[∇⊛Zzz...EB ])→ R1f∗(K•[∇ad⊛EB ])→ f∗(Im(̟))(688)
→ R2f∗(K•[∇⊛Zzz...EB ])→ R2f∗(K•[∇ad⊛EB ]),
where R2f∗(K•[∇ad⊛EB ]) = 0 by Lemma 6.3.2. This exact sequence implies an
isomorphism
(689) R1f∗(K•[∇⊛Zzz...EB ])
∼→ Ker(e⊛♭ )
of OS-modules (cf. (665) for the definition e⊛♭ ).
Corollary 6.12.1.
Let sˆ♠log : S log → OpZzz...logg,1,g,r be the strict morphism whose underlying S-rational
point classifies the pair (X/S, E♠).
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(i) The isomorphism ΞE♠ (cf. (580)) restricts to isomorphisms
sˆ♠log∗(T
Op
Zzz...log
g,1,g,r /k
)
∼→ R1f∗(K•[∇⊛Zzz...EB ])(690)
and
sˆ♠log∗(T
Op
Zzz...log
g,1,g,r /M
log
g,r
)
∼→ R1f∗(K•[∇Zzz...EB ])(691)
which fit into the following isomorphism of exact sequences:
(692)
0 0y y
sˆ♠log∗(T
Op
Zzz...log
g,1,g,r /M
log
g,r
)
(691)−−−→
∼
R1f∗(K•[∇Zzz...EB ])y y
sˆ♠log∗(T
Op
Zzz...log
g,1,g,r /k
)
(690)−−−→
∼
R1f∗(K•[∇⊛Zzz...EB ])y y
slog∗(T
M
log
g,r/k
)
ΞX/S−−−→
∼
R1f∗(TXlog/Slog),
where the right-hand vertical sequence coincides with (686), the left-
hand vertical sequence is the natural exact sequence of tangent bundles,
and both slog and ΞX/S are as in Proposition 6.4.1.
(ii) Let csˆ♠log : S log → OpZzz...logg,1,ρ,g,r be the strict morphism whose underlying
S-rational point of Op
Zzz...
g,1,ρ,g,r classifies (X/S, E♠) (where we recall that
E♠ is of radii ρ). Then, the natural morphisms
csˆ♠log∗(T
Op
Zzz...log
g,1,ρ,g,r/k
)→ sˆ♠log∗(T
Op
Zzz...log
g,1,g,r /k
)(693)
and
csˆ♠log∗(T
Op
Zzz...log
g,1,ρ,g,r/M
log
g,r
)→ sˆ♠log∗(T
Op
Zzz...log
g,1,g,r /M
log
g,r
).(694)
arising from the closed immersion Op
Zzz...
g,1,ρ,g,r → OpZzz...g,1,g,r are isomor-
phisms.
Proof. Let us consider assertion (i). It follows from Proposition 6.11.2 that
sˆ♠log∗(T
Op
Zzz...log
g,1,g,r /k
) is naturally isomorphic to Ker(Ξ1) (cf. the proof of Proposi-
tion 6.11.2 for the definition of Ξ1). But, the two lower arrows in the left-
hand vertical sequence of the diagram (672) are injective. It follows that
Ker(e⊛♭ )
∼→ Ker(Ξ1), and hence, ΞE♠ gives rise an isomorphism of the form
(690). Moreover, (690) restricts to an isomorphism of the form (691), and one
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verifies, by construction, that (690) and (691) fit into the isomorphism of exact
sequences (692). This completes the proof of assertion (i).
Assertion (ii) follows directly from Theorem 3.12.3 (i), which asserts that
Op
Zzz...
g,1,g,r is a disjoint union of Op
Zzz...
g,1,ρ,g,r’s for various ρ ∈ c×r(Fp). 
Corollary 6.12.2.
(Recall that we have assumed the condition (Char)p.) Let ℏ ∈ k× and ρ ∈
c×r(k) (where ρ := ∅ if r = 0). Also, let k(v) be a field over k and vlog :
Spec(k(v))log → OpZzz..logg,ℏ,ρ,g,r a strict morphism of log stacks over k. Then, the
k(v)-vector space vlog∗(T
Op
Zzz..log
g,ℏ,ρ,g,r/k
)) is of rank ≥ 3g − 3 + r. If, moreover, the
natural projection Op
Zzz...
g,ℏ,ρ,g,r →Mg,r is unramified at v, then this projection is
also flat (hence, e´tale) at v.
Proof. In the following, if F is a sheaf on a scheme Y , we shall write, for
simplicity, Γ(F) for the group of its global sections (i.e., Γ(F) := Γ(Y,F)). By
Proposition 3.9.1, we may assume, without loss of generality, that ℏ = 1. The
k(v)-rational point v classifies the pair (X/k(v), E♠) consisting of a pointed stable
curve X/k(v) (where we denote by f : X → Spec(k(v)) the structure morphism
of its underlying semistable curve) and a dormant g-oper E♠ := (EB,∇E) of
canonical type on it. It follows from the isomorphism (689) and Corollary
6.12.1 that Γ(vlog∗(T
Op
Zzz...log
g,ℏ,ρ,g,r/k
))) is isomorphic to Γ(Ker(e⊛♭ )), i.e., the kernel
of the morphism
(695) Γ(e⊛♭ ) : Γ(R
1f∗(K•[∇ad⊛E ]))→ Γ(f∗(Coker(∇adE ))).
But, by Theorem 3.12.1, Proposition 6.4.1 (cf. (535)), and Proposition 6.10.1,
we have
rk(Γ(Ker(e⊛♭ ))) ≥ rk(Γ(R1f∗(K•[∇ad⊛E ])))− rk(Γ(f∗(Coker(∇adE ))))(696)
= (ℵ(g) + 3g − 3 + r)− ℵ(g)
= 3g − 3 + r.
This completes the proof of the former assertion.
The latter assertion follows from the former assertion. Indeed, by Corollary
6.12.1 (and the definition of the log structures of M
log
g,r and Op
Zzz...log
g,ℏ,ρ,g,r), the con-
dition that Op
Zzz...
g,ℏ,ρ,g,r →Mg,r is unramified at v is equivalent to the condition
that the composite
(697) Γ(Ker(e⊛♭ ))→ Γ(R1f∗(K•[∇ad⊛EB ]))→ Γ(R1f∗(TXlog/k(v)log))
is injective. But, if it is satisfied, then, since
(698) rk(Γ(Ker(e⊛♭ ))) ≥ 3g − 3 + r = rk(Γ(TXlog/k(v)log)),
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this composite is also an isomorphism. Hence, rk(Γ(Ker(e⊛♭ ))) = 3g − 3 + r
(i.e., the inequality (696) is, in fact, an equality) and the morphism (695) must
be surjective. In particular, the third arrow H1(K•[∇ad⊛EB ]) → H0(Im(̟)) in
(688) is surjective, and hence, H2(K•[∇Zzz...EB ]) = 0. This means that any 1-
st order deformation of (X/k(v), E♠) is unobstructed. Thus, we conclude that
Op
Zzz...log
g,ℏ,ρ,g,r →M
log
g,r is log smooth (hence, flat) at v. 
7. Dormant operatic fusion ring
In this section, we shall analyze the behavior, by using clutching morphism of
underlying pointed stable curves, of the generic degree deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r)
(cf. (742)) over Mg,r of the moduli stack Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r. Under a certain as-
sumption (i.e., the condition (Etale)g,ℏ described in § 7.5), this generic degree
consists exactly with the number of dormant (g, ℏ)-opers on a sufficiently gen-
eral pointed stable curve. We observe (cf. Theorem 7.10.1) that the function
assigning these numbers satisfies a certain factorization rule, which will be
called a pseudo-fusion rule (cf. Definition 7.6.1). By means of this function,
we construct a certain ring referred to as the dormant operatic fusion ring F
Zzz...
g,p
(cf. Definition 7.10.2), and then, gives a computation, by the aid of an explicit
understanding of (the characters of F
Zzz...
g,p ), of the value deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r)
(cf. Theorem 7.10.4). But, notice that the proof of Joshi’s conjecture, which is
a main result of the present paper, is independent of the results and discussions
in §§ 7.6-7.11.
In this section (and the next section), let k be a perfect field, G a connected
semisimple algebraic group of adjoint type over k (with Lie algebra g) which
admits a pinning Gւ defined over Fp. Moreover, let us assume the condition
(Char)p (cf. § 2.1).
7.1. Semi-graphs and clutching data.
First, recall from [Mz3], Appendix (or [Mz4], § 1), the definition of a semi-
graph.
Definition 7.1.1.
(i) A semi-graph is a triple
Γ = (VΓ, EΓ, ζΓ),(699)
where
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• VΓ denotes a set, whose elements are called vertices;
• EΓ denotes a set, whose elements are called edges, consisting of
sets with cardinality 2 satisfying that e 6= e′ ∈ EΓ implies e∩e′ = ∅;
• ζΓ denotes a map
⊔
e∈EΓ e→ VΓ ∪ {VΓ} (where we note that VΓ ∩{VΓ} = ∅ since VΓ /∈ VΓ), which is called a coincidence map.
For each edge e of Γ (i.e., e ∈ EΓ), we shall refer to any element b ∈ e
as a branch of e. Let us write
BΓ :=
⊔
e∈EΓ
e(700)
and, for each v ∈ VΓ ∪ {VΓ},
Bv := ζ
−1
Γ ({v})(701)
(hence, BΓ =
⊔
v∈VΓ∪{VΓ}Bv).
(ii) A graph is a semi-graph with BVΓ (:= ζ
−1
Γ ({VΓ})) = ∅.
Definition 7.1.2.
Let Γ := (VΓ, EΓ, ζΓ) be a semi-graph.
(i) We shall say that Γ is finite if both VΓ and EΓ are finite.
(ii) We shall say that Γ is connected if for any two distinct vertices u,
v ∈ VΓ, there exists a sequence e1, e2, · · · , el ∈ EΓ (l ≥ 1) of edges
such that u ∈ ζΓ(e1), v ∈ ζΓ(el), and ζΓ(ej) ∩ ζΓ(ej+1) 6= ∅ for any
j = 1, · · · , l − 1.
Remark 7.1.3.
Let X/S := (X/k, {σi}ri=1) be a pointed stable curve of type (g, r) over S :=
Spec(k) (where k denotes an algebraically closed field over k). Then, one can
associate to X/S a semi-graph
ΓX/S := (VX/S , EX/S , ζX/S)(702)
defined as follows. VX/S is the set of irreducible components of X and EX/S is
the disjoint union NX/S ⊔{σi}ri=1 of the set of nodal points NX/S (⊆ X(k)) and
the set of marked points {σi}ri=1. Here, note that any node e ∈ X(k) has two
distinct branches b1 and b2, each of which lies on some well-defined irreducible
component of X . We identify e with {b1, b2} and, moreover, identify each
marked point σi with the set {σi, {σi}}. In this way, we consider the elements of
EX/S as sets with cardinality 2. Finally, ζX/S is a map
⊔
e∈EX/S
e→ VX/S∪{VX/S}
determined as follows:
• if b ∈ e (for some e ∈ NX/S) or b = σi (for some i), then ζX/S(b) is the
irreducible component (i.e., an element of VX/S) in which b lies;
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• ζX/S({σi}) = {VX/S} for any i.
In particular, ΓX/S becomes a graph if X/S is unpointed. We shall refer to ΓX/S
as the dual semi-graph associated with X/S.
Let n be a positive integer, and suppose that we are given a collection of
data:
(703) D := (Γ, {(gj, rj)}nj=1, {λj}nj=1),
where
• Γ := (VΓ, EΓ, ζΓ) denotes a finite connected semi-graph with n vertices
VΓ = {v1, · · · , vn}, numbered 1 through n;
• (gj, rj) (j = 1, · · · , n) is a pair of nonnegative integers such that 2gj −
2 + rj > 0;
• λj (j = 1, · · · , n) denotes a bijection λj : Bvj ∼→ {1, · · · , rj} of sets.
Let k be an algebraically closed field over k and {Xj/S}nj=1 an ordered set
of pointed stable curves over S = Spec(k), where the j-th curve Xj/S :=
(Xj/S, {σj,i : S → Xj}rji=1) is of type (gj, rj) and the underlying semistable
curve Xj is irreducible. Once a collection of data D described above have been
specified, we may use it to glue together {Xj/S}nj=1 to obtain a new pointed
stable curve X/S := (X/S, {σi : S → X}ri=1) in such a way that
• the dual semi-graph associated with X/S is given by Γ;
• the j-th vertex vj corresponds, as an irreducible component of X , to
Xj ;
• if e = {b1, b2} ∈ EΓ is an edge such that ζΓ(b1) = vj1 , ζΓ(b2) = vj2 (for
some j1, j2 ∈ {1, · · · , n}), then e corresponds to a node of X obtained
by gluing together Xj1 at the λj1(b1)-st marked point σj1,λj1 (b1) to Xj2
at the λj2(b2)-nd marked point σj2,λj2 (b2);• for each j ∈ {1, · · · , n}, the set of edges e ∈ EΓ with ζΓ(e) = {vj, {VΓ}}
is in bijection with the set of marked points of X/S lying on Xj;
• we order the marked points {σi}ri=1 of X/S lexicographically, i.e., a
marked point lying on Xj comes before a marked point lying on Xj′
(if j < j′), and among marked points lying on Xj, we take the ordering
induced by the original ordering of marked points on Xj .
The genus “g”, and the number of marked points “r”, of X/S may be computed
combinatorially from the collection of data D. One may extend, in the evident
way, this construction to the case where Xi/S’s are (possibly reducible) pointed
stable curves over an arbitrary scheme S over k. Moreover, by carrying out the
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above construction in the universal case, we obtain a morphism
(704) ClutD :
n∏
j=1
Mgj ,rj →Mg,r
of moduli stacks.
Definition 7.1.4.
We shall refer (cf. [Mz2], Chap. I, Definition 3.11) to such a collection of data
D as a clutching data for a pointed stable curve of type (g, r), and to ClutD
as the clutching morphism associated with D.
7.2. Gluing ℏ-log integrable G-torsors.
In this subsection, we shall discuss the procedure for gluing together ℏ-
log integrable G-torsors by means of a clutching data. Let S be a scheme
over k, D := (Γ, {(gj, rj)}nj=1, {λj}nj=1) a clutching data for a pointed stable
curve of type (g, r), and for each j = 1, · · · , n, Xj/S := (Xj/S, {σj,i}ri=1) a
pointed stable curve of type (gjrj) over S. Denote by X/S := (X/S, {σi}ri=1)
the pointed stable curve obtained by gluing together {Xj/S}nj=1 by means of
D. The clutching morphism ClutD associated with D gives a natural morphism
Clutj : Xj → X (j = 1, · · · , n) of S-schemes. Here, recall (cf. § 1.5) that
for each j, both Xj and S admit log structures pulled-back from C
log
gj ,rj
and
M
log
gj ,rj
, respectively, via the classifying morphism of Xj/S. Denote by X
logj
j and
S log
j
the resulting log schemes (hence X log
j
j = X
log
j as the usual notation). On
the other hand, we shall write, as usual, S log (resp., X log) for the log scheme
obtained by equipping S (resp., X) with the log structure pulled-back from
M
log
g,r (resp., C
log
g,r) via the classifying morphism of X/S. Also, write X
log|X
j for
the log scheme obtained by equipping Xj with the log structure pulled-back
from the log structure ofX log via Clutj. The structure morphismXj → S of the
semistable curve Xj/S extends to a morphism X
log|X
j → S log of log schemes.
Moreover, the natural morphism X
log|X
j → Xj of S-log schemes (where we
consider Xj as being equipped with the trivial log structure) extends to a
commutative square diagram
X
log|X
j −−−→ X log
j
jy y
S log −−−→ S logj .
(705)
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The morphism
ej : X
log|X
j → X log
j
j ×Slogj S log(706)
over S log induced by (705) is log e´tale. (Note that the underlying morphism
between S-schemes of ej coincides with the identity morphism of Xj.) This
morphism ej yields an isomorphism
Ω
Xlog
j
j /S
logj
∼→ Ω
X
log|X
j /S
log
( ∼→ Clut∗j(ΩXlog/Slog))(707)
of OXj -modules.
Let E be a G-torsor over X , and for each j = 1, · · · , n, let Ej be the pull-
back of E to Xj . Denote by E log
j
j (resp., E log|Xj ) the log scheme defined to be
Ej equipped with the log structure pulled-back from X log
j
j (resp., X
log|X
j ), i.e.,
E logjj := Ej ×Xj X log
j
j (resp., E log|Xj := Ej ×Xj X log|Xj ). If e = {b1, b2} ∈ EΓ is an
edge satisfying that ζΓ(b1) = vj1, ζΓ(b2) = vj2 (for some j1, j2 ∈ {1, · · · , n}),
then Clutj1 ◦ σj1,λj1 (b1) = Clutj2 ◦ σj2,λj2 (b2); this equality and the isomorphisms
T˜E log|Xjl /Slog
∼→ T˜E logjljl /Slogjl
(l = 1, 2) arising from ejl yield two isomorphisms γe,E
and γ˜e,E fitting into the following commutative square diagram
Γ(S, σ∗j1,λj1 (b1)(gEj1 ))
γe,E−−−→
∼
Γ(S, σ∗j2,λj2 (b2)(gEj2 ))y y
Γ(S, σ∗j1,λj1 (b1)(T˜E logj1j1 /Slogj1
))
γ˜e,E−−−→
∼
Γ(S, σ∗j2,λj2 (b2)(T˜E logj2j2 /Slogj2
)),
(708)
where the right-hand and left-hand vertical arrows denote the injections arising
from (32).
Next, let ∇E : TXlog/Slog → T˜E log/Slog be an S-ℏ-log connection on E . For
each j, the pull-back Clut∗j(∇E) : TXlog|Xj /Slog → T˜E log|Xj /Slog of ∇E to Xj forms
an S-ℏ-log connection on E log|Xj . Moreover, because of the log e´tale morphism
ej (and the isomorphism (707)), Clut
∗
j(∇E) may be thought of as an S-ℏ-log
connection
∇jE : TXlogjj /Slogj → T˜E logjj /Slogj(709)
on E logjj . We shall refer to ∇jE as the restriction of ∇E to E log
j
j .
Proposition 7.2.1.
Let us keep the above notation.
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(i) For each e = {b1, b2} ∈ EΓ satisfying that ζΓ(b1) = vj1, ζΓ(b2) = vj2, we
have the equality of monodromies
µ
(Ej1 ,∇
j1
E )
λj1 (b1)
= −µ(Ej2 ,∇
j2
E )
λj2 (b2)
(710)
under the identification Γ(S, σ∗j1,λj1 (b1)(gEj1 )) = Γ(S, σ
∗
j2,λj2 (b2)
(gEj2 )) given
by γe,E (cf. (708)).
(ii) Conversely, suppose that for each j = 1, · · · , n, we are given an S-ℏ-log
connection ∇Ej : TXlogjj /Slogj → T˜E logjj /Slogj on E
logj
j such that the equality
µ
(Ej1 ,∇Ej1 )
λj1 (b1)
= −µ(Ej2 ,∇Ej2 )λj2 (b2) holds for any e = {b1, b2} ∈ EΓ satisfying
that ζΓ(b1) = vj1, ζΓ(b2) = vj2. Then, there exists a unique S-ℏ-log
connection ∇E on E such that for any j, its restriction to E log
j
j coincides
with ∇Ej .
Proof. Let us consider assertion (i). After possibly replacing S with its open
covering, we may suppose that for each l = 1, 2, there exists a pair (Ujl, xl),
where
• Ujl denotes an affine open subscheme of Xjl with Im(σjl,λjl(bl)) ⊆ Ujl;• xl denotes a global section in OUjl defining the closed subscheme deter-
mined by σjl,λjl (bl) and satisfying that OUjl · dlog(xl) = ΩXlogjj /Slogj |Ujl .
The closed immersion σjl,λj1 (b1) (l = 1, 2) corresponds to a surjection πl :
Γ(Ujl,OUjl ) ։ Γ(S,OS). If U denotes a unique open subscheme of X sat-
isfying that U ×X Xj1 = Uj1 and U ×X Xj2 = Uj2 , then we have a natural
identification
Γ(U,OU) = {(a1, a2) ∈ Γ(Uj1 ,OUj1 )× Γ(Uj2 ,OUj2 ) | π1(a1) = π2(a2)}.(711)
For l = 1, 2, the composite of the inclusion Γ(S,OS) →֒ Γ(Ujl,OUjl ) followed
by πl coincides with the identity morphism of Γ(S,OS). Hence, the above iden-
tification allows us to consider Γ(Uj1 ,OUj1 ) (resp., Γ(Uj2,OUj2 )) as a subring
of Γ(U,OU) via the inclusion Γ(Uj1,OUj1 ) →֒ Γ(U,OU) (resp., Γ(Uj2 ,OUj2 ) →֒
Γ(U,OU)) given by assigning a 7→ (a, π1(a)) (resp., a 7→ (π2(a), a)). In particu-
lar, both x1 and x2 may be thought of as elements of Γ(U,OU). dlog(x1) (resp.,
dlog(x2)) ∈ Γ(U,ΩXlog/Slog) forms a base of ΩXlog/Slog |U . Write ∂x1 (resp., ∂x2)
∈ Γ(U, TXlog/Slog) for its dual base; by abuse of notation, we shall often speak of
∂x1 (resp., ∂x2) as an element of Γ(Uj1 , TXlogj1j1 /Slogj1
) (resp., Γ(Uj2, TXlogj2j2 /Slogj2
)).
The equality x1x2 = 0 implies that dlog(x1) + dlog(x2) = 0, and hence,
∂x1 = −∂x2 . Thus, by passing to the isomorphism γ˜e,E (cf. (708)), we have a
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sequence of equalities
(σj1,λj1 (b1))
∗(∇j1E (∂x1)) = (Clutj1 ◦ σj1,λj1 (b1))∗(∇E(∂x1))(712)
= − (Clutj1 ◦ σj1,λj1 (b1))∗(∇E(∂x2))
= − (Clutj2 ◦ σj2,λj2 (b2))∗(∇E(∂x2))
= − (σj2,λj2 (b2))∗(∇
j2
E (∂x2)).
This implies, from the definition of monodromy, the desired equality (710).
Assertion (ii) follows from the discussion in the proof of assertion (i) and
canonical isomorphisms
Γ(U, TXlog/Slog) ∼→ {(a1, a2) ∈ Γ(Uj1, TXlogj1j1 /Slogj1
)× Γ(Uj2 , TXlogj2j2 /Slogj2
)(713)
| γe(σ∗j1,λj1 (b1)(a1)) = σ
∗
j2,λj2 (b2)
(a2)},
where γe := triv
−1
σj2,λj2 (b2)
,Uj2
◦ trivσj1,λj1 (b1),Uj1 (cf. (80)), and
Γ(U, T˜E log/Slog) ∼→ {(a1, a2) ∈ Γ(Uj1, T˜E logj1 /Slogj1 )× Γ(Uj1 , T˜E logj1 /Slogj1 )(714)
| γ˜e,E(σ∗j1,λj1 (b1)(a1)) = σ
∗
j2,λj1 (b1)
(a1)}.

7.3. Gluing (g, ℏ)-opers.
Next, we shall discuss the procedure for gluing together (g, ℏ)-opers by means
of a clutching data. Let us keep the notation in the previous subsection. In
the rest of this section, we assume the following condition:
(Char)†p : g is equal to either sln (with 2n < p), so2l+1 (with 4l < p), or
sp2m (with 4m < p).
In particular, G (= Aut(g)0) satisfies the condition (Char)p. Recall from § 5.8
that g admits an involution λ 7→ λ⊻ which induces, via the quotient χ : g →
c (= cg), an involution (−)⊻ of c.
Definition 7.3.1.
A set of radii for D over S is an ordered set
(715) ρD := {ρj}nj=1,
where each ρj is an element ρj := (ρji )
rj
i=1 ∈ c×rj(S) such that for every edge
e = {b1, b2} ∈ EΓ satisfying that ζΓ(b1) = vj1, ζΓ(b2) = vj2 (for some j1,
j2 ∈ {1, · · · , n}), the equality ρj1λj1 (b1) = (ρ
j2
λj2 (b2)
)⊻ holds.
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For each j = 1, · · · , n, we shall write
E †,jB,ℏ,X/S := E
†
B,ℏ,X/S
×X,Clutj Xj, E †,jG,ℏ,X/S := E
†
G,ℏ,X/S
×X,Clutj Xj.(716)
Lemma 7.3.2.
There exists a unique isomorphism
℘B,j : E †,jB,ℏ,X/S
∼→ E †B,ℏ,Xj/S(717)
of right B-torsors satisfying the following property: for any log charts (U, ∂)
and (Uj , ∂j) on X
log/S log and X log
j
j /S
logj respectively such that U ×X Xj = Uj
and ∂∨j = Clut
∗
j(∂
∨) under the isomorphism (707), the composite
E †B,ℏ,U/S ×U Uj
∼→ E †,jB,ℏ,X/S ×Xj Uj(718)
℘B,j×idUj→ E †B,ℏ,Xj/S ×Xj Uj
∼→ E †B,ℏ,Uj/S
trivB,ℏ,(Uj,∂j)→ Uj ×k B(719)
(where both the first and third arrows denote natural isomorphisms) coincides
with the composite
E †B,ℏ,U/S ×U Uj
trivB,ℏ,(U,∂)×idUj→ (U ×k B)×U Uj ∼→ Uj ×k B.(720)
Proof. The assertion follows from the constructions of E †B,ℏ,X/S and E
†
B,ℏ,Xj/S
(cf.
(124) and (452)). 
By applying the change of structure group to ℘B,j , we obtain an isomorphism
(721) ℘G,j : E †,jG,ℏ,X/S
∼→ E †G,ℏ,Xj/S
of right G-torsors.
Now, let E♠♦ := (E †B,ℏ,X/S ,∇E) be a (g, ℏ)-oper on X/S of canonical type. For
each j, denote by ∇jE the restriction of ∇E to E †,j,log
j
G,ℏ,X/S
. The composite
∇Ej := d℘G,j ◦ ∇jE : TXlogjj /Slogj → T˜E†,logjG,ℏ,Xj/S /Slog
j(722)
(where d℘G,j denotes the differential T˜E†,j,logj
G,ℏ,X/S
/Slog
j
∼→ T˜E†,logj
G,ℏ,Xj/S
/Slog
j of ℘G,j over
S log
j
) forms an S-ℏ-log connection on E †,logjG,ℏ,Xj/S . We shall write
E♠♦j := (E †B,ℏ,Xj/S ,∇Ej ),(723)
which is referred to as the restriction of E♠♦ to Xj/S.
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Proposition 7.3.3.
Let us keep the above notation.
(i) For each j, the pair E♠♦j forms a (g, ℏ)-oper on Xj/S of canonial type. If
E♠♦j (j = 1, · · · , n) is of radii ρj := (ρji )rji=1 ∈ c×rj (S), then the ordered
set {ρj}nj=1 forms a set of radii for D over S. If, moreover, E♠♦ is
dormant, then all E♠♦j ’s are dormant.
(ii) Conversely, let ρD := {ρj}nj=1 be a set of radii for D over S, and sup-
pose that, on each Xj/S , we are given a (g, ℏ)-oper (resp., a dormant
(g, ℏ)-oper) E♠♦j := (E †B,ℏ,Xj/S ,∇Ej ) of canonical type and of radii ρ
j.
Then, there exists a (g, ℏ)-oper (resp., a dormant (g, ℏ)-oper) E♠♦ :=
(E †B,ℏ,X/S ,∇E) of canonical type on X/S, which is uniquely determined up
to isomorphism by the condition that for any j the restriction of E♠♦
to Xj/S is isomorphic to E♠♦j .
Proof. The latter assertion of (i) is clear. The former assertion of (i) follows
from the following sequence of equalities
ρj1λj1 (b1)
= ρ
(E†,j1
G,ℏ,X/S
,∇j1E )
λj1 (b1)
(724)
= [χ](σ∗j1,λj1 (b1)(gE†,j1G,ℏ,X/S
), µ
(E†,j1
G,ℏ,X/S
,∇j1E )
λj1 (b1)
)
= [χ](σ∗j2,λj2 (b2)(gE†,j2G,ℏ,X/S
),−µ
(E†,j2
G,ℏ,X/S
,∇j2E )
λj2 (b2)
)
= ([χ](σ∗j2,λj2 (b2)(gE†,j2G,ℏ,X/S
), µ
(E†,j2
G,ℏ,X/S
,∇j2E )
λj2 (b2)
))⊻
= (ρ
(E†,j2
G,ℏ,X/S
,∇j2E )
λj2 (b2)
)⊻
= (ρj2λj2 (b2)
)⊻
(cf. (170) for the definition of [χ]) for each e = {b1, b2} ∈ EΓ satisfying that
ζΓ(b1) = vj1 , ζΓ(b2) = vj2, where the third equality follows from Proposition
7.2.1 (i) and the fourth equality follows from Lemma 7.3.4 (i) below.
Next, let us prove assertion (ii). We shall write
Ad(−1) := AdG(ιB(
(
1 0
0 −1
)
)) ∈ GL(g)(725)
(where (−) denotes the image via the quotient GL2 ։ PGL2), which is the
k-linear automorphism of g (=
⊕
j∈Z gj) given by assigning v 7→ (−1)jv for any
j ∈ Z, v ∈ gj. Let (Ujl, xl) (l = 1, 2) and U be as in the proof of Proposition
7.2.1, and let e = {b1, b2} ∈ EΓ be an edge satisfying that ζΓ(b1) = vj1,
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ζΓ(b2) = vj2 . Since E♠♦jl (l = 1, 2) is of canonical type, both
σ∗j2,λj2 (b2)(∇
trivG,ℏ,(Uj2 ,∂x2)
Ej2 (∂x2))− 1⊗ p−1(726)
and
(idOS ⊗Ad(−1))(σ∗j1,λj1 (b1)(∇
trivG,ℏ,(Uj1 ,∂x1 )
Ej1 (∂x1))) + 1⊗ p−1(727)
lie in Γ(S,OS)⊗k gad(p1) (= gad(p1)(S)). On the other hand, observe that
Kosg ◦ (σ∗j2,λj2 (b2)(∇
trivG,ℏ,(Uj2 ,∂x2)
Ej2 (∂x2))− 1⊗ p−1)(728)
= ρ
(E†
G,ℏ,Xj2/S
,∇Ej2 )
λj2 (b2)
= (ρ
(E†
G,ℏ,Xj1/S
,∇Ej1 )
λj1 (b1)
)⊻
= (χ ◦ (σ∗j1,λj1 (b1)(∇
trivG,ℏ,(Uj1 ,∂x1 )
Ej1 (∂x1))))
⊻
= χ ◦ (−σ∗j1,λj1 (b1)(∇
trivG,ℏ,(Uj1 ,∂x1)
Ej1 (∂x1)))
= χ ◦ (−(idOS ⊗Ad(−1))(σ∗j1,λj1 (b1)(∇
trivG,ℏ,(Uj1 ,∂x1)
Ej1 (∂x1))))
= Kosg ◦ (−(idOS ⊗Ad(−1))(σ∗j1,λj1 (b1)(∇
trivG,ℏ,(Uj1 ,∂x1)
Ej1 (∂x1)))− 1⊗ p−1),
where the fourth equality follows from Lemma 7.3.4. Hence, (since Kosg is an
isomorphism) the following equality holds:
σ∗j2,λj2 (b1)(∇
trivG,ℏ,(Uj2 ,∂x2)
Ej2 (∂x2))(729)
= − (idOS ⊗ Ad(−1))(σ∗j1,λj1 (b1)(∇
trivG,ℏ,(Uj1 ,∂x1)
Ej1 (∂x1))).
Next, we shall write
∇jE := d℘−1G,j ◦ ∇Ej : TXlogjj /Slogj → T˜E†,j,logjG,ℏ,X/S/Slogj
(730)
(j = 1, · · · , n), where d℘G,j is as in (722). Also, for each l = 1, 2, denote by
δl : OS ⊗ g ∼→ σ∗jl,λjl (bl)(gE†,jlG,ℏ,X/S )
(
= (Clutjl ◦ σjl,λjl (bl))∗(gE†G,ℏ,X/S )
)
(731)
the OS-linear isomorphism arising from differentiating triv−1G,ℏ,(U,∂x1) : U×kG
∼→
E †G,ℏ,X/S and restricting to S via Clutjl ◦ σjl,λjl (bl). It follows from Proposition
2.5.2 that
δ1 = δ2 ◦ (idOS ⊗ Ad(−1)).(732)
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By applying (729) and (732), we have a sequence of equalities
µ
(E†,j1
G,ℏ,X/S
,∇j1E )
λj1 (b1)
(733)
= δ1(σ
∗
j1,λj1 (b1)
(∇trivG,ℏ,(Uj1 ,∂x1)Ej1 (∂x1)))
= (δ2 ◦ (idOS ⊗ Ad(−1)))(σ∗j1,λj1 (b1)(∇
trivG,ℏ,(Uj1 ,∂x1)
Ej1 (∂x1)))
= − δ2(σ∗j2,λj2 (b2)(∇
trivG,ℏ,(Uj2 ,∂x2)
Ej2 (∂x2)))
= − µ
(E†,j2
G,ℏ,X/S
,∇j2E )
λj2 (b2)
,
where both the first and last equalities follow from the definition of ∇jE and
the property of ℘B,j1 described in Lemma 7.3.2. Thus, it follows from Propo-
sition 7.2.1 (ii) that one may find a unique S-ℏ-log connection ∇E on E †G,ℏ,X/S
whose restriction to each E †,j,logjG,ℏ,X/S coincides with ∇
j
E . By construction, the
pair (E †B,ℏ,X/S ,∇E) forms the desired (g, ℏ)-oper. This completes the proof of
assertion (ii). 
The following lemma was used in the proof of the above proposition.
Lemma 7.3.4.
The square diagram
g
∼−−−→ g
χ
y yχ
c
(−)⊻−−−→
∼
c
(734)
is commutative, where the upper horizontal arrow denotes the automorphism
given by multiplication by −1.
Proof. Because of the inclusion g →֒ sln discussed in § 5.4 (cf. (494)), it suffices
to consider the case where g = sln. But, the assertion of this case follows from,
e.g., a direct calculation. 
7.4. Clutching morphism of (dormant) (g, ℏ)-opers.
Let ρD := {ρj}nj=1 be a set of radii for D over S and E♠♦j (j = 1, · · · , n)
a (g, ℏ)-oper on Xj/S of canonical type and of radii ρ
j . Denote by E♠♦ the
(g, ℏ)-oper on X/S (of canonical type) obtained (according to Proposition 7.3.3
(ii)) by gluing together E♠♦j ’s. Then, the radii of E♠♦ are constructed from ρj
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(j = 1, · · · , n) by means of the clutching data D in the evident way; we denote
the resulting radii of E♠♦ by
(735) ρ˘D ∈ c×r(S).
By carrying out the above construction in the universal case, we obtain a
commutative square diagram of moduli stacks:
(736)
∏n
j=1Opg,ℏ,ρj ,gj,rj
ClutD,ρD−−−−−→ Opg,ℏ,ρ˘D,g,ry y∏n
j=1Mgj ,rj
ClutD−−−→ Mg,r.
Moreover, this diagram restricts to a commutative square diagram:
(737)
∏n
j=1Op
Zzz...
g,ℏ,ρj ,gj,rj
Clut
Zzz...
D,ρD−−−−−→ OpZzz...g,ℏ,ρ˘D,g,ry y∏n
j=1Mgj ,rj
ClutD−−−→ Mg,r.
Here, recall (cf. Theorem 3.12.3 (i)) that if ℏ ∈ k×, then OpZzz...g,ℏ,ρ˘D,g,r is empty
unless the radii ρ˘D is of the form ρ˘D = ℏ ⋆ ρ for some ρ ∈ c×r(Fp).
Theorem 7.4.1.
Let D := (Γ, {(gj, rj)}nj=1, {λj}nj=1) be a clutching data for a pointed stable
curve of type (g, r), and ℏ ∈ k×, ρ ∈ c×r(Fp). Then, the following commutative
square diagram is cartesian:
(738)
∐
ρD :={ρj}nj=1
∏n
j=1Op
Zzz...
g,ℏ,ℏ⋆ρj ,gj ,rj
∐
Clut
Zzz...
D,ρD−−−−−−→ OpZzz...g,ℏ,ℏ⋆ρ,g,ry y∏n
j=1Mgj ,rj
ClutD−−−→ Mg,r,
where the disjoint union at the upper-left corner is taken over sets of radii ρD
for D over Fp with ρ˘D = ρ.
Proof. The assertion follows from Proposition 3.5.2 (i) and Proposition 7.3.3
(i) and (ii). 
7.5. Totally degenerate curves and generic e´taleness of Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r.
We shall recall a certain kind of pointed stable curves, which are referred to
as totally degenerate (cf. Definition 7.5.1).
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Suppose that the field k under consideration is algebraically closed. De-
note by [0], [1], and [∞] the k-rational points of the projective line P1 over k
determined by the values 0, 1, and ∞ respectively. The collection of data
(739) P/k := (P
1/k, {[0], [1], [∞]})
(after ordering suitably the points [0], [1], [∞]) forms a unique (up to isomor-
phism) pointed stable curve of type (0, 3).
Definition 7.5.1.
Let X/k := (X/k, {σi}ri=1) be a pointed stable curve over k of type (g, r). Write
νX/k :
∐LX/k
l=1 Xl → X for the normalization of X , where LX/k denotes some
positive integer and each Xl (l = 1, · · · , LX/k) is a proper smooth connected
curve over k. Then, we shall say that X/k is totally degenerate if, for any
l = 1, · · · , LX/k , the pointed stable curve
(740) Xl/k := (Xl/k, ν
−1
X/k
(EX/k) ∩Xl(k))
is isomorphic to P/k, where EX/k (cf. Remark 7.1.3) is regarded as a subset of
X(k).
In a certain sense, there exists a bijective correspondence between the set of
isomorphism classes of totally degenerate curves over k of type (g, r) and the
set of clutching data D = (Γ, {(gj, rj)}nj=1, {λj}nj=1) for a pointed stable curve
of type (g, r) satisfying that (gj, rj) = (0, 3) for any j = 1, · · · , n. Indeed,
the assignment from such a clutching data D to the totally degenerate curve
classified by the clutching morphism
(741) ClutD : (Spec(k) ∼=)
n∏
j=1
M0,3 →Mg,r
associated with D determines this bijective correspondence.
Now, we consider the following condition concerning g and ℏ:
(Etale)g,ℏ : for any ρ ∈ c×r(Fp), the finite k-scheme OpZzz...g,ℏ,ℏ⋆ρ,0,3 is unramified
(hence e´tale) over k.
Since k is algebraically closed, the condition (Etale)g,ℏ is equivalent the con-
dition that each Op
Zzz...
g,ℏ,ℏ⋆ρ,0,3 (ρ ∈ c×r(Fp)) is isomorphic to a (possibly empty)
disjoint union of finite copies of Spec(k). By Proposition 3.9.1, it does not
depend on the choice of ℏ ∈ k× whether the condition (Etale)g,ℏ is satisfied
or not. As we will prove later (cf. Theorem 8.8.2 and Corollary 8.8.4), the
condition (Etale)g,ℏ is automatically satisfied (under the condition (Char)
†
p).
Proposition 7.5.2.
Let ℏ ∈ k× and assume the condition (Etale)g,ℏ for our (g, ℏ). Then, for any
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pair of nonnegative integers (g, r) satisfying that 2g−2+r > 0 and ρ ∈ c×r(Fp)
(where ρ := ∅ if r = 0), OpZzz...g,ℏ,ℏ⋆ρ,g,r is (finite, by virtue of Theorem 3.12.3, and)
e´tale over the points of Mg,r classifying totally degenerate curves.
In particular, Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r is generically e´tale over Mg,r (i.e., any irreducible
component that dominates Mg,r admits a dense open subscheme which is e´tale
over Mg,r).
Proof. Let D = (Γ, {(gj, rj)}nj=1, {λj}nj=1) be a clutching data corresponding,
via the bijective correspondence mentioned above, to a totally degenerate curve
X/k (hence (gj, rj) = (0, 3) for all j). We shall apply Theorem 7.4.1 to this
clutching data D and the Fp-rational point ρ ∈ c×r(Fp) given in the statement
of Proposition 7.5.2. Then, by the assumed condition (Etale)g,ℏ, one verifies
that the left-hand vertical arrow in the diagram (738) is unramified. This
implies that the projection Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r → Mg,r (i.e., the right-hand vertical
arrow in (738)) is unramified over the point of Mg,r classifying X/k. But, it
follows from Corollary 6.12.2 that Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r → Mg,r is also e´tale over this
point, which completes the former assertion.
The latter assertion, i.e., the generic e´taleness of Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r, follows
from the former assertion. Indeed, since Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r is finite and Mg,r is
irreducible, any irreducible component N of OpZzz...g,ℏ,ℏ⋆ρ,g,r that dominates Mg,r
surjects ontoMg,r. In particular, the fiber of the projection N →Mg,r over the
point classifying a totally degenerate curve is nonempty. Thus, by the former
assertion and the open nature of flatness, the e´tale locus in the component N
(relative to Mg,r) forms a nonempty (hence, dense) open subscheme. 
We shall write
(742) deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r) (≥ 0)
for the generic degree of Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r over Mg,r, i.e., the degree of the fiber of
the morphism Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r → Mg,r over the generic point of Mg,r. By Propo-
sition 3.9.1, the value deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r) does not depend on the choice of
ℏ ∈ k×. Also, this value does not depend on the ordering of ℏ ⋆ ρ1, · · · , ℏ ⋆ ρr.
Here, if λ := (λi)
r
i=1 is an element of c
×r(Fp), then we shall write λ for the
multiset [λ1, · · · , λr] (with cardinality r) over the set c(Fp). (For the defini-
tion and basic properties concerning a multiset, we refer to [SIYS].) By the
above observations, it makes sense to abbreviate deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r) (for an
arbitrary ℏ ∈ k×) to
(743) N
Zzz...
p,g,ρ,g,r.
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Also, if g > 1, then let us write N
Zzz...
p,g,0,g,0 := deg(Op
Zzz...
g,ℏ,g,0/Mg,0). The generic
e´taleness (proved in Proposition 7.5.2) of Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r over Mg,r implies the
following fact;
if X/k is a sufficiently general pointed stable curve of type (g, r)
over an algebraically closed field k of characteristic p, then the
number of dormant (g, ℏ)-opers on X/k is exactly N
Zzz...
p,g,ρ,g,r.
One of our main interests in the present paper is, as we explained in Introduc-
tion, the explicit computation of the value N
Zzz...
p,g,ρ,g,r, in particular, of the case
where g = sln and r = 0.
7.6. Pseudo-fusion rules.
In §§ 7.6-7.9, we shall develop a general theory of pseudo-fusion rules. The
notion of a pseudo-fusion rule may be thought of as a somewhat weaker variant
of the notion of a fusion rule. First, we shall recall from [Bea], § 5 (or [Fu]) the
definition of a fusion rule as follows.
Let I be a nonempty finite set equipped with an involution λ 7→ λ∗ (λ ∈ I),
i.e., (−)∗∗ = idI . We shall denote by NI the free commutative monoid with
basis I, i.e., the set of sums
∑
α∈I nαα with nα ∈ N; we shall alway identify
I with a subset of NI in the natural fashion. The involution of I extends
by linearity to an involution x 7→ x∗ of NI . Recall that a fusion rule on I
(cf. [Bea], § 5, Definition) is, by definition, a map of sets N : NI → Z satisfying
the following three conditions:
(i) N(0) = 1, and N(α) > 0 for some α ∈ I;
(ii) N(x∗) = N(x) for any x ∈ NI ;
(iii) N(x+ y) =
∑
λ∈I N(x+ λ) ·N(y + λ∗) for any x, y ∈ NI .
Now, we shall consider a certain map, which will be called a pseudo-fusion
rule (cf. Definition 7.6.1 below), satisfying conditions somewhat weaker than
the conditions (i)-(iii) described just above.
Consider the augmentation map
augI : N
I → N(744) ∑
α∈I
nαα 7→
∑
α∈I
nα,
which is a monoid homomorphism. (In particular, we have aug−1I (1) = I.) For
each integer l, we shall write
NI≥l := {x ∈ NI | augI(x) ≥ l}(745)
(hence NI≥l = N
I if l ≤ 0). NI≥l may be naturally identified with the set of
multisets with cardinality ≥ l over I.
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Definition 7.6.1.
A pseudo-fusion rule on I is a map N : NI≥3 → Z satisfying the following
two conditions:
(ii)’ N(x∗) = N(x) for any x ∈ NI≥3;
(iii)’ N(x+ y) =
∑
λ∈I N(x+ λ) ·N(y + λ∗) for any x, y ∈ NI≥2 .
Until the end of § 7.9, we fix a pseudo-fusion rule N on I. By means of this
map, one may define a multiplication law ·′ : ZI ×ZI → ZI on the free abelian
group ZI with basis I by putting
(746) α ·′ β :=
∑
λ∈I
N(α + β + λ∗)λ
for any α, β ∈ I and extending by bilinearity. This multiplication law is
commutative, and associative since
(α ·′ β) ·′ γ =
∑
λ∈I
N(α + β + γ + λ∗)λ = α ·′ (β ·′ γ)(747)
(by the condition (iii)’) for any α, β, γ ∈ I. Moreover, by induction on l ≥ 2,
one obtains the equality
(748) α1 ·′ α2 ·′ · · · ·′ αl =
∑
λ∈I
N((
l∑
i=1
αi) + λ
∗)λ
for any α1, · · · , αl ∈ I.
Denote by F′N the ring Z
I endowed with the multiplication “ ·′ ” defined by
(746). Note that F′N is both commutative and associative, but not necessarily
unital. Denote by
(749) FN
the unitisation of F′N . Namely, FN is the unital ring defined as follows:
• the underlying abelian group is the direct sum Zε⊕ ZI (each of whose
element we denote by aε+ x for some a ∈ Z and x ∈ ZI) of ZI and the
free abelian group Zε generated by the symbol ǫ;
• the multiplication law · : FN × FN → FN on FN is defined by
(750) (aε+ x) · (bε+ y) := abε+ ay + bx+ x ·′ y
for any a, b ∈ Z and x, y ∈ ZI .
Thus, FN is, by construction, a commutative, associative, and moreover, unital
ring with identity ε. The involution of NI extends, by assigning ε identically,
to an involution z 7→ z∗ of FN that is compatible with the multiplication of
FN . Moreover, for any field K over Q, we shall regard the K-algebra FN ⊗ZK
as being equipped with an involution induced naturally by the involution of
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FN . F
′
N may be considered as the ideal defined to be the kernel of the ring
homomorphism
augFN : FN → Z(751)
aε+ x 7→ a.
Definition 7.6.2.
We shall refer to the ring FN as the fusion ring associated with the pseudo-
fusion rule N .
Remark 7.6.3.
Note that each fusion rule on I (cf. the discussion at the beginning of § 7.6)
determines canonically a pseudo-fusion rule on I. More precisely, if N˘ is a
fusion rule on I, then the restriction N˘≥3 of N˘ to NI≥3 (⊆ NI) is evidently a
pseudo-fusion rule on I.
Let FN˘≥3 be the fusion ring (in the sense of Definition 7.10.2) associated with
the pseudo-fusion rule N˘≥3. Also, denote by F
†
N˘
the fusion ring (in the sense
of [Bea],§ 5, Definition) associated with the fusion rule N˘ . The underlying
abelian group of F†
N˘
may be identified with that of F′
N˘≥3
(⊆ FN˘≥3). According
to the discussion in [Bea], § 5, the ring F†
N˘
is commutative, associative, and
moreover, unital; we shall denote its identity element by ε†. If we consider the
map
FN˘≥3
∼→ Z× F†
N˘
(752)
aε+ b 7→ (a, aε† + b),
then it turns out to define an isomorphism of rings. Consequently, the fusion
ring FN˘≥3 is isomorphic to the direct product of the fusion ring F
†
N˘
and the ring
of integers Z.
7.7. Ring structure of the fusion ring.
Write
√
(0) for the nilradical of FN and
(753) FNred
for the reduced ring associated with FN (i.e., FNred := FN/
√
(0)). FNred is
verified to be torsion-free, and hence, considered naturally as a subring of
FNred ⊗Z Q. The ring homomorphism augFN (cf. (751)) factors through the
natural surjection FN ։ FNred; we shall write
(754) augFNred : FNred → Z
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for the resulting homomorphism.
Remark 7.7.1.
We shall write
(755) Ker(N) (⊆ I)
for the set of elements α in I such that N(α + x) = 0 for all x ∈ NI≥2; we
shall refer to Ker(N) as the kernel of N . The subset Ker(N) (as well as its
complement I \Ker(K)) of I is closed under the involution (−)∗.
Now, let I ′ be a subset of I that is closed under (−)∗ (by which we consider
I ′ as being equipped with an involution) and satisfying that I \ Ker(N) ⊆ I ′.
Then, the restriction N ′ of N to NI
′
(⊆ NI) forms a pseudo-fusion rule on I ′,
and hence, gives rise to the fusion ring FN ′ associated with it. Since N may
be simply obtained as the extension of N ′ by zero to NI , we see that FN is a
retract of FN ′ . That is to say, the composite π ◦ ι : FN ′ → FN ′ of the inclusion
ι : FN ′ →֒ FN and the projection π : FN →֒ FN ′ obtained in natural manners
coincides with the identity morphism of FN ′. Moreover, we obtain, by passing
to the morphism ι (or π), an isomorphism
(756) FN ′red
∼→ FNred
of rings.
Moreover, let us write CasN (resp., CasN ′) (cf. (802)) for the element of FNred
(resp., FN ′red) defined as the image of
∑
λ∈I λ·λ∗ ∈ FN (resp.,
∑
λ∈I′ λ·λ∗ ∈ FN ′)
via the surjection FN ։ FNred (resp., FN ′ ։ FN ′red). Then, one verifies that
(since λ ·λ∗ = 0 for any λ ∈ I \I ′) the isomorphism (756) sends CasN ′ to CasN .
Consequently, in order to perform any computation that we will need in the
ring FN (e.g., Proposition 7.8.2 (ii)), we are alway free to replace I by such a
subset I ′.
Let K be a field over Q, V a finite-dimensional K-vector space, and h a
K-linear endomorphism of V . Then, we shall write
(757) TrK(h|H) (∈ K)
for the trace of h. If, moreover, V admits a structure of K-algebra and x is an
element of V , then the multiplication by x defines a K-linear endomorphism
of the underlying K-vector space V , which we denote by
(758) mult(x) (∈ EndK(V )) .
By the equality (748), the following proposition holds.
Proposition 7.7.2.
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(i) For any α ∈ I, the following equalities hold:
(759) TrQ(mult(α)|FN ⊗ZQ) = TrQ(mult(α∗)|FN ⊗ZQ) =
∑
λ∈I
N(α+ λ+ λ∗).
(ii) For any α, β ∈ I, the following equality holds:
TrQ(mult(α · β∗)|FN ⊗Z Q) =
∑
λ1,λ2∈I
N(α + λ1 + λ2) ·N(β + λ1 + λ2).(760)
(iii) For any positive integer l and any α1, · · · , αl ∈ I, the following equality
holds:
(761) TrQ(mult(
l∏
j=1
αj)|FN ⊗Z Q) =
∑
λ∈I
N((
l∑
j=1
αj) + λ+ λ
∗).
The following lemma will be used in the proof of Proposition 7.7.4 and
Proposition 7.7.5.
Lemma 7.7.3.
Let x be an element of FN ⊗Z R, where R denotes the field of real numbers.
(i) The following inequality holds:
(762) TrR(mult(x · x∗)|FN ⊗Z R) ≥ 0.
(ii) Suppose that the equality
(763) TrR(mult(x · x∗)|FN ⊗Z R) = 0
holds. Then, the following inclusion relation holds:
(764) F′N ⊗Z R ⊆ Ann(x),
where Ann(x) denotes the annihilator of x in FN ⊗Z R.
Proof. First, we consider assertion (i). Let us write x = uε+
∑J
j=1 uiαi, where
J is a nonnegative integer and u, uj ∈ R (for j = 1, · · · , J). Then, we have a
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sequence of equalities
TrR(mult(x · x∗)|FN ⊗Z R)(765)
= u2 · TrR(idFN⊗ZR|FN ⊗Z R) + u ·
J∑
j=1
uj · TrR(mult(αj)|FN ⊗Z R)
+ u ·
J∑
j=1
uj · TrR(mult(α∗j )|FN ⊗Z R)
+
J∑
j,j′=1
uj · uj′ · TrR(mult(αj · α∗j′)|FN ⊗Z R)
= u2 ·
∑
λ∈I
1 + 2 · u ·
∑
λ∈I
J∑
j=1
uj ·N(αj + λ+ λ∗)
+
∑
λ1,λ2∈I
J∑
j,j′=1
uj · uj′ ·N(αj + λ1 + λ2) ·N(αj′ + λ1 + λ2)
=
∑
λ∈I
(u+
J∑
j=1
uj ·N(αj + λ+ λ∗))2
+
∑
λ1,λ2∈I,λ1 6=λ∗2
(
J∑
j=1
uj ·N(αj + λ1 + λ2))2
(≥ 0) ,
where the second equality follows from Proposition 7.7.2 (i) and (ii). This
completes the proof of assertion (i).
Next, we consider assertion (ii). The assumption (763) and the sequence of
equalities (765) obtained above imply that
(766) u+
J∑
j=1
uj ·N(αj + λ+ λ∗) = 0
for any λ ∈ I and
(767)
J∑
j=1
N(αj + λ1 + λ2) = 0
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for any λ1, λ2 ∈ I satisfying that λ1 6= λ∗2. Hence, for any α ∈ I, we have
x · α = uα+
J∑
j=1
ujαj · α(768)
= uα+
J∑
j=1
uj ·
∑
λ∈I
N(αj + α + λ
∗)λ
= (u+
J∑
j=1
uj ·N(αj + α + α∗))α +
∑
λ∈I,λ6=α
J∑
j=1
N(αj + α + λ
∗)λ
= 0,
where the last equality follows from both (766) and (767). Since the R-vector
space F′N ⊗Z R is generated by the set I, this implies that x annihilates any
element of F′N ⊗Z R. This completes the proof of assertion (ii). 
Proposition 7.7.4.
Let y be an element of F′N ⊗Z R.
(i) The following inclusion relation holds:
(769)
√
(0)⊗Z R ⊆ Ann(y)
(cf. Lemma 7.7.3 for the definition of Ann(−)).
In particular, y ∈√(0)⊗Z R (⊆ F′N ⊗Z R) if and only if y2 = 0.
(ii) If y denotes the image of y via the surjection FN ⊗Z R → FNred ⊗Z R,
then
(770) TrR(mult(y)|FN ⊗Z R) = TrR(mult(y)|FNred ⊗Z R).
Proof. Let us take an element x of
√
(0)⊗ZR. The endomorphism mult(x ·x∗)
of FN ⊗Z R is nilpotent. This implies that TrR(mult(x · x∗)|FN ⊗Z R) = 0,
and hence, by Lemma 7.7.3 (ii), that y · x = 0. This completes the proof of
assertion (i).
Assertion (ii) follows from the former assertion and the equality
(771)
TrR(mult(y)|FN ⊗Z R) = TrR(mult(y)|FNred ⊗Z R) + TrR(mult(y)|
√
(0)⊗Z R)
arising from the short exact sequence
(772) 0→
√
(0)⊗Z R→ FN ⊗Z R→ FNred ⊗Z R→ 0
of R-vector spaces. 
The nilradical
√
(0) of FN is stable under the involution (−)∗. Hence, one
may equip the ring FNred (as well as the K-algebra FNred⊗ZK for any field K
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over Q) with a unique involution in such a way that the surjection FN ։ FNred
is compatible with the respective involutions.
Since FNred ⊗Z Q is a reduced finite-dimensional Q-algebra, it admits a de-
composition
(773) ξQ : FNred ⊗Z Q ∼→
J∏
j=0
Kj
into the direct product of a finite number of finite extensionsKj (j = 0, 1, · · · , J ,
where J is a positive integer) of Q. One may take ξQ in such a way thatK0 = Q
and the square diagram
(774)
FNred ⊗Z Q ξQ−−−→
∏J
j=0Kj
augFNred⊗idQ
y y
Q
idQ−−−→ K0
is commutative, where the right-hand vertical arrow denotes the projection to
the first factor. Each factor of the right-hand side of (773) corresponds, in
the natural manner, to an indecomposable idempotent of FNred ⊗Z Q. Hence,
the construction of such a decomposition is canonical in the following sense:
(the isomorphism classes of) the collection of fields K0, · · · , KJ is uniquely de-
termined up to ordering, and (after fixing the ordering in K0, · · · , KJ) ξQ is
uniquely determined up to composition with a product
∏J
j=1 δj of automor-
phisms δj : Kj
∼→ Kj (j = 1, · · · , J). Moreover, the following proposition
holds.
Proposition 7.7.5.
Let K0, · · · , KJ and ξQ be as in (773). Then:
(i) Each Kj (j = 1, · · · , J) satisfies exactly one of the two conditions (a),
(b) described as follows:
(a) Kj is a totally real extension of Q;
(b) Kj is a totally imaginably extension of Q, which is a quadratic
extension of a totally real extension K ′j of Q.
(ii) For each j ∈ {1, · · · , J}, we shall consider an involution ηj of Kj de-
fined as follows:
• if Kj satisfies the condition (a), then ηj := idKj ;
• if Kj satisfies the condition (b), then ηj is defined to be the non-
trivial automorphism over the quadratic extension K ′j.
Moreover, we shall equip
∏J
j=1Kj with the involution given by the prod-
uct
∏J
j=1 ηj of the involutions ηj. Then, the isomorphism ξQ is compat-
ible with the respective involutions.
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Proof. We shall consider simultaneously both assertions (i) and (ii). For each
j = 1, · · · , J , let us fix a decomposition
(775) Kj ⊗Q R ∼→
Jj∏
l=1
L(j,l),
of the R-algebra Kj ⊗Q R, where L(j,l) = R or C (for any l ∈ {1, · · · , Jj}).
Here, we shall write
(776) J := {(j, l) |1 ≤ j ≤ J and 1 ≤ l ≤ Jj}
for simplicity. The isomorphism ξQ and the decompositions (775) for all j give
an isomorphism
(777) ξR : FNred ⊗Z R ∼→
∏
a∈J
La
of R-algebras.
Now, let us consider the involution θ of
∏
a∈J La corresponding to the in-
volution of FNred ⊗Z R (cf. the discussion following Proposition 7.7.4) via the
isomorphism ξR. There exists a collection of data
(778) Θ, {θa | a ∈ J },
where
• Θ denotes an involution of the set J ;
• θa (for each a ∈ J ) denotes an isomorphism La ∼→ LΘ(a) of fields which
makes the square diagram
(779)
La −−−→ (
⊕
a∈J La
∼→) ∏a∈J La
θa
y yθ
LΘ(a) −−−→ (
⊕
a∈J La
∼→) ∏a∈J La
commute, where the upper and horizontal arrows denote the inclusions
into the a-th and Θ(a)-th factors respectively.
(Indeed, each factor La (a ∈ J ) corresponds, in a natural manner, to an
indecomposable idempotent in
∏
a∈J La, and such an idempotent is mapped
by the involution θ to an indecomposable idempotent, which corresponds to a
factor La′ ; the resulting assignment a 7→ a′ defines an involution of J , which
we denote by Θ.) In particular, θΘ(a) · θa = idLa.
We shall prove the claim that Θ equals the identity map of J . Suppose that
there exists an element a0 ∈ J satisfying that a0 6= Θ(a0). Let us identify
La0 × LΘ(a0) as an R-subvector space of
∏
a∈J La via the inclusion
(780) La0 × LΘ(a0) →֒
(⊕
a∈J
La
∼→
) ∏
a∈J
La
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into the (a0, Θ(a0))-th factor. Then, the involution θ of
∏
a∈L La induces, by
restricting, an involution of La0 × LΘ(a0); it is given by assigning (y, z) 7→
(θΘ(a0)(z), θa0(y)). Now, let us consider the composite
(781) La0 × LΘ(a0)
(780)→֒
∏
a∈J
La
ξ−1
R→ FNred ⊗Z R
augFNred⊗idR
։ R
(cf. (754) for the definition of augFNred). The third arrow augFNred ⊗ idR is, by
construction, invariant under composition with the involution of FNred ⊗Z R,
so this composite (781) is invariant under composition with the involution of
La0 × LΘ(a0) obtained above. Moreover, this composite is compatible with the
respective multiplications of the domain and codomain. By these observa-
tions, the composite (781) turns out to be the zero map. Equivalently, (since
(F′N/
√
(0)) ⊗Z R coincides with the kernel of augFNred ⊗ idR) we have the in-
clusion relation
(782) La0 × LΘ(a0) ⊆ ξR((F′N/
√
(0))⊗Z R).
It thus follows from Lemma 7.7.3 (i) and Proposition 7.7.4 (ii) that for each
element x ∈ La0 × LΘ(a0),
TrR(mult(x · θ(x))|La0 × LΘ(a0))(783)
= TrR(mult(x · θ(x))|
∏
a∈J
La)
= TrR(mult(ξ
−1
R (x) · ξ−1R (θ(x)))|FNred ⊗Z R)
= TrR(mult(w · w∗)|FN ⊗Z R)
≥ 0,
where w denotes an element of FN ⊗Z R that is mapped to ξ−1R (x) by the
surjection FN ⊗Z R ։ FNred ⊗Z R. On the other hand, any element in La0 ×
LΘ(a0) of the form x · θ(x) (for some x ∈ La0 × LΘ(a0)) lies in the image of the
injection
κ : La0 →֒ La0 × LΘ(a0)(784)
z 7→ (z, θa0(z)),
and the map La0 → R given by assigning
(785) z 7→ TrR(mult(κ(z))|La0 × LΘ(a0))
is, in fact, an R-linear injection. In particular, there exists an element x′ of
La0 × LΘ(a0) satisfying that
(786) TrR(mult(x
′ · θ(x′))|La0 × LΘ(a0)) < 0.
Thus we obtain (from (783) and (786)) a contradiction, and hence, completes
the proof of the claim.
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Therefore, the involution of
∏J
j=1Kj induced, via the isomorphism ξQ (cf.
(773)), by the involution of FN ⊗ZQ may be described as the product
∏J
j=1 ηj,
where each ηj is an involution of Kj . In order to complete the proof of Proposi-
tion 7.7.5, it suffices to prove that each field Kj satisfies exactly one of the two
conditions (a), (b) and the involution ηj coincides with the involution defined
in assertion (ii).
Let us fix j0 ∈ {1, · · · , J}, and then, write r1 (resp., r2) for the cardinality
of the subset
J=R := {(j0, l) ∈ J | L(j0,l) = R}(787) (
resp., J=C := {(j0, l) ∈ J | L(j0,l) = C}
)
of J . In particular, J = J=R ⊔ J=C and Kj0 ⊗Q R ∼→ R×r1 × C×r2.
Here, we shall determine the involution θa : La
∼→ LΘ(a) (= La) of each La in
two cases (i.e., the cases “a ∈ J=R” and “a ∈ J=C”). On the one hand, (since
θa is an R-algebra automorphism) it is verified that
if a ∈ J=R, then the involution θa of La (= R) coincides with(788)
the identity morphism.
On the other hand, we shall prove that
if a ∈ J=C, then the involution θa of La (= C) coincides with(789)
the complex conjugation.
Indeed, the R-linear composite
(790) La →֒
∏
a∈J
La
ξ−1
R→ FNred ⊗Z R
augFNred⊗idR→ R
is compatible with the respective multiplications on La and R. Hence, this
composite must be the zero map (since [La : R] > 1). This implies the inclusion
relation
(791) La ⊆ ξR((F′N/
√
(0))⊗Z R)
(
= the kernel of ξ−1R ◦ (augFNred ⊗ idR)
)
.
By considering the sequence of equalities similar to (783), we obtain the in-
equality
TrR(mult(x · θa(x))|La) ≥ 0(792)
for any x ∈ La. One verifies from this inequality that the involution θa :
C
∼→ C cannot be the identity morphism, which is nothing but the complex
conjugation.
Now, let us suppose that r2 = 0. Then, Kj0 ⊗Q R is isomorphic to the
direct product of finite copies of R, and the involution (which corresponds
to
∏Jj0
l=1 θ(j0,l) via the decomposition (775)) is trivial (by (788)). Hence, Kj0
satisfies the condition (a) and ηj0 = idKj0 .
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On the other hand, suppose that r2 > 0. If K
ηj0
j0
denotes the fixed field of
Kj0 by ηj0 , then K
ηj0
j0
⊗QR is isomorphic to R×(r1+r2) (by (789)). In particular,
the field K
ηj0
j0
is totally real and strictly smaller than Kj0 (i.e, [Kj0 : K
ηj0
j0
] ≥ 2),
and we have
(793) r1 + 2 · r2 = dimR(Kj0 ⊗Q R) = [Kj0 : Q] ≥ 2 · [Kηj0j0 : Q] = 2 · (r1 + r2).
This implies that r1 = 0, and hence, Kj0 satisfies the condition (b) and the
involution ηj0 is the nontrivial automorphism over K
ηj0
j0
. This completes the
proof of Proposition 7.7.5. 
Corollary 7.7.6.
Let K0, · · · , KJ and ξQ be as in (773). Then:
(i) There exists an isomorphism
(794) ξ˜Q : FN ⊗Z Q ∼→ K˜0 ×
J∏
j=1
Kj
of Q-algebras which makes the square diagram
(795)
FN ⊗Z Q ξ˜Q−−−→ K˜0 ×
∏J
j=1Kjy y
FNred ⊗Z Q ξQ−−−→
∏J
j=0K0
commute, where K˜0 denotes a local Q-algebra whose associated reduced
ring is isomorphic to K0 = Q, and the both sides of vertical arrows
denote the natural surjections.
In particular, we have an isomorphism
(796) K˜0
∼→ Q⊕ (
√
(0)⊗Z Q)
of Q-vector spaces.
(ii) Let η1, · · · , ηJ be as in Proposition 7.7.5. Then, there exists a unique
involution η˜0 of K˜0 such that if we equip K˜0 ×
∏J
j=1Kj with the invo-
lution η˜0×
∏J
j=1 ηj, then the isomorphism ξ˜Q is compatible with the the
involution of FN ⊗Z Q and the involution η˜0 ×
∏J
j=1 ηj.
Proof. First, we shall consider assertion (i). Since FN⊗ZQ is a finite-dimensional
Q-algebra, there exists an isomorphism
(797) ξ˜Q : FN ⊗Z Q ∼→
J∏
j=0
K˜j
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of Q-algebras which makes the square diagram
(798)
FN ⊗Z Q ξ˜Q−−−→
∏J
j=0 K˜jy y
FNred ⊗Z Q ξQ−−−→
∏J
j=0K0
commute, where K˜j (for each j ∈ {0, · · · , J}) denotes a local Q-algebra whose
associated reduced ring is isomorphic to Kj, and the both sides of vertical
arrows denote the natural surjections. What we have to prove is that for any
j ≥ 1, K˜j is isomorphic to Kj .
Suppose that we are given an element xj in the kernel of the surjection
K˜j ։ Kj. If ιj : K˜j →֒
∏J
j=0 K˜j denotes the inclusion to the j-th factor, then
ξ˜−1Q (ιj(xj)) ∈
√
(0)⊗ZQ and ξ˜−1Q (ιj(1)) ∈ F′N⊗ZQ. It follows from Proposition
7.7.4 that
(799) ξ˜−1Q (ιj(xj)) = ξ˜
−1
Q (ιj(xj)) · ξ˜−1Q (ιj(1)) = 0,
and hence, xj = 0. Thus, the surjection K˜j ։ Kj is also injective, i.e., an
isomorphism. This completes the proof of assertion (i).
Assertion (ii) follows immediately from assertion (i). Indeed,
√
(0) ⊗Z Q
is closed under the involution of FN ⊗Z Q, and the resulting involution of√
(0) ⊗Z Q induces, via the isomorphism (796), an involution of K˜0, which
satisfies the required condition. 
7.8. Factorization property of fusion rules.
Write
(800) SN (:= Hom(FN ,C))
for the set of ring homomorphisms FN → C (i.e., SN is the underlying set of
Spec(FN)(C)). One may think of SN as the set of C-algebra homomorphisms
FNred ⊗Z C→ C. By Proposition 7.7.5, the following assertion holds.
Corollary 7.8.1.
Consider the product CSN of copies (indexed by the set SN) of C, that admits,
in the natural fashion, a structure of C-algebra equipped with an involution
(arising from the complex conjugation (−) of each factor C in CSN ). Then the
map
(801) FNred ⊗Z C→ CSN
given by assigning x 7→ (χ(x))χ∈SN (for any x ∈ FNred ⊗Z C) is an isomor-
phism of C-algebras that is compatible with the respective involutions (i.e.,
(χ(x∗))χ∈SN = (χ(x))χ∈SN ).
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Moreover, let us write
(802) CasN :=
∑
λ∈I
λ · λ∗ (∈ FN) .
An explicit knowledge of the ring homomorphisms FN → C (i.e., of the iso-
morphism FN ⊗Z C ∼→ CSN asserted in Corollary 7.8.1) and the element CasN
of FN will allow us to perform some computation that we need in the ring FN
as follows.
Proposition 7.8.2.
Suppose that we are given a collection of map of sets
(803) Ng : N
I
≥3−2g → Z
(g = 0, 1, 2, · · · ) such that N0 = N and
(804) Ng(x) =
∑
λ∈I
Ng−1(x+ λ+ λ∗)
for any g > 0 and x ∈ NI≥3−2g. Then:
(i) For any nonnegative integers g1, g2 and any elements x ∈ NI≥3−2g1,
y ∈ NI≥3−2g2, the following equality holds:
(805) Ng1+g2(x+ y) =
∑
λ∈I
Ng1(x+ λ) ·Ng2(y + λ∗).
(ii) For any pair of nonnegative integers (g, r) satisfying that 2g−2+ r > 0
and any ρ1, · · · , ρr ∈ I, the following equality holds:
(806) Ng(
r∑
i=1
ρi) =
∑
χ∈SN
χ(CasN )g−1 ·
r∏
i=1
χ(ρi).
Here, if, moreover, r = 0 (hence g > 1), then this equality means that
(807) Ng(0) =
∑
χ∈SN
χ(CasN)g−1.
Proof. We shall consider assertion (i). By induction on g, one may verify from
the condition (804) that for any g ≥ 1 and z ∈ NI3−2g, the equality
(808) Ng(z) =
∑
λ1,··· ,λg∈I
N(z +
g∑
i=1
(λi + λ
∗
i ))
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holds. Thus, the following sequence of equalities holds:∑
λ∈I
Ng1(x+ λ) ·Ng2(y + λ∗)(809)
=
∑
λ∈I
(
∑
λ1,··· ,λg1∈I
N(x+ λ+
g1∑
i=1
(λi + λ
∗
i )))
· (
∑
λ1,··· ,λg2∈I
N(y + λ∗ +
g2∑
i=1
(λi + λ
∗
i )))
=
∑
λ1,··· ,λg1+g2
∑
λ∈I
N(x+ λ+
g1∑
i=1
(λi + λ
∗
i )) ·N(y + λ∗ +
g1+g2∑
i=g1+1
(λi + λ
∗
i ))
=
∑
λ1,··· ,λg1+g2
N(x+ y +
g1+g2∑
i=1
(λi + λ
∗
i ))
= Ng1+g2(x+ y).
This completes the proof of assertion (i).
Next, we consider assertion (ii). Let x be an element of F′N (⊆ FN ⊗Z C),
and denote by x the image of x via the surjection FN ։ FNred. By Corollary
7.8.1, x corresponds, via the isomorphism (801), to (χ(x))χ∈SN ∈ CSN . The
matrix corresponding to the endomorphism mult(x) of FNred⊗ZC with respect
to the standard basis of CSN coincides with the diagonal matrix with entries
(χ(x))χ∈SN . Hence, it follows from Proposition 7.7.4 (ii) that
TrQ(mult(x)|FN ⊗Z Q) = TrC(mult(x)|FNred ⊗Z C)(810)
= TrC(mult((χ(x))χ∈SN )|CSN )
=
∑
χ∈SN
χ(x).
On the other hand, observe the sequence of equalities
Ng(
r∑
i=1
ρi) =
∑
λ1,··· ,λg∈I
N((
r∑
i=1
ρi) +
g∑
i=1
(λi + λ
∗
i ))(811)
=
∑
λ1,··· ,λg∈I
TrQ(mult((
r∏
i=1
ρi) ·
g∏
i=1
λi · λ∗i )|FN ⊗Z Q)
= TrQ(mult(
∑
λ1,··· ,λg∈I
(
r∏
i=1
ρi) ·
g∏
i=1
λi · λ∗i )|FN ⊗Z Q)
= TrQ(mult(Casg−1N ·
r∏
i=1
ρi)|FN ⊗Z Q),
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where the first arrow follows from (808) and the second equality follows from
Proposition 7.7.2 (iii). Thus, by combining (810) (for the case where x is taken
to be the element Casg−1N ·
∏r
i=1 ρi) and (811), we obtain a sequence of equalities
Ng(
r∑
i=1
ρi) = TrQ(mult(Casg−1N ·
r∏
i=1
ρi)|FN ⊗Z Q)(812)
=
∑
χ∈SN
χ(Casg−1N ·
r∏
i=1
ρi)
=
∑
χ∈SN
χ(CasN )g−1 ·
r∏
i=1
χ(ρi).
This completes the proof of assertion (ii). 
7.9. Diagonalization of fusion rules.
In this subsection, we shall observe a relation among the structure constants
(813) Nβα,γ := N(α + β
∗ + γ)
(where α, β, γ ∈ I) of the fusion ring FN .
Fix an element α of I, and consider the restriction mult(α)|F′N⊗ZC to F′N⊗ZC
of the C-linear endomorphism mult(α) of FN⊗ZC. The matrix Nα correspond-
ing to this endomorphism with respect to the basis I is given by
(814) Nα = (N
β
α,γ)(β,γ)∈I×I .
In the following, let us consider the matrix representation of mult(α)|F′N⊗ZC
with respect to another basis. We shall write
(815) SǫN
(
:= Hom(FN ,C[ǫ]/(ǫ
2))
)
for the set of ring homomorphisms FN → C[ǫ]/(ǫ2) (i.e., SǫN is the underlying
set of Spec(FN)(C[ǫ]/(ǫ2))). The universal property of the surjection FN⊗ZC։
FNred ⊗Z C gives rise to a surjection
(816) πN : S
ǫ
N ։ SN .
Write
(817) χ0 : FN → C
for the composite homomorphism FN
augFN→ Z →֒ C (cf. (751) for the definition
of augFN ), and
(818) S+N := SN \ {χ0}.
By Corollary 7.7.6, the restriction πN |π−1N (S+N ) of πN to π
−1
N (S
+
N) is bijective.
Also, since (
√
(0) ⊗Z C)2 = 0 by virtue of Proposition 7.7.4 (i), the inverse
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image π−1N (χ0) of χ0 admits a structure of C-vector space, which is canonically
isomorphic to (
√
(0)⊗Z C)∨. Namely,
(819) TaugFN⊗idCSpec(FN ⊗Z C)
(
= π−1N (χ0)
) ∼→ (√(0)⊗Z C)∨
(cf. § 1.2 for the notation T(−)(−)).
Now, let us fix a basis
(820) sN
(⊆ π−1N (χ0))
for the C-vector space π−1N (χ0) (= (
√
(0)⊗Z C)∨), and write
(821) S˜N := sN ⊔S+N .
The C-linear morphisms
(822)
√
(0)⊗Z C→ CsN , (F′N/
√
(0))⊗Z C→ CS+N
determined uniquely by assigning x⊗1 7→ (χ(x))χ∈sN and x⊗1 7→ (χ(x))χ∈S+N
(for any x ∈ F′N) respectively are isomorphisms.
Observe that since FN ⊗Z C is a finite-dimensional algebra over the field C,
there exists a canonical split injection FNred ⊗Z C →֒ FN ⊗Z C, equivalently, a
canonical surjection FN ⊗Z C։
√
(0)⊗Z C, of the short exact sequence
(823) 0→
√
(0)⊗Z C→ FN ⊗Z C→ FNred ⊗Z C→ 0.
By composing with this split surjection, we shall regard each element of sN
(⊆ (√(0)⊗Z C)∨) as a C-linear morphism FN ⊗Z C→ C. Thus, we obtain, by
taking account of the two isomorphisms in (822), a C-linear isomorphism
(824) F′N ⊗Z C ∼→ CS˜N
determined uniquely by assigning x⊗ 1 7→ (χ(x))χ∈S˜N .
For each χ ∈ S˜N , the sum
(825) Casχ :=
∑
λ∈I
|χ(λ)|2
(hence Casχ = χ(CasN ) if χ ∈ S+N) is necessarily positive (since the set I
generates F′N ⊗Z C), and hence, we have a well-defined positive real number√Casχ. Let ΣsN be the base-change matrix of F′N ⊗Z C from the basis I to
the basis {√Casχ χ | χ ∈ S˜N} (via the isomorphism (824)), i.e.,
(826) ΣsN :=
( χ(λ)√Casχ
)
(χ,λ)∈S˜N×I
.
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Denote by Dα the diagonal matrix ∈ EndC(CS˜N ) whose entry indexed by
χ ∈ S˜N equals 0 if χ ∈ sN , and χ(α) if χ ∈ S+N , i.e.,
CsN CS
+
N
Dα :=

O O
χ(α) 0 0 · · · 0
0 χ′(α) 0 · · · 0
O 0 0 χ′′(α) · · · 0
...
...
...
. . .
...
0 0 0 · · · χ′′′(α)

CsN
CS
+
N
(827)
(where O’s denote zero matrices). The matrix corresponding to the endomor-
phism mult(α)|F′N⊗ZC with respect to the basis {
√Casχ χ | χ ∈ S˜N} (via the
isomorphism (824)) coincides with Dα. Thus, the following equality holds:
(828) Nα = Σ
−1
sN
·Dα ·ΣsN
(for any α ∈ I).
Proposition 7.9.1.
There exists a basis sN for the C-vector space (
√
(0)⊗Z C)∨ (i.e., the tangent
space TaugFN⊗idCSpec(FN ⊗Z C)) for which the matrix ΣsN is unitary. Conse-
quently, there exists a unitary matrix Σ (i.e., ΣsN for such a basis sN) which
diagonalizes simultaneously all matrices Nα ∈ EndQ(FN ⊗Z Q) (α ∈ I).
Proof. Let us fix a basis s′N for (
√
(0)⊗ZC)∨, for which we have isomorphisms
(829)
√
(0)⊗Z C ∼→ Cs′N , and F′N ⊗Z C ∼→ SS˜N
(cf. (822) and (824)).
Since Nα∗ = (Nα)
∗ (i.e., the conjugate transpose of Nα), the commutativity
of the ring FN implies that [Nα, (Nα)
∗] (= [Nα,Nα∗ ]) = 0 and [Nα,Nβ] = 0 (for
any α, β ∈ I). Namely, the matrices Nα (α ∈ I) are normal and commute with
each other. Hence, by a well-known fact in linear algebra (cf. [Ne], Theorem 2),
there exists a unitary matrix Σ0 which diagonalizes simultaneously all matrices
Nα (α ∈ I). By means of the second isomorphism in (829), we regard Σ0 as
a matrix with rows indexed by S˜N and columns indexed by I. Also, after
possibly permuting the order of basis, we may assume that
(830) Nα = Σ
−1
0 ·Dα ·Σ0
for all α ∈ I.
If we write Σ1 := Σs′N ·Σ−10 (= Σs′N · (Σ0)∗), then the equalities (828) and
(830) yield the equality Dα ·Σ1 = Σ1 ·Dα (for any α). This implies that Σ1 is
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the direct sum of a regular matrix R ∈ GL(Cs′N ) and a unitary diagonal matrix
D ∈ GL(CS+N ), i.e., of the form
Cs
′
N CS
+
N
Σ1 :=
 R O
O D
 C
s′N
CS
+
N
(831)
(where O’s denote zero matrices). In particular, the matrix
(832)
(
R−1 O
O E
)
·Σs′N
(
=
(
E O
O D
)
·Σ0
)
is unitary, where E denote the identity matrices. Let sN be the basis for
(
√
(0)⊗ZC)∨ obtained by transforming the basis s′N by means of the automor-
phism of
√
(0)⊗ZC corresponding (via the first isomorphism
√
(0)⊗ZC ∼→ Cs′N
in (829)) to the matrixR−1. Then, the matrixΣsN associated with sN coincides
with the unitary matrix (832), and hence, the basis sN satisfies the required
condition. This completes the proof of the assertion. 
7.10. Dormant operatic fusion rings.
Now, let us go back to our context of the study of the generic degree N
Zzz...
p,g,ρ,g,r
(cf. (743)). Recall that we have assumed the condition (Char)†p (cf. 7.3). Let
us take I = c(Fp), which contains a specific element [0]Fp (cf. § 2.9), together
with the involution λ 7→ λ⊻ (cf. § 5.8). Then, the following theorem holds.
Theorem 7.10.1.
Let us assume the condition (Etale)g,ℏ (cf. § 7.5). Then, the map of sets
N
Zzz...
p,g,0 : N
c(Fp)
≥3 → Z(833)
given by assigning ρ 7→ NZzz...p,g,ρ,0,r for any ρ ∈ Nc(Fp)≥3 is a pseudo-fusion rule on
c(Fp).
Proof. The assertion follows from Theorem 7.4.1 and Proposition 7.5.2. 
According to the discussion in § 7.6, one obtains (under the condition (Etale)g,ℏ)
the fusion ring
(834) F
Zzz...
p,g
(
:= F
N
Zzz...
p,g,0
)
associated with the pseudo-fusion rule N
Zzz...
p,g,0 .
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Definition 7.10.2.
We shall refer to the ring F
Zzz...
p,g as the dormant operatic (pseudo-)fusion
ring of g at level p.
Proposition 7.10.3.
The following assertions hold:
(835) [0]Fp ∈ Ker(N
Zzz...
p,g,0 ), Ker(N
Zzz...
p,g,0 ) 6⊆ c(Fp)
(cf. Remark 7.7.1 for the definition of Ker(−)). Moreover, the reduced ring
(836) (F
Zzz...
p,g )red
(
:= F
N
Zzz...
p,g,0 red
)
associated with F
Zzz...
p,g (= FNZzz...p,g,0
) satisfies that
(837) 1 < dimQ((F
Zzz...
p,g )red ⊗Z Q) ≤ prk(g).
Proof. By Theorem 3.12.3, an element ρ ∈ c×r(Fp) lies in ◦c×r(Fp) = (c(Fp) \
{[0]Fp})×r (cf. (245)) if OpZzz...g,1,ρ,0,r is nonempty. That is to say, the kernel
Ker(N
Zzz...
p,g,0 ) of N
Zzz...
p,g,0 contains the element [0]Fp. In particular, ([0]Fp)
2 = 0 in
F
Zzz...
g,p (hence, the Q-subvector space Q[0]Fp of F
Zzz...
p,g ⊗Z Q generated by [0]Fp is
contained in
√
(0)⊗Z Q), and we have
dimQ((F
Zzz...
p,g )red ⊗Z Q) ≤ dimQ(F
Zzz...
p,g ⊗Z Q)− dimQ(Q[0]Fp)(838)
= dimQ(Qε⊕ (F′NZzz...p,g,0 ⊗Z Q))− 1
= 1 + prk(g) − 1
= prk(g).
Next, the first inequality in (837) implies immediately that Ker(N
Zzz...
p,g,0 ) 6⊆
c(Fp). Hence, in order to completes the proof of Proposition 7.10.3, we shall
prove the inequality 1 < dimQ((F
Zzz...
p,g )red ⊗Z Q), equivalently,
√
(0) ⊗Z R 6⊆
F′
N
Zzz...
p,g,0
. Observe that
(839) α2 =
∑
λ∈c(Fp)
N
Zzz...
p,g,0 (2α + λ
⊻)λ
for any α ∈ I, and by Proposition 7.7.4 (i),
(840)
√
(0)⊗Z R = {y ∈ F′NZzz...p,g,0 ⊗Z R | y
2 = 0}.
Hence, it suffices to prove that there exist elements α, β ∈ I satisfying that
N
Zzz...
p,g,0 (2α + β) 6= 0. Recall the closed immersion OpZzz...sl2,ℏ,ρ,g,r → Op
Zzz...
g,ℏ,ιc◦ρ,g,r
asserted in Remark 3.12.4. By considering the case where (g, r) = (0, 3) and
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ρ = (α⊙, α⊙, β⊙) for arbitrary α⊙, β⊙ ∈ csl2(Fp), we obtain, from this closed
immersion, the inequality
(841) N
Zzz...
p,sl2,0
(2α⊙ + β⊙) ≤ NZzz...p,g,0 (2ιc ◦ α⊙ + ιc ◦ β⊙).
Thus, we are reduced to the case where g = sl2. But, the assertion in that case
may be easily verified from a combinatorial description of dormant sl2-opers on
the pointed stable curve of type (0, 3), asserted in [Mz2], Introduction, § 1.2,
Theorem 1.3 (or the discussion in § 7.11 below). This completes the proof of
Proposition 7.10.3. 
In addition to N
Zzz...
g,ℏ,0 , let us consider a collection of maps of sets
(842) N
Zzz...
p,g,g : N
c(Fp)
≥3−2g → Z
(g = 1, 2, · · · ) given by assigning ρ 7→ NZzz...p,g,ρ,g,r (cf. (743)) for any ρ ∈ Nc(Fp)≥3−2g.
By applying Theorem 7.4.1 to a clutching data whose underlying semi-graph
is a graph with exactly one vertex and one edge, we have the equality
(843) N
Zzz...
p,g,g (x) =
∑
λ∈c(Fp)
N
Zzz...
g,p,g−1(x+ λ+ λ
⊻)
for any g > 0 and x ∈ N(c(Fp))≥3−2g. Thus, one may apply Proposition 7.8.2 in
order to conclude the following theorem, by which the explicit understanding
of F
Zzz...
p,g may be associated with the calculation of the value N
Zzz...
p,g,ρ,g,r.
Theorem 7.10.4 (Factorization property of deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r)).
Let us assume the condition (Etale)g,ℏ.
(i) Let g1, g2 be nonnegative integers and let x ∈ Nc(Fp)≥3−2g1, y ∈ N
c(Fp)
≥3−2g2.
Then, the collection of functions {NZzz...p,g,g }g≥0 (cf. (842)) satisfies the
following rule:
(844) N
Zzz...
p,g,g1+g2
(x+ y) =
∑
λ∈I
N
Zzz...
p,g,g1
(x+ λ) ·NZzz...p,g,g2(y + λ⊻).
(ii) Let (g, r) be a pair of nonnegative integers satisfying the inequality 2g−
2 + r > 0 and let ρ = (ρi)
r
i=1 ∈ c×r(Fp) (where we take ρ = ∅ if r = 0).
Write S
Zzz...
p,g (:= Hom(F
Zzz...
p,g ,C)) for the set of ring homomorphisms
F
Zzz...
p,g → C and write Cas :=
∑
λ∈c(Fp) λ · λ⊻ (∈ F
Zzz...
p,g ). Then, the
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following equality holds:
deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r)
(
= N
Zzz...
p,g,g (
r∑
i=1
ρi)
)
(845)
=
∑
χ∈SZzz...p,g
χ(Cas)g−1 ·
r∏
i=1
χ(ρi).
Here, if, moreover, r = 0 (hence g > 1), then this equality means that
deg(Op
Zzz...
g,ℏ,,g,0/Mg,0)
(
= N
Zzz...
p,g,g (0)
)
=
∑
χ∈SZzz...p,g
χ(Cas)g−1.(846)
Also, by Proposition 7.9.1, the structure constants of F
Zzz...
p,g satisfy the follow-
ing Corollary 7.10.5. Here, we shall write aug : F
Zzz...
p,g → C for the composite of
the natural augmentation map F
Zzz...
p,g → Z (cf. (751)) and the inclusion Z →֒ C.
By abuse of notation, we also write aug for the corresponding C-rational point
of Spec(F
Zzz...
p,g ⊗ZC). If s is a basis for the C-vector space TaugSpec(FZzz...p,g ⊗ZC),
then we write
(847) S˜
Zzz...
p,g,s := s ⊔ (S
Zzz...
p,g \ {aug})
and
(848) Casχ :=
∑
λ∈c(Fp)
|χ(λ)|2
(for each χ ∈ S˜Zzz...p,g,s ).
Corollary 7.10.5.
Let us assume the condition (Etale)g,ℏ. Then, there exists a basis s for TaugSpec(FZzz...p,g ⊗Z
C) such that the matrix
(849) Σs :=
( χ(λ)√Casχ
)
(χ,λ)∈S˜Zzz...p,g,s ×c(Fp)
is unitary and diagonalizes simultaneously all matrices
(850) N
Zzz...
α := (deg(Op
Zzz...
g,ℏ,ℏ⋆(α,β,γ),0,3/k))(β,γ)∈c(Fp)×c(Fp)
(α ∈ c(Fp), ℏ ∈ k×).
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7.11. The pseudo-fusion rule for sl2.
We shall end this section with discussing the pseudo-furion rule N
Zzz...
p,g,0 of
the case where g = sl2 (and p is an odd prime). Note that the involution
(−)⊻ : csl2 ∼→ csl2 coincides with idcsl2 .
Let k be an algebraic closure of k, and k/{±1} the set of equivalence classes
of elements λ ∈ k, in which λ and −λ are identified. Then, the composite
(851) k → sl2(k) χ(k)→ csl2(k)
(cf. (168) for the definition of χ), where the first arrow is given by assigning
a 7→
(
a 0
0 −a
)
, factors through the surjection k ։ k/{±1}. The resulting
map of sets k/{±1} → csl2(k) is bijective and restricts to a bijection√
Fp/{±1} ∼→ csl2(Fp),(852)
where
√
Fp := {a ∈ k | a2 ∈ Fp}. By passing to this bijection, we shall identify
csl2(Fp) with
√
Fp/{±1}.
Now, let us define a subset W1 of Z×3 to be
(853)
W1 :=
{
(a1, a2, a3) ∈ Z×3
∣∣∣∣∣ a1 + a2 + a3 is odd < 2p, and 0 < a1 < a2 + a3,0 < a2 < a3 + a1,
0 < a3 < a1 + a2.
}
.
Also, define an equivalence relation ∼ on W1 given as follows:
(854) (a1, a2, a3) ∼ (a′1, a′2, a′3) def⇐⇒ a2i ≡ (a′i)2 (mod p) for any i ∈ {1, 2, 3}.
Then, the map of sets
w1 : W1/ ∼ → (
√
Fp/{±1})×3(855)
(a1, a2, a3) 7→ (a1
2
,
a2
2
,
a3
2
)
is injective. According to [Mz2], Introduction, § 1.2, Theorem 1.3, the structure
constants Nβα,γ (where (α, β, γ) ∈ (
√
Fp/{±1})×3) of the fusion ring FZzz...p,sl2 are
given as follows:
(856) Nβα,γ =
{
1 if (α, β, γ) ∈ Im(w1),
0 if (α, β, γ) /∈ Im(w1).
Note that there is a slightly simpler description of the subset Im(w1) ⊆
(
√
Fp/{±1})×3. In fact, let us write
(857) F := {a ∈ Z | 0 ≤ a ≤ p− 3
2
}
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and define a subset W2 of F×3 to be
(858)
W2 :=
{
(b1, b2, b3) ∈ F×3
∣∣∣∣∣ b1 + b2 + b3 ≤ p− 2 and 0 ≤ b1 ≤ b2 + b3,0 ≤ b2 ≤ b3 + b1,0 ≤ b3 ≤ b1 + b2.
}
.
The map of sets
wF : F →
√
Fp/{±1}(859)
b 7→ 2b+ 1
2
(= b+
p+ 1
2
)
is injective. The image ofW2 ⊆ F×3 via the injection w×3F : F×3 →֒ (
√
Fp/{±1})×3
turns out to coincide with Im(w1). Thus, under the identification of Im(w1)
with W2 via w
×3
F , the restriction N
′ of N
Zzz...
p,sl2,0
: N
√
Fp/{±1}
≥3 → Z to NF forms a
pseudo-fusion rule on F (with trivial involution), which gives rise to the asso-
ciated fusion ring FN ′. The structure constants N
′b
a,c := N
′(a + b + c) (where
(a, b, c) ∈ F×3) of FN ′ is given as follows:
(860) N ′ba,c =
{
1 if (a, b, c) ∈ W2,
0 if (a, b, c) /∈ W2.
It follows from the discussion in Remark 7.7.1 that the reduced ring FN ′red
associated with this ring FN ′ is isomorphic to (F
Zzz...
p,sl2
)red. More precisely, the
natural inclusion FN ′ →֒ FZzz...p,sl2 induces an isomorphism
(861) FN ′red
∼→ (FZzz...p,sl2 )red
of rings.
In summary, we have the following proposition.
Proposition 7.11.1.
The ring (F
Zzz...
p,sl2
)red is isomorphic to the reduced ring Fred associated with the
ring F defined as follows:
• the underlying abelian group of F is the direct sum Zε ⊕ ZF, where ε
denotes the identity element of F;
• the multiplication law on F is defined by putting a · b =∑c∈FN ′ba,cγ for
any a, b, c ∈ F and extending by bilinearity, where N ′ba,c denotes the
integer defined by (860).
Remark 7.11.2.
In this remark, we perform a few computations to indicate how the pseudo-
fusion rules work for low genus. We shall deal with the case where p = 7 and,
for simplicity, we write Ng := N
Zzz...
p,sl2,g
. For each a ∈ F, [a] denotes the element
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wF(a) ∈
√
Fp/{±} (⊆ N
√
Fp/{±}). First, observe that (by the discussion pre-
ceding Proposition 7.11.1) the set of isomorphism classes of dormant sl2-opers
on the pointed stable curve of type (0, 3) is in bijection with the set
W2 = {(0, 0, 0), (0, 1, 1), (1, 0, 1), (1, 1, 0), (1, 1, 1), (0, 2, 2), (2, 0, 2),(862)
(2, 2, 0), (1, 1, 2), (1, 2, 1), (2, 1, 1), (1, 2, 2), (2, 1, 2), (2, 2, 1)}.
More precisely, N0([a]+ [b]+ [c]) = 1 (resp., N0([a]+ [b]+ [c]) = 0) if and only if
(a, b, c) ∈ W2 (resp., (a, b, c) /∈ W2). Then, by the equality (843) and Theorem
7.10.4 (i), we have the following computations.
• (g, r) = (1, 1):
N1([0]) =
∑2
i=0
N0([0] + 2[i]) = ♯{(0, 0, 0), (0, 1, 1), (0, 2, 2)}= 3;(863)
N1([1]) =
∑2
i=0
N0([1] + 2[i]) = ♯{(1, 1, 1), (1, 2, 2)} = 2;
N1([2]) =
∑2
i=0
N0([2] + 2[i]) = ♯{(2, 1, 1)} = 1.
• (g, r) = (1, 2):
N1(2[0]) =
∑2
i=0
N1([i]) ·N0([i] + 2[0]) = 3 · 1 + 2 · 0 + 1 · 0 = 3;(864)
N1([0] + [1]) =
∑2
i=0
N1([i]) ·N0([i] + [0] + [1]) = 3 · 0 + 2 · 1 + 1 · 0 = 2;
N1(2[1]) =
∑2
i=0
N1([i]) ·N0([i] + 2[1]) = 3 · 1 + 2 · 1 + 1 · 1 = 6;
N1([0] + [2]) =
∑2
i=0
N1([i]) ·N0([i] + [0] + [2]) = 3 · 0 + 2 · 0 + 1 · 1 = 1;
N1([1] + [2]) =
∑2
i=0
N1([i]) ·N0([i] + [1] + [2]) = 3 · 0 + 2 · 1 + 1 · 1 = 3;
N1(2[2]) =
∑2
i=0
N1([i]) ·N0([i] + 2[2]) = 3 · 1 + 2 · 1 = 5.
• (g, r) = (2, 0):
N2(0) =
∑2
i=0
N1([i]) ·N1([i]) = 3 · 3 + 2 · 2 + 1 · 1 = 14.(865)
• (g, r) = (2, 1):
N2([0]) =
∑2
i=0
N1([i]) ·N1([i] + [0]) = 3 · 3 + 2 · 2 + 1 · 1 = 14;(866)
N2([1]) =
∑2
i=0
N1([i]) ·N1([i] + [1]) = 3 · 2 + 2 · 6 + 1 · 3 = 21;
N2([2]) =
∑2
i=0
N1([i]) ·N1([i] + [2]) = 3 · 1 + 2 · 3 + 1 · 5 = 14.
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• (g, r) = (3, 0):
N3(0) =
∑2
i=0
N2([i]) ·N1([i]) = 14 · 3 + 21 · 2 + 14 · 1 = 98.(867)
(Here, N2(0) may also be calculated by N2(0) =
∑
0≤a,b,c≤2N0([a]+ [b]+ [c])
2 =
♯(W2) = 14.) The equalities N2(0) = 14 and N3(0) = 98 obtained above are
consistent with the equality (2) in Introduction.
8. Generic e´taleness of the moduli of dormant opers
We shall focus on the case where the Lie algebra g is taken to be sln (2n <
p). The goal of this section is to prove Theorem 8.8.2 which asserts that the
moduli stack Op
Zzz...
sln,ℏ,ℏ⋆ρ,g,r (where ℏ ∈ k×, ρ ∈ c×rsln(Fp)) is generically e´tale
over Mg,r, i.e., any irreducible component that dominates Mg,r admits a dense
open subscheme which is e´tale over Mg,r. Here, we wish to emphasize the
importance of the open density of the e´tale locus in Op
Zzz...
sln,ℏ,ℏ⋆ρ,g,r. As we shall
see in Theorem 9.6.2 and its proof, the properties stated in Theorem 8.8.2
enable us to relate a numerical calculation in characteristic zero to the degree
of certain moduli spaces of interest in positive characteristic.
Finally, we shall prove, by applying Theorem 8.8.2, the generic e´taleness
(cf. Corollary 8.8.4) for different types of g, i.e., Lie algebras satisfying the
condition (Char)†p.
8.1. The OX-module AKer(∇F ).
Let k be a perfect field of characteristic p > 0, S be a scheme over k, X/S :=
(X/S, {σi}ri=1) a pointed stable curve over S of type (g, r), U a nonempty
open subscheme of X , and (F ,∇F) a log integrable vector bundle on U log/S log
(where U log := X log ×X U). We shall write
(868) AKer(∇F ) := F ∗U/S(FU/S∗(Ker(∇F))).
The natural inclusion FU/S∗(Ker(∇F)) →֒ FU/S∗(F) corresponds, via the ad-
junction relation “F ∗U/S(−) ⊣ FU/S∗(−)” , an OU -linear morphism
(869) ν
(F ,∇F )
♯ : AKer(∇F ) → F .
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If we consider the canonical S-log connection ∇canFU/S∗(Ker(∇F )) on AKer(∇F ) (cf.
§ 3.3), then the morphism ν(F ,∇F )♯ is compatible with the respective connections
∇canFU/S∗(Ker(∇F )) and ∇F .
If the underlying scheme U of U log coincides with U sm (cf. § 1.6) (i.e., the
natural morphism ΩU/S → ΩU log/Slog is an isomorphism), then it is known
(cf. [Katz1], § 5, p. 190, Theorem 5.1) that pψ(F ,∇F ) = 0 if and only if ν(F ,∇F )♯
is an isomorphism. In particular, the assignments V 7→ (F ∗U/S(V),∇canV ) and
(F ,∇F) 7→ Ker(∇F) determine an equivalence of categories
(870)(
the category of
vector bundles on U
(1)
S
)
∼→
 the category oflog integrable vector bundles on U log/S log
with vanishing p-curvature

that is compatible with the formation of tensor products (hence also symmetric
and exterior products).
8.2. The decreasing filtration on AKer(∇F ).
Until the beginning of the final subsection of § 8, we suppose that the field
k is algebraically closed, S = Spec(k), and the underlying semistable curve X
of X/k is smooth over k. (Hence, X
sm = X \Supp(DX/k) and FX/k is finite and
faithfully flat of degree p.) Write kǫ := k[ǫ]/(ǫ
2) and Xǫ := X ×Spec(k) Spec(kǫ).
Also, write prX : Xǫ → X for the natural projection and inX : X → Xǫ for the
natural closed immersion. In the following, the symbol (−) denotes either the
presence or absence of “ǫ”.
Let (F(−),∇F(−)) be a log integrable vector bundle on X log(−)/klog(−) of rank n
(> 0) satisfying that pψ
(F(−),∇F(−)) = 0. We shall prove the claim that ν(Fǫ,∇Fǫ)♯
is (in spite of the presence or absence of “ǫ”) universally injective with respect
to base-change over k(−). First, suppose that the symbol (−) is the absence of
“ǫ”. Then, the claim follows from the fact that AKer(∇F ) is locally free (on the
smooth curve X over the field k) and ν
(F ,∇F )
♯ is an isomorphism over X
sm (by
the equivalence of categories (870)). Next, suppose that the symbol (−) is the
presence of “ǫ”. By Corollary 6.8.2, the log integrable vector bundle (Fǫ,∇Fǫ)
on X logǫ /k
log
ǫ is, Zariski locally on Xǫ, isotrivial, i.e., isomorphic to the pull-back
(871) ((prX ◦ inX)∗(Fǫ), (pr ◦ inX)∗(∇Fǫ)).
Hence, ν
(Fǫ ,∇Fǫ)
♯ (which may be, Zariski locally on Xǫ, identified with the pull-
back (prX ◦ inX)∗(ν(Fǫ ,∇Fǫ)♯ )) is universally injective with respect to base-change
over kǫ. This completes the proof of the claim.
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The morphism ν
(F(−),∇F(−))
♯ fits into a short exact sequence
(872) 0→ AKer(∇F(−))
ν
(F(−),∇F(−) )
♯ → F(−)
ν
(F(−),∇F(−) )
♭ →
r⊕
i=1
Λ(−)i → 0
of OX-modules, where for each i ∈ {1, · · · , r}, Λ(−)i denotes an OX(−)-module
supported on Im(σi) (⊆ X(−)). Then, the claim just discussed shows that
each Λ(−)i is flat over k(−) (cf. [Ma], p. 17, Theorem 1). Λ(−)i admits a unique
k(−)-log connection
(873) ∇F(−),i : Λ(−)i → ΩXlog
(−)/k
log
(−)
⊗ Λ(−)i
such that the natural surjection F(−) ։ Λ(−)i is compatible with the respective
k(−)-log connections ∇F(−) and ∇F(−),i.
Next, suppose that we are given a decreasing filtration {F j(−)}nj=0 on F(−)
for which the triple F♥(−) := (F(−),∇F(−) , {F j(−)}nj=0) forms a GLn-oper on
X(−)/k(−) (cf. Definition 4.2.1 (i)). One may construct a decreasing filtration
{AjKer(∇F(−))}
n
j=0 on AKer(∇F(−) ) by putting as
(874) AjKer(∇F(−)) := (ν
(F(−) ,∇F(−))
♯ )
−1(F j(−)).
Also, one may construct a decreasing filtration {Λj(−)i}nj=0 on each Λ(−)i by
putting as
(875) Λj(−)i := pr(−)i ◦ ν
(F(−),∇F(−))
♭ (F j(−)),
where pr(−)i denotes the projection
⊕r
i=1 Λ(−)i ։ Λ(−)i to the i-th factor.
The collection of data {⊕ri=1 Λj(−)i}nj=0 defines a filtration on⊕ri=1 Λ(−)i. The
subquotients Λj(−)i/Λ
j+1
(−)i are verified to be flat over k(−). (Indeed, if (−) denotes
the presence of “ǫ”, then each Λjǫ,i is, Zariski locally on Xǫ, isotrivial with
fiber in∗X(Λ
j
ǫ,i)). Both the morphisms ν
(F(−) ,∇F(−))
♯ and ν
(F(−),∇F(−))
♭ in (872) are
compatible with the filtrations just obtained. If we write
(876) grjF(−) := A
j
Ker(∇F(−))
/Aj+1Ker(∇F(−)),
then the sequence (872) yields a short exact sequences
(877) 0→ grjF(−)
grj(ν
(F(−),∇F(−) )
♯ )→ F j(−)/F j+1(−)
grj(ν
(F(−),∇F(−) )
♭
)→
r⊕
i=1
Λji/Λ
j+1
(−)i → 0
(j = 0, · · · , n− 1) of OX(−)-modules.
Recall that ν
(F(−),∇F(−))
♯ is compatible with the respective k(−)-log connec-
tions ∇canFX/k∗(Ker(∇F(−))) and ∇F(−) (cf. § 8.1), and is (by the definition of
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{AjKer(∇F(−))}
n
j=0) compatible with the respective filtrations {AjKer(∇F(−))}
n
j=0
and {F j(−)}nj=0. The isomorphism
(878) ksjF♥
(−)
: F j(−)/F j+1(−)
∼→ ΩXlog
(−)/k
log
(−)
⊗ F j−1(−) /F j(−)
(cf. (359)) induces a morphism of short exact sequences of OX(−)-modules
(879)
0 0y y
grjF(−)
ksj,gr
F♥
(−)−−−→ ΩXlog
(−)/k
log
(−)
⊗ grj−1F(−)
grj(ν
(F(−),∇F(−) )
♯ )
y yid⊗grj(ν(F(−),∇F(−) )♯ )
F j(−)/F j+1(−)
ks
j
F♥
(−)−−−→ ΩXlog
(−)/k
log
(−)
⊗F j−1(−) /F j(−)
grj(ν
(F(−),∇F(−) )
♭
)
y yid⊗grj(ν(F(−),∇F(−) )
♭
)
⊕r
i=1 Λ
j
(−)i/Λ
j+1
(−)i
⊕
i ks
j,Λi
F♥
(−)−−−−−−→ ⊕ri=1ΩXlog
(−)/k
log
(−)
⊗ (Λj−1(−)i/Λj(−)i)y y
0 0,
where the left-hand vertical sequence is (877) and the right-hand vertical se-
quence is (877) (of the case where the index j is replaced with j − 1) tensored
with ΩXlog
(−)/k
log
(−)
. The top horizontal arrow ksj,grF♥
(−)
is injective, and the compo-
nents
(880) ksj,ΛiF♥
(−)
: Λj(−)i/Λ
j+1
(−)i → ΩXlog
(−)/k(−)log
⊗ (Λj−1(−)i/Λj(−)i)
(i = 1, · · · , r) in the bottom horizontal arrow are surjective. One obtains from
this diagram the equality
(881) deg(grjF) = 2g−2+r+deg(grj−1F )+
r∑
i=1
(deg(Λj−1i /Λ
j
i )−deg(Λji/Λj−1i )).
This equality will be used in the proof of Corollary 8.3.4, and then, Corollary
8.4.2.
8.3. Local description of dormant GLn-opers.
In this section, we study the local description of a given GLn-oper at the
marked points of X/k.
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Denote by [σi] (i = 1, · · · , r) the reduced effective divisor on X defined by
the image of σi. For l ≥ 0, there exists a unique k-log connection
(882) ∇l·[σi] : OX(l · [σi])→ ΩXlog/klog ⊗OX(l · [σi])
on the line bundle OX(l · [σi]) whose restriction to OX (⊆ OX(l · [σi])) coincides
with the universal logarithmic derivation dXlog/klog : OX → ΩXlog/klog . The
monodromy of (OX(l · [σi]),∇l·[σi]) at σi, considered as an element of k, satisfies
the equality
(883) µ
(OX(l·[σi]),∇l·[σi])
i = −l,
where (−) denotes the image via the quotient Z ։ Fp (⊆ k). Let l˘ be the
unique integer satisfying that 0 ≤ l˘ ≤ p− 1 and l = l˘ mod p. One verifies the
equality
(884) AKer(∇l·[σi]) = OX((l − l˘) · [σi])
ofOX -submodules ofOX(l·[σi]) (via the injection ν(OX(l·[σi]),∇l·[σi])♯ : AKer(∇l·[σi]) →֒OX(l · [σi])).
Suppose that 0 ≤ l ≤ p − 1, and Λ˘il denotes the quotient OX(l · [σi])/OX .
Then, the k-log connection ∇l·[σi] carries a k-log connection
(885) ∇l·[σi] : Λ˘il → ΩXlog/klog ⊗ Λ˘il
on Λ˘il in the manner that the natural surjection OX(l · [σi])։ Λ˘il is compatible
with the respective k-log connections ∇l·[σi] and ∇l·[σi]. If we fix a local function
t ∈ OX defining σi, then Λ˘il may be naturally expressed as Λ˘il =
⊕−l
m=−1 k · tm
and, via this expression, ∇l·[σi] may be given by assigning tm 7→ m · tm. In
particular, this observation implies the following Lemma 8.3.1, which will be
used in the proof of Lemma 8.6.1.
Lemma 8.3.1.
Let V be a vector bundle on X(1)k and h : F ∗X/k(V)→ Λ˘il an OX-linear morphism
that is compatible with the respective k-log connections ∇canV and ∇l·[σi]. Then,
h is the zero map.
Also, the following Lemma 8.3.2 (which will be used in the proof of Propo-
sition 8.7.4) holds.
Lemma 8.3.2.
For l1, l2 ≥ 0, we have the equality
(886) ∇l1·[σi] ⊗∇l2·[σi] = ∇(l1+l2)·[σi]
upon passing to the natural identification
(887) OX(l1 · [σi])⊗OX(l2 · [σi]) ∼→ OX((l1 + l2) · [σi]).
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If, moreover, l1 + l2 < p, then
(888) Ker(∇l1·[σi] ⊗∇l2·[σi]) = OX(1)k .
Also, if, moreover, 2p > l1 + l2 ≥ p, then
(889) Ker(∇l1·[σi] ⊗∇l2·[σi]) = OX(1)k ([σ
(1)
i ])
(cf. § 3.4 for the definition of σ(1)i ).
Let t be as above. Since ∇l·[σi](tp · a) = tp · ∇l·[σi](a) for any local section
a ∈ OX(l · [σi]), it makes sense to speak of the tp-adic completion of the log
integrable line bundle (OX(l · [σi]),∇l·[σi]); it is isomorphic to Ô := OSpf(k[[t]])
together with the regular singular connection
(890) ∇̂l := dXlog/klog − l · dtt ,
i.e.,
(891) (OX(l · [σi]),∇l·[σi])∧ ∼→ (Ô, ∇̂l).
Now, let (F ,∇F) be a log integrable vector bundle on X log/klog of rank
n ≥ 2 with vanishing p-curvature. It follows from [Os3], Corollary 2.10, that
the tp-adic completion (F ,∇F)∧ of (F ,∇F) is isomorphic to a direct sum of
various (Ô, ∇̂l)’s. For each such (F ,∇F), we shall fix an isomorphism
(892) ϑ
(F ,∇F )
i : (F ,∇F)∧ ∼→
n⊕
l=1
(Ô, ∇̂mi,l),
where 0 ≤ mi,l1 ≤ mi,l2 < p if l1 < l2. In particular, if ν̂(F ,∇F )♯ and ν̂
(OX (l·[σi]),∇l·[σi])
♯
denotes the tp-adic completions of ν
(F ,∇F )
♯ and ν
(OX (l·[σi]),∇l·[σi])
♯ respectively,
then ϑ
(F ,∇F )
i and the isomorphism (891) induce a composite isomorphism
(893) Λi
∼→ Coker(ν̂(F ,∇F )♯ ) ∼→ Coker(
n⊕
l=1
ν̂
(OX (mi,l·[σi]),∇mi,l·[σi])
♯ )
∼→
n⊕
l=1
Λ˘imi.l
(cf. (872) for the definition of Λi) that is compatible with the respective k-log
connections ∇F ,i (cf. (873)) and
⊕n
l=1∇mi,l·[σi].
Let us define an ordered set
(894) R(F ,∇F )σi := (−mi,l)nl=1
of elements in Z. R(F ,∇F )σi depends neither on the choice of the function t nor
the choice of the isomorphism (892). Let us choose a Borel subgroup (resp.,
a maximal torus) of PGLn as the image B (cf. (364)) of upper triangular
matrices (resp., the image T of diagonal matrices) in GLn. If t denotes the Lie
algebra of T , then the set of its k-rational points may be naturally identified
with the cokernel Coker(∆) of the diagonal inclusion ∆ : k →֒ k⊕n. The
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symmetric group Sn of n letters acts on this k-vector space by permutation.
The natural composite Coker(∆) = t(k) →֒ pgln(k) → cpgln(k) (cf. § 2.8 for
the definition of c(−)) between the sets of k-rational points factors through
the quotient Coker(∆) ։ Coker(∆)/Sn. (Here, note that cpgln is naturally
isomorphic to csln since n < p.) The resulting map
(895) Coker(∆)/Sn → cpgln(k)
is verified to be injective. (Since we do not suppose that k is algebraically
closed, this map is not surjective in general.) Denote by πn the natural com-
posite
(896) πn : Z
⊕n → k⊕n ։ Coker(∆)։ Coker(∆)/Sn →֒ cpgln(k).
If we regard R
(F ,∇F )
σi as an element of Z
⊕n, then the radii of the log integrable
PGLn-torsor associated with (F ,∇F) (which we shall denote by (ρ(F ,∇F )i )ri=1
by abuse of notation) coincides with the r-tuple (πn(R
(F ,∇F )
σi ))
r
i=1, i.e.,
(897) ρ
(F ,∇F )
i = πn(R
(F ,∇F )
σi
)
for any i = 1, · · · , r.
Proposition 8.3.3.
Suppose that there exists a decreasing filtration {F j}nj=0 on F such that the
triple (F ,∇F , {F j}nj=0) forms a GLn-oper on X/k. Let
(898) ϑ
(F ,∇F )
i : (F ,∇F)∧ ∼→
n⊕
l=1
(Ô, ∇̂mi,l)
be as in (892).
(i) Let v be a global section of the tp-adic completion F̂ of F which gener-
ates (formally) the Ô-submodule F̂n−1, and write
(899) ϑ
(F ,∇F )
i (v) := (ul(t))
n
l=1 ∈ k[[t]]⊕n
(
= Γ(Spf(k[[t]]), Ô)
)
.
Then, each ul(t) lies in k[[t]]
×, equivalently, ul(0) 6= 0.
(ii) The elements mi,1, · · · , mi,n of R(F ,∇F )σi are mutually distinct.
Proof. First, we consider assertion (i). By passing to the assignment w 7→ w· dt
t
,
we shall identify F̂ with F̂ · dt
t
= (ΩXlog/klog⊗F)∧. Then, the tp-adic completion
∇̂F of ∇F may be thought of as an endomorphism of F̂ . We shall write ∇̂◦jF
for the j-th iterate of this endomorphism ∇̂F , where ∇̂◦0F := idF̂ . It follows
from the definitions of a GLn-oper and the section v that the set {∇̂◦jF (v)}n−1j=0
forms a basis of F̂ . On the other hand, since ϑ(F ,∇F )i is compatible with the
k-log connections, the following equality holds:
(900) ϑ
(F ,∇F )
i (∇̂◦jF (v)) = (∇̂◦jmi,l(ul(t)))nl=1
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(j = 0, · · · , n − 1). Hence, for each l, the set {∇̂◦jmi,l(ul(t))}n−1j=0 generates the
trivial Ô-module Ô. Here, let us write
(901) ul(t) :=
∞∑
s=0
ul,s · ts
(ul,s ∈ k). Then, ∇̂◦jmi,l(ul(t)) may be expressed as
(902) ∇̂◦jmi,l(ul(t)) =
∞∑
s=0
(s−mi,l)j · ul,s · ts.
Thus, {∇̂◦jmi,l(ul(t))}n−1j=0 generates Ô if and only if mji,l ·ul,s 6= 0 for some j ≥ 0,
equivalently, ul,0 (= ul(0)) 6= 0. This completes the proof of assertion (i).
Next, we consider assertion (ii). Since {(∇̂◦jmi,l(ul(t)))nl=1}n−1j=0 forms a basis
of Ô⊕n, the n× n matrix
(903) (∇̂◦(b−1)mi,a (ua(t))|t=0)na,b=1
whose (a, b)-entry equals ∇̂◦(b−1)mi,a (ua(t))|t=0 is regular. But, by means of the
expressions (902), we have the equalities
det((∇̂◦(b−1)mi,a (ua(t))|t=0)na,b=1) = det((mb−1i,a · ua,0)na,b=1)(904)
= det((mb−1i,a )
n
a,b=1) ·
n∏
a=1
·(ua,0)n
=
n∏
a=1
(ua,0)
n ·
∏
1≤a2<a1≤n
(mi,a1 −mi,a2),
where the factor
∏n
a=1(ua,0)
n is not zero by virtue of assertion (i). This im-
plies that the elements mi,1, · · · , mi,n (hence the elements mi,1, · · · , mi,n) are
mutually distinct, and implies the validity of assertion (ii). 
Corollary 8.3.4.
Let {F j}nj=0 be as in Proposition 8.3.3 and both Λi and {Λij}nj=0 as defined in
the discussion in § 8.2 (cf. (872) and (875)) applied to (F ,∇F) under consid-
eration. Then, for any j = 0, · · · , n− 1, the following equality holds:
(905) deg(Λji/Λ
j+1
i ) = mi,j+1.
In particular,
deg(grjF)− deg(gr0F) = j · (2g − 2 + r)−
r∑
i=1
(mi,j+1 −mi,1)(906)
(cf. (876) for the definition of grjF).
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Proof. Since the latter assertion follows from the former assertion and the
equality (881), we only prove the former assertion.
Let ϑ
(F ,∇F )
i , v, and ul(t) =
∑∞
s=0 ul,s · ts (l = 1, · · · , n) be as in (the proof
of) Proposition 8.3.3. In a similar way to observing the equality (904), the
(n− j − 1)× (n− j − 1) matrix
(907) (∇̂◦(b−1)mi,n+1−a(un+1−a(t))|t=0)n−j−1a,b=1
over k turns out to be regular. Hence, since k[[t]]× = k× ⊕ t · k[[t]], the
(n− j − 1)× (n− j − 1) matrix
(908) (∇̂◦(b−1)mi,n+1−a(un+1−a(t)))n−j−1a,b=1
over k[[t]] is regular. By passing to the isomorphism ϑ
(F ,∇F )
i , we see (since
F̂ j+1 is generated formally by sections {∇̂◦j′F (v)}0≤j′≤n−j−2) that any element of
F̂/F̂ j+1 admits a representative w in F̂ such that for each a = 1, · · · , n−j−1,
the (n + 1 − a)-th factor of ϑ(F ,∇F )i (w) equals zero. This implies that the
section tmi,j+1 · w of F̂/F̂ j+1 lies in the image of ν̂(F ,∇F )♯ . (Indeed, the image
of
⊕n
l=1 ν̂
(OX(mi,l·[σi]),∇mi,l·[σi])
♯ coincides with the Ô-submodule
⊕n
l=1 t
mi,l · Ô
of
⊕n
l=1 Ô.) Note that Λji/Λj+1i is isomorphic to the cokernel of the tp-adic
completion of grj(ν
(F ,∇F )
♯ ) : gr
j
F → F j/F j+1, and F j/F j+1 is locally free of
rank one. Hence, Λji/Λ
j+1
i is generated by a single section and annihilated by
tmi,j+1 . It follows that
(909) deg(Λji/Λ
j+1
i ) ≤ mi,j+1.
On the other hand, by the composite isomorphism (893), the following se-
quence of equalities holds:
(910)
n−1∑
j=0
deg(Λji/Λ
j+1
i ) = deg(Λ) = deg(
n⊕
l=1
Λ˘i,mi,l) =
n∑
l=1
mi,l.
Thus, by (909) and (910), we conclude that deg(Λji/Λ
j+1
i ) = mi,j+1, as desired.

8.4. The OX-module ✶Bn−1,AXlog/klog.
Let us fix a line bundle B on X and write F := D<n
1,Xlog/klog
⊗ B∨ and
F j := D<n−j
1,Xlog/klog
⊗ B∨ for j = 0, · · · , n. Let ∇F be a (GLn, 1,B)-oper on
X/k (cf. Definition 4.6.1). The sheaf EndOX (F) of OX-linear endomorphisms
of F may be naturally identified with the adjoint vector bundle associated with
the right GLn-torsor corresponding to F . Hence, the vector bundle EndOX(F)
may be thought of as being equipped with a k-log connection ∇adF induced by
∇F via the adjoint representation AdGLn : GLn → GL(gln) (cf. (23)). One
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may identify this k-log connection ∇adF with ∇∨F ⊗ ∇F upon passing to the
isomorphism F∨ ⊗ F ∼→ EndOX(F). Denote by diag : OX →֒ EndOX(F) the
inclusion which, to any local section a ∈ OX , assigns the locally defined endo-
morphism diag(a) of F given by multiplication by a. If FPGLn denotes the right
PGLn-torsor induced by F via the change of structure group GLn → PGLn,
then the adjoint vector bundle associated with FPGLn is canonically isomorphic
to the cokernel
(911) EndOX (F) := Coker(diag)
of diag. In particular, EndOX (F) admits a k-log connection
(912) ∇adFPGLn : EndOX (F)→ ΩXlog/klog ⊗ EndOX (F)
induced by ∇adF .
Consider the morphism
(913) EndOX (F)→HomOX (AKer(∇F ),F)
given by assigning h 7→ h ◦ ν(F ,∇F )♯ for any local section h ∈ EndOX(F), and
consider the morphism
(914) EndOX (AKer(∇F ))→HomOX (AKer(∇F ),F)
given by assigning h 7→ ν(F ,∇F )♯ ◦ h. These morphisms are injective, and
we shall regard both EndOX(F) and EndOX(AKer(∇F )) as OX -submodules of
HomOX (AKer(∇F ),F).
Next, let AjKer(∇F ) and gr
j
F (j = 0, 1, · · · ) be as defined in (874) and (876)
respectively, and write
(915) ✶Bn−1,AXlog/klog := ΩX/k ⊗ (gr0F)∨ ⊗AKer(∇F ).
We regard ✶Bn−1,AXlog/klog as an OX -submodule of ΩXlog/klog⊗EndOX(AKer(∇F )) (and
hence, of HomOX (AKer(∇F ),F)) via the composite injection
ΩX/k ⊗ (gr0F)∨ ⊗AKer(∇F ) →֒ ΩX/k ⊗A∨Ker(∇F ) ⊗AKer(∇F )(916)
∼→ ΩX/k ⊗ EndOX(AKer(∇F ))(917)
→֒ ΩXlog/klog ⊗ EndOX(AKer(∇F ))
where the first arrow arises from the natural surjection AKer(∇F ) ։ gr0F and the
third arrow denotes the injection induced by the inclusion ΩX/k →֒ ΩXlog/klog .
Proposition 8.4.1.
Let
(918)
✶Bn−1Xlog/klog →֒ ΩXlog/klog⊗EndOX(F)
(
= ΩXlog/klog ⊗ EndOX (D<n1,Xlog/klog ⊗ B∨)
)
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be as discussed in (464). (By applying this injection and (913), we regard
✶Bn−1Xlog/klog as an OX-submodule of ΩXlog/klog ⊗ HomOX (AKer(∇F ),F).) Then,
we have the equality
(919) ✶Bn−1,AXlog/klog = ✶B
n−1
Xlog/klog ∩ (ΩX/k ⊗ EndOX (AKer(∇F )))
of OX-submodules of ΩXlog/klog ⊗HomOX (AKer(∇F ),F).
Proof. It is easily verified that
(920) ✶Bn−1,AXlog/klog ⊆ ✶B
n−1
Xlog/klog ∩ (ΩX/k ⊗ EndOX(AKer(∇F ))).
In the following, we shall prove that the inverse inclusion holds. Each local
section of the sheaf at the right-hand side of (920) may be considered as a
locally defined morphism h : AKer(∇F ) → ΩXlog/klog ⊗F satisfying the following
conditions:
(i) Im(h) ⊆ ΩXlog/klog ⊗AKer(∇F );
(ii) h extends to a morphism h˜ : F → ΩXlog/klog ⊗ F ;
(iii) h˜(F1) = 0.
Here, observe that F1 is locally free and A1Ker(∇F ) →֒ F1 is an isomorphism
over the dense open subscheme of X . Thus, by the condition (iii), we have
h(A1Ker(∇F )) (= h˜(A1Ker(∇F ))) = 0. By virtue of the condition (i), h turns out to
come from a locally defined morphism h′ : AKer(∇F ) → ΩX/k ⊗ AKer(∇F ) with
h′(A1Ker(∇F )) = 0, i.e., a local section of ✶B
n−1,A
Xlog/klog . This completes the proof
of the asserted inclusion relation. 
Corollary 8.4.2.
Suppose further that g = 0. Then, the following equality holds:
(921) Γ(X, ✶Bn−1Xlog/klog) ∩ Γ(X,ΩX/k ⊗ EndOX(AKer(∇F ))) = 0.
Proof. By Proposition 8.4.1, we have the equality
(922) Γ(X, ✶Bn−1,AXlog/klog) = Γ(X, ✶B
n−1
Xlog/klog) ∩ Γ(X,ΩX/k ⊗ EndOX(AKer(∇F ))).
Hence, it suffices to prove that Γ(X, ✶Bn−1,AXlog/klog) = 0.
✶Bn−1,AXlog/klog (= ΩX/k ⊗ (gr0F)∨⊗AKer(∇F )) admits a filtration ΩX/k ⊗ (gr0F)∨⊗
AjKer(∇F ) (j = 0, · · · , n) with the associated grading ΩX/k ⊗ (gr0F)∨ ⊗ gr
j
F (j =
0, · · · , n − 1). It follows from the latter assertion of Corollary 8.3.4 and the
condition g = 0 (hence deg(ΩX/k) = −2) that
(923) deg(ΩX/k ⊗ (gr0F)∨ ⊗ grjF ) = −2 + j · (−2 + r)−
r∑
i=1
(mi,j+1 −mi,1).
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On the other hand, since the integers mi,1, · · · , mi,n are mutually distinct (by
Proposition 8.3.3), we have
(924)
r∑
i=1
(mi,j+1 −mi,1) =
r∑
i=1
j∑
l=1
(mi,l+1 −mi,l) ≥
r∑
i=1
j∑
l=1
1 = j · r.
Thus, it follows from (923) and (924) that
deg(ΩX/k ⊗ (gr0F)∨ ⊗ grjF) ≤ −2 + j · (−2 + r)− j · r = −2− 2 · j < 0.
(925)
Hence, Γ(X,ΩX/k ⊗ (gr0F)∨ ⊗ grjF) = 0. By descending induction on j, one
verifies that Γ(X,ΩX/k ⊗ (gr0F)∨ ⊗AjKer(∇F )) = 0 for all j ≥ 0, in particular,
(926) Γ(X, ✶Bn−1,AXlog/klog)
(
= Γ(X,ΩX/k ⊗ (gr0F)∨ ⊗AKer(∇F ))
)
= 0.
This completes the proof of Corollary 8.4.2. 
8.5. Deformation spaces of (F ,∇F).
It follows from well-known generalities of deformation theory (cf. [Os1],
Proposition 3.6) that the set of isomorphism classes Def(F ,∇F )ǫ of deforma-
tions over X logǫ /k
log
ǫ of (F ,∇F) (i.e., the set of log integrable vector bundles
(F ′ǫ,∇F ′ǫ) on X logǫ /klogǫ together with an isomorphism in∗X(F ′ǫ,∇F ′ǫ)
∼→ (F ,∇F))
corresponds bijectively to (the underlying set of) the 1-st hypercohomology
group H1(X,K•[∇adF ]); denote by
(927) Def(F ,∇F )ǫ
∼→ H1(X,K•[∇adF ])
this bijective correspondence. Also, the set of isomorphism classes of defor-
mations over Xǫ of F corresponds bijectively to H1(X, EndOX(F)). The as-
signment (F ′ǫ,∇F ′ǫ) 7→ F ′ǫ determines, via these correspondences, a morphism
H1(X,K•[∇adF ])→ H1(X, EndOX(F)) of k-vector spaces. One verifies that this
morphism coincides with ′e♭[∇adF ] (cf. (525) for the definition of ′e♭[−]). Hence,
the subspace
(928) Ker(′e♭[∇adF ]) ⊆ H1(X,K•[∇adF ])
corresponds, via the correspondence (927), to the deformations (F ′ǫ,∇F ′ǫ) of
(F ,∇F) satisfying that F ′ǫ ∼= pr∗X(F).
Next, let
(929) ∇Zzz...F : EndOX(F)→ Im(∇adF )
be the morphism obtained by restricting the codomain of ∇adF . Since the com-
plex K•[∇Zzz...F ] is quasi-isomorphic to Ker(∇adF )[0] via the natural morphism
Ker(∇adF )[0]→ K•[∇Zzz...F ], we have an isomorphism
(930) H1(X,Ker(∇adF )) ∼→ H1(X,K•[∇
Zzz...
F ]).
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Since K0[∇Zzz...F ] = K0[∇adF ], the morphism
(931) H1(X,K•[∇Zzz...F ])→ H1(X,K•[∇adF ])
induced by the natural morphism K•[∇Zzz...F ]→ K•[∇adF ] is injective. It follows
from Proposition 6.8.1 that the image of (931) corresponds, via the corre-
spondence (927), to the deformations (F ′ǫ,∇F ′ǫ) of (F ,∇F) with vanishing p-
curvature. In the following, we shall identify, for simplicity, H1(X,K•[∇Zzz...F ])
with its image via the injection (931).
Now, let us fix an element
(932) ̺ ∈ Ker(′e♭[∇adF ]) ∩H1(X,K•[∇
Zzz...
F ])
(⊆ H1(X,K•[∇adF ])) .
By the above discussion, ̺ corresponds, via (927), to a log integrable vector
bundle (Fǫ,∇Fǫ) on X logǫ /klogǫ (together with an isomorphism in∗X(Fǫ,∇Fǫ) ∼→
(F ,∇F)) such that Fǫ ∼= pr∗X(F) and pψ(Fǫ,∇Fǫ) = 0. Since Coker(ν(Fǫ,∇Fǫ)♯ )
(=
⊕r
i=1 Λi) (cf. (872)) is flat over kǫ (cf. the discussion in § 8.2), the injection
(933) ν
(Fǫ ,∇Fǫ)
♯ : AKer(∇Fǫ) → Fǫ
determines an element [ν
(Fǫ ,∇Fǫ)
♯ ] of the tangent space
(934) T
[ν
(F,∇F )
♯ ]
Quot
n,deg(AKer(∇F ))
F/X/k
to the Quot-scheme Quot
n,deg(AKer(∇F ))
F/X/k (cf. § 9.1) at the point [ν(F ,∇F )♯ ] corre-
sponding to the injection ν
(F ,∇F )
♯ : AKer(∇F ) → F . In particular, we obtain an
element
(935) def
ν
(F,∇F )
♯
([ν
(Fǫ,∇Fǫ)
♯ ]) ∈ HomOX (AKer(∇F ),
r⊕
i=1
Λi)
(cf. (1005)).
Next, let us take an element
(936) ̺′ ∈ Γ(X,ΩXlog/klog ⊗ EndOX(F))
whose image via the composite surjection
(937) Γ(X,ΩXlog/klog ⊗ EndOX(F))։ Coker(Γ(X,∇adF ))
′e♯[∇adF ]∼→ Ker(′e♭[∇adF ])
coincides with ̺. Since ̺ ∈ H1(X,K•[∇Zzz...F ]), ̺′ may be, Zariski locally on X ,
expressed as
(938) ̺′ = ∇adF (̺′′)
for some local section ̺′′ of EndOX (F). Here, consider the morphism
(939) EndOX(F)→HomOX (AKer(∇F ),
r⊕
i=1
Λi)
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given by assigning h 7→ ν(F ,∇F )♭ ◦ h ◦ ν(F ,∇F )♯ (cf. (872) for the definition of
ν
(F ,∇F )
♭ ). The image of the local sections ̺
′′ via this morphism glue together
to a well-defined global section
(940) ̺′′′ ∈ HomOX (AKer(∇F ),
r⊕
i=1
Λi).
By the construction of the bijection (1005) (cf. [Ser], the discussion in the proof
of Proposition 4.4.4), the following proposition holds.
Proposition 8.5.1.
The following equality holds:
(941) def
ν
(F,∇F )
♯
([ν
(Fǫ ,∇Fǫ)
♯ ]) = ̺
′′′.
In particular, ν
(Fǫ ,∇Fǫ)
♯ is isomorphic to the pull-back of ν
(F ,∇F )
♯ via prX (in the
sense of Lemma 8.6.1 below) if and only if any local section ̺′′ of EndOX(F)
constructed above lies in the OX-submodule
(942) EndOX(AKer(∇F )) ∩ EndOX(F)
of HomOX (AKer(∇F ),F) (cf. (913) and (914)).
Corollary 8.5.2.
Let (Fǫ,∇Fǫ) be as above, and let us identify X(1)ǫ,k with X(1)k,ǫ in a natural fashion.
Suppose further that there exist an isomorphism
(943) α(1) : FXǫ/kǫ∗(Ker(∇Fǫ))→ pr∗X(1)k (FX/k(Ker(∇F)))
and an isomorphism
(944) β : Fǫ ∼→ pr∗X(F)
which make the following diagram commute:
(945)
AKer(∇Fǫ)
ν
(Fǫ,∇Fǫ )
♯−−−−−→ Fǫ
F ∗
Xǫ/kǫ
(α(1))
y yβ
F ∗Xǫ/kǫ(pr
∗
X
(1)
k
(FX/k(Ker(∇F))))
(
= pr∗X(AKer(∇F ))
) pr∗X(ν(F,∇F )♯ )−−−−−−−−→ pr∗X(F).
Then, the element ̺′ of Γ(X,ΩXlog/klog ⊗ EndOX(F)) constructed in (936) lies
in the subspace
(946) Γ(X,ΩX/k ⊗ EndOX(AKer(∇F ))) ∩ Γ(X,ΩXlog/klog ⊗ EndOX(F)).
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Proof. In the following, we shall write V := FX/k∗(Ker(∇F)) for simplicity.
Consider the k-log connections ∇can∨V ⊗∇canV , ∇can∨V ⊗∇F on EndOX(AKer(∇F )),
HomOX (AKer(∇F ),F) respectively. The inclusion
EndOX(F) →֒ HomOX (AKer(∇F ),F)(947) (
resp., EndOX(AKer(∇F )) →֒ HomOX (AKer(∇F ),F)
)
defined in (913) (resp., (914)) is compatible with the respective k-log connec-
tions ∇adF (resp., ∇can∨V ⊗ ∇canV ) and ∇can∨V ⊗ ∇F . But, it follows from Propo-
sition 8.5.1 that the local sections ̺′′ of EndOX (F) lies in EndOX(AKer(∇F )) ∩
EndOX(F). Hence, the element ̺′ (= ∇adF (̺′′)) of
(948)
Γ(X,ΩXlog/klog ⊗ EndOX (F))
(⊆ Γ(X,ΩXlog/klog ⊗HomOX (AKer(∇F ),F)))
lies in Γ(X, Im(∇can∨V ⊗∇canV )).
Next, consider the exact sequence
(949)
Γ(X, EndOX(AKer(∇F )))→ Γ(X, Im(∇can∨V ⊗∇canV ))→ H1(X,Ker(∇can∨V ⊗∇canV ))
induced by the short exact sequence
(950) 0→ Ker(∇can∨V ⊗∇canV )→ EndOX(AKer(∇F ))→ Im(∇can∨V ⊗∇canV )→ 0.
Note that ∇can∨V ⊗∇canV may de identified with the canonical k-log connection
(951) ∇canEnd(V) : F ∗X/k(End(V))→ ΩXlog/klog ⊗ F ∗X/k(End(V))
on F ∗X/k(End(V)), where End(V) := EndO
X
(1)
k
(V), via the natural isomorphism
F ∗X/k(End(V)) ∼→ EndOX (AKer(∇F )). In particular,
(952) FX/k∗(Ker(∇can∨V ⊗∇canV )) ∼→ FX/k∗(Ker(∇canEnd(V))) ∼→ V,
and hence,
(953) H1(X,Ker(∇can∨V ⊗∇canV )) ∼→ H1(X(1)k , End(V)).
It follows from well-known generalities concerning deformation theory that
there exists a canonical bijective correspondence between H1(X
(1)
k ,V) and the
set Def
FX/k∗(Ker(∇F ))
ǫ of isomorphism classes of deformations over X
(1)
k,ǫ of the
vector bundle FX/k∗(Ker(∇F)) on X(1)k . By passing to (953), we obtain a
bijection
(954) Def
FX/k∗(Ker(∇F ))
ǫ
∼→ H1(X,Ker(∇can∨V ⊗∇canV )).
The image of ̺′ ∈ Γ(X, Im(∇can∨V ⊗∇canV )) via the second arrow in (949) cor-
responds, via this bijection (954), to the deformation FXǫ/kǫ∗(Ker(∇Fǫ)) of
FX/k∗(Ker(∇F )). But, since FXǫ/kǫ∗(Ker(∇Fǫ)) was assumed to be the trivial
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deformation, this image of ̺′ equals the zero element. Both this fact and the
exactness of (949) imply that there exists an element
(955) ˜̺′ ∈ Γ(X, EndOX(AKer(∇F )))
which is sent to ̺′ by the first arrow in (949). By the definition of the canonical
k-log connection (cf. § 3.3), the morphism ∇can∨V ⊗ ∇canV (= ∇canEnd(V)) factors
through the inclusion
(956) ΩX/k ⊗ EndOX (AKer(∇F )) →֒ ΩXlog/klog ⊗ EndOX(AKer(∇F )).
Thus, the element ̺′, which is the image of ˜̺′ via∇can∨V ⊗∇canV , lies in Γ(X,ΩX/k⊗
EndOX(AKer(∇F ))). This completes the proof of Corollary 8.5.2. 
8.6. Deformations of FX/k(Ker(∇F)).
In this section, we prove (cf. Corollary 8.6.2) that any deformation of a
dormant (GLn, 1,U)-oper (cf. Definition 4.9.4) is, in a certain sense, uniquely
determined by the sheaf of its horizontal sections.
Let B and F be as above, and ∇0 a k-log connection on det(F) for which
the pair U := (B,∇0) forms an (n, 1)-determinant data for X log over klog (cf.
Definition 4.9.1) and satisfying that pψ(det(F),∇0) = 0. (By Proposition 4.14.2,
there exists at least one such (n, 1)-determinant data.) Write
(957) Fǫ := D<n1,Xlogǫ /klogǫ ⊗ pr
∗
X(B∨),
which has, by definition, a canonical isomorphism
(958) Fǫ ∼→ pr∗X(F)
of OXǫ-modules.
Now, let ∇Fǫ be a dormant (GLn, 1,U)-oper on Xǫ/kǫ and denote by ∇F the
(GLn, 1,U)-oper on X/k obtained as the pull-back of ∇Fǫ via inX : X → Xǫ.
Lemma 8.6.1.
The morphism ν
(Fǫ ,∇Fǫ)
♯ : AKer(∇Fǫ ) → Fǫ is isomorphic to the pull-back of
ν
(F ,∇F )
♯ : AKer(∇F ) → F via prX . More precisely, there exists an isomorphism
α : AKer(∇Fǫ )
∼→ pr∗X(AKer(∇F )) of OXǫ-modules which makes the following
square diagram commute:
(959)
AKer(∇Fǫ)
ν
(Fǫ,∇Fǫ )
♯−−−−−→ Fǫ
α
y y(958)
pr∗X(AKer(∇F ))
pr∗X(ν
(F,∇F )
♯ )−−−−−−−−→ pr∗X(F).
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Proof. Since the cokernel
⊕r
i=1 Λi of ν
(Fǫ,∇Fǫ)
♯ is flat over kǫ (cf. § 8.2), the
injection ν
(Fǫ,∇Fǫ)
♯ determines a tangent vector
(960) [ν
(Fǫ ,∇Fǫ)
♯ ] ∈ T[ν(F,∇F )♯ ]Quot
n,deg(AKer(∇F ))
F/Y/T
to the Quot schemeQuot
n,deg(AKer(∇F ))
F/Y/T at the point [ν
(F ,∇F )
♯ ] ∈ Quot
n,deg(AKer(∇F ))
F/Y/T
corresponding to ν
(F ,∇F )
♯ (cf. § 9.1). By means of the isomorphism (1005), the
tangent vector [ν
(Fǫ ,∇Fǫ)
♯ ] corresponds to an injection
(961) def
ν
(F,∇F )
♯
([ν
(Fǫ ,∇Fǫ)
♯ ]) : AKer(∇F ) →
r⊕
i=1
Λi
of OX-modules. One verifies from the construction of the isomorphism (1005)
(cf. [Ser], Proposition 4.4.4) that the morphism def
ν
(F,∇F )
♯
([ν
(Fǫ,∇Fǫ)
♯ ]) is compat-
ible with the respective k-log connections ∇canKer(∇F ) and
⊕r
i=1∇F ,i (cf. (873)).
But, by Lemma 8.3.1 and the composite isomorphism (893), this morphism
turns out to be the zero map. This implies that ν
(Fǫ,∇Fǫ)
♯ is the trivial defor-
mation of ν
(F ,∇F )
♯ . 
Corollary 8.6.2.
Suppose further that g = 0 and the vector bundle FXǫ/kǫ∗(Ker(∇Fǫ)) on X(1)ǫ,k
(
∼→ X(1)k,ǫ ) is isomorphic to pr∗X(1)k (FX/k(Ker(∇F))). Then the (GLn, 1,U)-oper∇Fǫ is isotrivial, i.e., isomorphic to the (GLn, 1,U)-oper obtained as the pull-
back pr∗X(∇F) of ∇F via prX .
Proof. By the composite isomorphism asserted in Corollary 4.11.3, we may
assume, without loss of generality, that the sln-oper E♠ǫ := (E †sln,1,X/kǫ ,∇Eǫ)
associated with ∇Fǫ is of canonical type II (cf. Definition 4.12.1). In particular,
if E♠ := (E †sln,1,X/k ,∇E) denotes the sln-oper on X/k obtained as the pull-back
of E♠ǫ via inX , then both E♠ and the pull-back pr∗X(E♠) of E♠ are of canonical
type II.
Write Op-Def∇Fǫ for the set of isomorphism classes of deformations over X/kǫ
of the (GLn, 1,U)-oper ∇F . According to Corollary 4.11.3, Proposition 6.4.1,
and the discussion in § 6.4, there exists a canonical bijection
(962) Op-Def∇Fǫ
∼→ H1(X,K•[∇ad(0)E ]).
Also, the morphism H1(X,K•[∇ad(0)E ])→ H1(X,K•[∇adE ]) induced by the natu-
ral morphism K•[∇ad(0)E ]→ K•[∇adE ] is injective (cf. the discussion in the proof
of Proposition 6.2.2 (i)). Thus, Op-Def∇Fǫ may be thought of as a subset of
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H1(X,K•[∇adE ]). Moreover, by the discussion in § 4.13, (iv), Op-Def∇Fǫ corre-
sponds (since E♠ is of canonical type II) bijectively to Γ(X, ✶Bn−1Xlog/klog). The
resulting composite injection
(963) Γ(X, ✶Bn−1Xlog/klog) ∼→ Op-Def∇Fǫ →֒ H1(X,K•[∇adE ])
coincides with the composite
Γ(X, ✶Bn−1Xlog/klog) →֒ Γ(X,ΩXlog/klog ⊗ EndOX (F))(964)
→ H1(X,K•[∇adF ])
→ H1(X,K•[∇adFPGLn ])
∼→ H1(X,K•[∇adE ])
(cf. (464) for the definition of the first arrow), where the second arrow arises
from the natural morphism ΩXlog/klog⊗EndOX(F)[−1]→ K•[∇adF ] and the third
arrow arises from the natural surjection EndOX (F)։ EndOX (F).
Now, let ̺ be the element of H1(X,K•[∇adF ]) corresponding, via the bijection
(927), to the deformation (Fǫ,∇Fǫ) of (F ,∇F). Also, let ̺′ be an element of
Γ(X,ΩXlog/klog ⊗ EndOX(F)) constructed in the manner of § 8.5 for the case of
this ̺. Then, by the construction of Op-Def∇Fǫ
∼→ Γ(X, ✶Bn−1Xlog/klog), one may
choose ̺′ as satisfying that
(965) ̺′ ∈ Γ(X, ✶Bn−1Xlog/klog).
Next, since we have assumed that ∇Fǫ is dormant and Fǫ ∼→ pr∗X(F), the
element ̺ lies in the subspace Ker(′e♭[∇adF ])∩H1(X,K•[∇Zzz...F ]) (cf. § 8.5). If ̺′
is as in (936) for the case of (Fǫ,∇Fǫ) under consideration, then, by Corollary
8.5.2 and Lemma 8.6.1, we see that
(966) ̺′ ∈ Γ(X,ΩX/k ⊗ EndOX(AKer(∇F ))) ∩ Γ(X,ΩXlog/klog ⊗ EndOX(F)).
By combining (965) and (966), we see that
(967) ̺′ ∈ Γ(X, ✶Bn−1Xlog/klog) ∩ Γ(X,ΩX/k ⊗ EndOX(AKer(∇F ))).
But, since g = 0, it follows from Corollary 8.4.2 that ̺′ = 0. This implies
that ∇Fǫ is the trivial deformation of ∇F , i.e., isomorphic to pr∗X(∇F), as
desired. 
8.7. Dormant opers on the projective line.
Now, we study the case of a pointed stable curve of type (0, 3). Let P/k :=
(P1/k, {[0], [1], [∞]}) be as in (739). (In particular, the Frobenius twist P1(1)k of
the underlying curve P1/k, i.e., the projective line over k, is isomorphic to P1.)
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Recall the Birkhoff-Grothendieck’s theorem which asserts that for any vector
bundle V on P1 of rank n ≥ 1 is isomorphic to a direct sum of n line bundles:
(968) V ∼=
n⊕
j=1
OP1(wj),
where wj1 ≤ wj2 if j1 < j2. The ordered set (wj)nj=1 of integers depends only
on the isomorphism class of the vector bundle V. In this situation, we shall
say that V is of type (wj)nj=1.
By induction on n, one may verify easily the following lemma.
Lemma 8.7.1.
Suppose that we are given, for  = 1, 2, a rank n vector bundle V on P1
of type (w,j)
n
j=1 and an injection V1 →֒ V2 of OP1-modules. Then, for any
j ∈ {1, · · · , n}, the inequality w1,j ≤ w2,j holds.
The above lemma deduces the following lemma, which will be used in the
proof of Proposition 8.7.4.
Lemma 8.7.2.
Let s be an integer and {Vl}l∈Z≥0 a set of rank n vector bundles on P1 such that
each Vl is of degree s+ l and type (wl,j)nj=1 (hence
∑n
j=1wl,j = s+ l) satisfying
that wl,n − wl,1 ≤ 2. Also, suppose that we are given a sequence of OP1-linear
injections
(969) V0 →֒ V1 →֒ V2 →֒ · · · .
Then, there exists l0 ∈ Z≥0 such that Vl0 is of type (wl0,j)nj=1 satisfying that
wl0,n − wl0,1 ≤ 1.
Proof. It suffices to consider the case where w0,n −w0,1 = 2. Let l1 := min{l ∈
Z≥0 | wl,n 6= w0,n}. (In particular, we have wl1−1,n = w0,n.) By Lemma
8.7.1 and the condition that w0,n − w0,1 = 2 and wl1,n − wl1,1 ≤ 2, we have
wl1,1 = w0,1 + 1. Hence,
(970) wl1−1,n − wl1−1,1 = w0,n − (w0,1 + 1) = 1.
Consequently, the integer l0 := l1 − 1 is as desired. 
In the following, let U := (B,∇0) be an (n, 1)-determinant data for P1log over
klog satisfying that pψ
(det(D<n
1,P1log/klog
⊗B∨),∇0)
= 0. Write
(971) F := D<n1,P1log/klog ⊗ B∨, and Fǫ := D<n1,P1logǫ /klogǫ ⊗ pr
∗
P1(B∨).
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Proposition 8.7.3.
Let ∇F be a dormant (GLn, 1,U)-oper on P/k. Suppose that the rank n vector
bundle FP1/k∗(Ker(∇F)) on P1(1)k is of type (wl)nl=1, i.e., decomposes into a direct
sum of n line bundles:
(972) FP1/k∗(Ker(∇F)) ∼=
n⊕
l=1
O
P1(1)k
(wl)
(satisfying that wj1 ≤ wj2 if j1 < j2). Then, the following inequality holds:
(973) wn − w1 ≤ 2.
Proof. By means of the decomposition (972), the rank n vector bundleAKer(∇F ) :=
F ∗P1/k(FP1/k∗(Ker(∇F ))) on P1 decomposes into the direct sum
(974) AKer(∇F ) ∼=
n⊕
l=1
OP1(p · wl).
On the other hand, recall thatAKer(∇F ) admits a decreasing filtration {AjKer(∇F )}nj=0
with grjF := AjKer(∇F )/A
j+1
Ker(∇F ) (j = 0, · · · , n − 1). It follows from Proposi-
tion 8.3.3 and the latter assertion of Corollary 8.3.4 (and the condition that
(g, r) = (0, 3)) that
(975) deg(grn−1F ) < deg(gr
n−2
F ) < · · · < deg(gr0F ).
Write
(976) ξ′ : OP1(p · wn) →֒ AKer(∇F )
(
resp., ξ′′ : AKer(∇F ) ։ OP1(p · w1)
)
for the inclusion into the n-th factor (resp., the projection onto the 1-st factor)
upon identifying AKer(∇F ) with
⊕n
l=1OP1(p ·wl) by means of the decomposition
(974). Also, write
n′ := max{j | Im(ξ′) ⊆ AjKer(∇F )}(977) (
resp., n′′ := max{j | ξ′(AjKer(∇F )) 6= 0}
)
.
Then, ξ′ (resp., ξ′′) induces a nonzero morphism
ξ
′
: OP1(p · wn)→ An′Ker(∇F )/An
′+1
Ker(∇F ) (=: gr
n′
F )(978) (
resp., ξ
′′
:
(
grn
′′
F :=
)
An′′Ker(∇F )/An
′′+1
Ker(∇F ) → OP1(p · w1)
)
between line bundles (on the smooth curve P1 over k). In particular ξ
′
and ξ
′′
are injective, and hence, we have
(979) p · wn = deg(OP1(p · wn)) ≤ deg(grn′F ) ≤ deg(gr0F)
and
(980) p · w1 = deg(OP1(p · w1)) ≥ deg(grn′′F ) ≥ deg(grn−1F ),
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where the last inequalities in both (979) and (980) follow from (975). But, it
follows from the latter assertion of Corollary 8.3.4 that
deg(gr0F)− deg(grn−1F )(981)
= −(n− 1) · (2 · 0− 2 + 3) +
r∑
i=1
(wi,n − wi,1)
< −n + 1 + 3 · p.
By combining (979), (980), and (981), we obtain
(982) wn − w1 ≤ 1
p
· (deg(gr0F)− deg(grn−1F )) < 3−
n− 1
p
.
This implies (since both mn and m1 are integers) that mn−m1 ≤ 2, as desired.

Let L′ := (L′,∇L′) be a log integrable line bundle on P1log/klog satisfying
that pψ(L
′,∇L′) = 0. The (n, 1)-determinant data U⊗L′∨ := (B⊗L′∨,∇0⊗∇⊗nL′ )
(cf. Lemma 4.9.3) satisfies the equality pψ(det(F⊗L
′),∇0⊗∇⊗nL′ ) = 0. Also, recall
that ∇F⊗L′ := ∇F⊗∇L′ forms a dormant (GLn, 1,U⊗L′∨)-oper on P/k. As we
will prove in the following proposition, the vector bundle FP1/k∗(Ker(∇F⊗L′))
satisfies a certain nice property for a suitable choice of L′.
Proposition 8.7.4.
Let ∇F be a dormant (GLn, 1,U)-oper on P/k. Then, there exists a log inte-
grable line bundle L := (L,∇L) on P1log/klog such that the rank n vector bundle
FP1/k∗(Ker(∇F⊗L)) on P1(1)k is of type (wl)nl=1 satisfying that wn − w1 ≤ 1.
Proof. For convenience of the following discussion, we write U0 := U, ∇F ,0 :=
∇F . In the following, we shall construct, by means of the pair (U0,∇F ,0), a
new (n, 1)-determinant data U1 and a dormant (GLn, 1,U1)-oper ∇F ,1 on P/k.
Let R
(F ,∇F,0)
[0] := (−ml)nl=1 (where 0 ≤ ml1 ≤ ml2 < p if l1 < l2), and consider
the log integrable line bundle
(983) L1 := (OP1((p−mn) · [0]),∇(p−mn)·[0])
on P1log/klog, which has vanishing p-curvature. As we mentioned preceding
Proposition 8.7.4, the (n, 1)-determinant data
(984) U1 := (B ⊗OP1((p−mn) · [0])∨,∇0 ⊗∇⊗n(p−mn)·[0])
satisfies the equality
(985) pψ(det(F((p−mn)·[0])),∇0⊗∇
⊗n
(p−mn)·[0]) = 0
(where F((p−mn) · [0]) := F ⊗OP1((p−mn) · [0])). Also,
(986) ∇F ,1 := ∇F ,0 ⊗∇(p−mn)·[0]
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forms a dormant (GLn, 1,U1)-oper on P/k. Moreover, the inclusion F →֒
F((p−mn) · [0]) yields an OP(1)k -linear injection
(987) f1 : FP1/k∗(Ker(∇F ,0)) →֒ FP1/k∗(Ker(∇F ,1))
between rank n vector bundles. Thus, we have obtained (from (U0,∇F ,0)) a
collection of data
(988) U1, ∇F ,1, f1.
Here, we shall compare the degree of the vector bundle FP1/k∗(Ker(∇F ,0))
with that of the vector bundle FP1/k∗(Ker(∇F ,1)). Since the restriction of L1
to the open subscheme A1 := P1 \ Im([0]) of P1 is isomorphic to the trivial log
integrable line bundle (OA1 , dA1/k), the natural inclusion
(989)
(
Ker(∇F ,0) ∼→
)
Ker(∇F ,0)⊗Ker(∇(p−mn)·[0]) →֒ Ker(∇F ,1)
induces an isomorphism
(990) Ker(∇F ,0)|A1 ∼→ Ker(∇F ,1)|A1
of OA1-modules.
Now, let us fix a local function t ∈ OP1 defining [0], and let
(991) ϑ
(F ,∇F,0)
[0] : (F ,∇F ,0)∧
∼→
n⊕
l=1
(Ô, ∇̂ml)
be the isomorphism (892) where the marked point σi is taken to be [0] and
the (F ,∇F) is taken to be the log integrable vector bundle (F ,∇F ,0) under
consideration. By taking the respective sheaves of horizontal sections, one
obtains from (991) an isomorphism
(992) ϑ
(F ,∇F,0),∇
[0] : Ker(∇F ,0)∧
∼→
n⊕
l=1
tml · OSpf(k[[tp]])
of OSpf(k[[tp]])-modules. Also, the isomorphism (991) tensored with L1 gives an
isomorphism
(993) ϑ
(F((p−mn)·[0]),∇F,1)
[0] : (F((p−mn) · [0]),∇F ,1)∧
∼→
n⊕
l=1
(Ô, ∇̂p−mn+ml).
Here, note that Ker(∇̂p) = OSpf(k[[tp]]) (by Lemma 8.3.2). The isomorphism
(993) induces an isomorphism between the respective sheaves of horizontal
sections
(994) ϑ
(F((p−mn)·[0]),∇F,1),∇
[0] : Ker(∇F ,1)∧
∼→
n⊕
l=1
tp−mn+m
′
l · OSpf(k[[tp]]),
where m′l = ml if l = 1, · · · , n − 1 and m′l = ml − p if l = n. The tp-
adic completion of the inclusion (989) may be identified, via the isomorphisms
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(992) and (994) (and the isomorphism Ker(∇(p−mn)·[0])∧ ∼→ tp−mn · OSpf(k[[tp]])),
with the morphism( n⊕
l=1
tml · OSpf(k[[tp]])
)⊗̂tp−mn · OSpf(k[[tp]]) → n⊕
l=1
tp−mn+m
′
l · OSpf(k[[tp]])(995)
S∑
s=1
(as,l)
n
l=1 ⊗ bs 7→
S∑
s=1
(as,l ⊗ bs)nl=1.
The cokernel of this morphism is an OSpf(k[[tp]])-module of degree one, which is
obtained as the quotient of the n-th component in the direct sum
⊕n
l=1 t
p−mn+m′l ·
OSpf(k[[tp]]). Thus, by combining this fact and the isomorphism (990), we con-
clude that
(996) deg(FP1/k∗(Ker(∇F ,1))) = deg(FP1/k∗(Ker(∇F ,0))) + 1.
By iterating the above procedure for constructing (U1,∇F ,1) from (U0,∇F ,0),
we obtain a set of the pairs {(Ul,∇F ,l)}l≥0, where each Ul is an (n, 1)-determinant
data for P1log over klog and ∇F ,l is a dormant (GLn, 1,Ul)-oper on P/k. More-
over, by applying, to each (Ul,∇F ,l), the same procedure as the above proce-
dure for constructing f1 from (U0,∇F ,0), we obtain a sequence of OP1(1)/k-linear
injections
(997) FP1/k∗(Ker(∇F ,0)) f1→֒ FP1/k∗(Ker(∇F ,1)) f2→֒ FP1/k∗(Ker(∇F ,2)) f3→֒ · · · .
Hence, it follows from Lemma 8.7.2 and Proposition 8.7.3 that there exists l0 ≥
0 such that FP1/k∗(Ker(∇F ,l0)) is of type (wl)nl=1 (for some wl ∈ Z) satisfying
that wn − w1 ≤ 1. That is, the tensor product L :=
⊗l0
l=1 Ll becomes the
required log integrable line bundle. This completes the proof of Proposition
8.7.4. 
Corollary 8.7.5.
Let ∇Fǫ be a dormant (GLn, 1, pr∗P1(U))-oper on P/kǫ, where pr∗P1(U) denotes
the (n, 1)-determinant data for P1logǫ over k
log
ǫ obtained by pulling-back the data
U via prP1. Write ∇F for the (GLn, 1,U)-oper on P/k obtained as the pull-back
of ∇Fǫ via inP1. Then, ∇Fǫ is the trivial deformation of ∇F , i.e., isomorphic
to pr∗P1(∇F).
Proof. If L is a log integrable line bundle on P1log/klog, then there exists (cf.
Corollary 4.11.4) an isomorphism
(998) Γ♦U∼→U⊗L∨ : Op♦GLn,1,U,P/k → Op♦GLn,1,U⊗L∨,P/k
of k-schemes. The trivial deformation of the (GLn, 1,U)-oper classified by a
k-rational point q ∈ Op♦GLn,1,U,P/k(k) corresponds, via this isomorphism, to
the trivial deformation of the (GLn, 1,U)-oper classified by Γ♦U∼→U⊗L∨ ◦ q ∈
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Op♦GLn,1,U⊗L∨,P/k(k). Hence, by Proposition 8.7.4, we may assume (after possi-
bly replacing U with U⊗L∨ for some log integrable line bundle L on P1log/klog)
that the rank n vector bundle FP1/k∗(Ker(∇F)) on P1(1)k is of type (wl)nl=1 sat-
isfying that wn − w1 ≤ 1.
Let us recall the canonical bijective correspondence between the underlying
set of H1(P1(1)k , EndO
P
1(1)
k
(FP1/k∗(Ker(∇F )))) and the set of isomorphism classes
of deformations over P1(1)k,ǫ of the vector bundle FP1/k∗(Ker(∇F)). If we fix an
isomorphism FP1/k∗(Ker(∇F)) ∼=
⊕n
l=1OP1(1)k (wl), then we have
H1(P1(1)k , EndO
P
1(1)
k
(FP1/k∗(Ker(∇F))))(999)
∼→ H1(P1(1)k , EndO
P
1(1)
k
(
n⊕
l=1
O
P1(1)k
(wl)))
∼→ H1(P1(1)k ,
n⊕
l,l′=1
O
P1(1)k
(wl − wl′))
∼→
n⊕
l,l′=1
H0(P1(1)k ,OP1(1)k (−wl + wl′ − 2))
∼→ 0,(1000)
where the third isomorphism arises from Serre duality and Ω
P1(1)k /k
∼= OP1(1)k (−2),
and the fourth isomorphism follows from the assumption that (max{wl′ −
wl | 1 ≤ l, l′ ≤ n} =) wn − w1 ≤ 1. This implies that FP1ǫ/kǫ∗(Ker(∇Fǫ))
is the trivial deformation of FP1/k∗(Ker(∇F )). Thus, the assertion follows from
Corollary 8.6.2. 
8.8. The generic e´taleness of the moduli of dormant (sln, ℏ)-opers.
Consequently, one may obtain the following Proposition 8.8.1, and then,
Theorem 8.8.2.
Proposition 8.8.1.
Let p be a prime, n an integer satisfying that 1 < n < p
2
, k an algebraically
closed field of characteristic p, X/k := (X/k, {σi}ri=1) a totally degenerate curve
(cf. Definition 7.5.1) over k, and moreover, ℏ ∈ k×, ρ ∈ c×rsln(Fp) (where we take
ρ = ∅ if r = 0). Then, any dormant (sln, ℏ)-oper E♠ on X/kǫ (= the base-change
of X/k over kǫ := k[ǫ]/ǫ
2) of radii ℏ⋆ρ is the trivial deformation of the dormant
(sln, ℏ)-oper on X/k obtained as the pull-back of E♠ via inX . Equivalently, the
finite k-scheme Op
Zzz...
sln,ℏ,ℏ⋆ρ,X/k
(cf. Theorem 3.12.3) is a (possibly empty) disjoint
union of finite copies of Spec(k).
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Proof. We shall apply Theorem 7.4.1 to the case where the clutching data
D = (Γ, {(gj, rj)}mj=1, {λj}mj=1) corresponds, in the manner of the discussion
following Definition 7.5.1, to the totally degenerate curve X/k. In particular, we
have (gj , rj) = (0, 3) for any j. Hence, the assertion reduces to the case where
the totally degenerate curve X/k is taken to be P/k. Moreover, by Proposition
3.9.1, it suffices to consider the case where ℏ = 1. Thus, the assertion follows
from Corollary 4.11.3 and Corollary 8.7.5. 
Theorem 8.8.2 (Generic e´taleness of Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r for g = sln).
Let p be a prime, n an integer satisfying that 1 < n < p
2
, k a perfect field of
characteristic p, ℏ ∈ k×, and ρ ∈ c×rsln(Fp) (where ρ := ∅ if r = 0). Then, the
finite (relative)Mg,r-scheme Op
Zzz...
sln,ℏ,ℏ⋆ρ,g,r (cf. Theorem 3.12.3) is e´tale over the
points of Mg,r classifying totally degenerate curves. In particular, Op
Zzz...
sln,ℏ,ℏ⋆ρ,g,r
is (since Mg,r is irreducible) generically e´tale over Mg,r (i.e., any irreducible
component that dominates Mg,r admits a dense open subscheme which is e´tale
over Mg,r).
Proof. The assertion follows from Proposition 7.5.2 and Proposition 8.8.1. 
Remark 8.8.3.
If g = sl2 (hence p is an odd prime), then a stronger result than Theorem 8.8.2
asserted above was proved by S. Mochizuki in the work of p-adic Teichmu¨ller
theory (cf. [Mz2]). In fact, S. Mochizuki have shown (cf. [Mz2], Chap. II, § 2.8,
Theorem 2.8 and its proof) that Op
Zzz...
sl2,ℏ,ℏ⋆ρ,g,r is, if it is not empty, represented
by a geometrically connected, smooth, and proper Deligne-Mumford stack over
k of dimension 3−3+ r, and the natural projection OpZzz...sl2,ℏ,ℏ⋆ρ,g,r →Mg,r is (in
addition to the fact asserted in Theorem 8.8.2) faithfully flat.
Finally, we prove, by applying Theorem 8.8.2, the following corollary which
asserts the generic e´taleness for Lie algebras so2l+1 and sp2m. As a consequence,
we conclude that the condition (Etale)g,ℏ is automatically satisfied under the
condition (Char)†p.
Corollary 8.8.4. (Generic e´taleness of Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r for g = so2l+1
and sp2m)
Let p be a prime, k a perfect field of characteristic p, and ℏ ∈ k×. Suppose
that g is either so2l+1 (for some l <
p
4
) or sp2m (for some m <
p
4
), and let
ρ ∈ c×rg (Fp) (where ρ := ∅ if r = 0). Then, the finite (relative) Mg,r-scheme
Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r (cf. Theorem 3.12.3) is e´tale over the points of Mg,r classifying
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totally degenerate curves. In particular, Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r is generically e´tale over
Mg,r.
Proof. Consider the closed immersion
(1001) Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r → Op
Zzz...
sln,ℏ,ℏ⋆ρ,g,r
obtained in Proposition 5.9.1. Since this morphism enables us to regardOp
Zzz...
g,ℏ,ℏ⋆ρ,g,r
as a closed substack of Op
Zzz...
sln,ℏ,ℏ⋆ρ,g,r, Theorem 8.8.2 implies that the projection
Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r → Mg,r is unramified over the points of Mg,r classifying totally
degenerate curves. By Corollary 6.12.2, this projection is verified to be e´tale
over those points, as desired. 
Therefore, if g is equal to either sln (n <
p
2
), so2l+1 (l <
p
4
), or sp2m (m <
p
4
),
then the map of sets
(1002) N
Zzz...
p,g,0 : N
cg(Fp)
≥3 → Z
given by assigning ρ 7→ NZzz...p,g,ρ,0,r (= deg(OpZzz...g,ℏ,ℏ⋆ρ,0,r/M0,r)) for any ρ ∈ c×rg (Fp)
is a pseudo-fusion rule on cg(Fp) (by Theorem 7.10.1). In particular, we obtain
the dormant operatic fusion ring F
Zzz...
p,g of g at level p, and hence, the explicit
computation of deg(Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r/Mg,r) asserted in Theorem 7.10.4 for such a g.
9. Relations with Quot-schemes
In this last section, we shall give an affirmative answer to Joshi’s conjecture
exhibited in Introduction. As we explained in the end of § 7.5, it suffices to
calculate explicitly the value of the generic degree deg(Op
Zzz...
sln,1,g,0/Mg,0) of the
moduli stack Op
Zzz...
sln,1,g,0
over Mg,0 (since Op
Zzz...
sln,1,g,0
/Mg,0 is finite and generically
e´tale by Theorem 8.8.2). To this end, it will be necessary to relate Op
Zzz...
sln,1,g,0
to certain Quot-schemes (cf. Proposition 9.3.3). Consequently, by applying
a formula given by Y. Holla for computing the degree of these Quot-schemes,
we give, in the last subsection (cf. Theorem 9.7.1), an explicit computation of
deg(Op
Zzz...
sln,1,g,0
/Mg,0).
9.1. Quot-schemes.
Here, to prepare for the discussion in the following, we introduce notions for
Quot-schemes in arbitrary characteristic.
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Let T be a noetherian scheme, Y a geometrically connected, proper, and
smooth curve of genus g > 1 over T (hence deg(ΩY log/T log) = deg(ΩY/T ) =
2g − 2) and E a vector bundle on Y . Denote by
(1003) Quotn,dE/Y/T : Sch/T −→ Set
the Set-valued contravariant functor on Sch/T which to any morphism t
′ :
T ′ → T associates the set of isomorphism classes of injective morphisms of
coherent OY×T T ′-modules
(1004) η : F → (idY × t′)∗(E)
such that the cokernel Coker(η) of η is flat over T ′ (which, since Y/T is smooth
of relative dimension 1, implies that F is locally free) and F is of rank n and
degree d. It is known (cf. [FGA], Chap. 5, § 5.5, Theorem 5.14) that Quotn,dE/Y/T
may be represented by a proper scheme over T .
Suppose further that T = Spec(k) for some field k and we are given an OY -
linear morphism η0 : F → E such that F is of rank n and degree d. Then, the
tangent space T[η0]Quotn,dE/Y/k at the point [η0] ∈ Quotn,dE/Y/k(k) corresponding to
η0 may be naturally identified with the k-vector space HomOY (F ,Coker(η0))
(cf. [Ser], Proposition 4.4.4). Denote by
(1005) defη0 : T[η0]Quotn,dE/Y/T
∼→ HomOY (F ,Coker(η0))
this canonical isomorphism of k-vector spaces.
9.2. Quot-schemes associated with FX/S(B⊻).
Let S be a scheme of characteristic p > 0 and n a positive integer satisfying
that 1 < n < p
2
. Fix a smooth pointed stable curve X/S := (f : X → S, ∅) of
type (g, 0), i.e., a geometrically connected, proper, and smooth curve X/S of
genus g > 1. (Hence, both the log structures of X log and S log obtained in the
manner of § 1.5 are trivial.) Suppose that we are given a line bundle B on X
together with an isomorphism
(1006) trivB :
(
det(D<n1,X/S ⊗ B∨) ∼→
)
T ⊗
n(n−1)
2
X/S ⊗ (B∨)⊗n
∼→ OX .
(By the discussion in Remark 4.9.2 (iii), X/S necessarily admits, at least e´tale
locally on S, such a line bundle.) Denote by
(1007) dB : det(D<n1,X/S ⊗ B∨)→ ΩX/S ⊗ det(D<n1,X/S ⊗ B∨)
the S-(log) connection on det(D<n1,X/S⊗B∨) corresponding, via the isomorphism
(1006), to the universal derivation dX/S : OX → ΩX/S . Then, the pair
(1008) U := (B, dB)
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forms an (n, 1)-determinant data for X over S (cf. Definition 4.9.1 (i)). Here,
we shall write
(1009) B⊻ := T ⊗(n−1)X/S ⊗ B∨
for simplicity. Note that the isomorphism trivB (cf. (1006)) yields an isomor-
phism
(1010) B⊻⊗n ∼→ T ⊗
n(n−1)
2
X/S .
Now, let us consider the Quot-scheme
(1011) Quotn,0
FX/S∗(B⊻)/X(1)S /S
discussed above in the case where the data “(T, Y, E , n, d)” is taken to be
(S,X
(1)
S , FX/S∗(B⊻), n, 0). Denote by
(1012) η˜ : F˜ → (id
X
(1)
S
× τ)∗(FX/S∗(B⊻))
the tautological injection of sheaves on X
(1)
S ×S Quotn,0FX/S∗(B⊻)/X(1)S /S, where τ
denotes the structure morphism Quotn,0
FX/S∗(B⊻)/X(1)S /S
→ S of the S-scheme
Quotn,0
FX/S∗(B⊻)/X(1)S /S
. The determinant bundle det(F˜) of F˜ determines a clas-
sifying morphism
(1013) det : Quotn,0
FX/S∗(B⊻)/X(1)S /S
→ Pic0
X
(1)
S /S
to the relative Picard scheme Pic0
X
(1)
S /S
. (Here, recall (cf. Remark 4.9.2 (iii))
that Pic0
X
(1)
S /S
classifies the set of equivalence classes of degree 0 line bundles
on X
(1)
S /S). Thus, one obtains the closed subscheme
(1014) Quotn,O
FX/S∗(B⊻)/X(1)S /S
of Quotn,0
FX/S∗(B⊻)/X(1)S /S
defined to be the scheme-theoretic inverse image, via
det, of the identity section of Pic0
X
(1)
S /S
.
9.3. The GLp-oper A♥B⊻.
Next, we discuss the relationship betweenQuotn,O
FX/S∗(B⊻)/X(1)S /S
andOp♦
Zzz...
GLn,1,U,X/S
(cf. (475)), where U is as above.
Let us consider the rank p vector bundle
(1015) AB⊻ := F ∗X/S(FX/S∗(B⊻))
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on X (cf. (868)), which admits the canonical S-(log) connection ∇canFX/S∗(B⊻) :
AB⊻ → ΩX/S ⊗ AB⊻ (cf. § 3.3). This S-connection gives rise to a p-step de-
creasing filtration {AjB⊻}pj=0 on AB⊻ as follows.
A0B⊻ := AB⊻;(1016)
A1B⊻ := Ker(AB⊻
q
։ B⊻);
AjB⊻ := Ker(Aj−1B⊻
∇can
FX/S∗(B⊻)
|Aj−1B⊻−→ ΩX/S ⊗AB⊻ ։ ΩX/S ⊗ (AB⊻/Aj−1B⊻ ))
(j = 2, · · · , p), where AB⊻ (= F ∗X/S(FX/S∗(B⊻)))
q
։ B⊻ denotes the morphism
determined by the adjunction relation “F ∗X/S(−) ⊣ FX/S∗(−)”.
Proposition 9.3.1.
The collection of data
(1017) A♥B⊻ := (AB⊻,∇canFX/S∗(B⊻), {A
j
B⊻}pj=0)
forms a GLp-oper on X/S (with vanishing p-curvature). Hence, for j = 0, · · · , p−
1, the isomorphisms kslA♥B⊻
(j ≥ l ≥ 1) (cf. (359)) induce a composite isomor-
phism
(1018)
AjB⊻/Aj+1B⊻
∼→ ΩX/S⊗(Aj−1B⊻ /AjB⊻)
∼→ · · · ∼→ Ω⊗jX/S⊗(A0B⊻/A1B⊻)
(
= Ω⊗jX/S ⊗ B⊻
)
.
In particular, there exists a canonical isomorphism
(1019) Ap−1B⊻
∼→ Ω⊗(p−n)X/S ⊗ B∨.
Proof. The assertion follows from an argument (in the case where S is an
arbitrary scheme) similar to the argument (in the case where S = Spec(k) for
an algebraically closed field k) given in the proofs of [JRXY], § 5.3, Theorem,
and [Su], § 2, Lemma 2.1. 
Let ∇can,D
FX/S∗(B⊻) : D
<∞
1,X/S ⊗AB⊻ → AB⊻ be the structure of left D<∞1,X/S-module
on AB⊻ corresponding, via the bijective correspondence asserted in § 4.4, to
∇canFX/S∗(B⊻). Consider the composite
(1020) γ : D<p1,X/S ⊗Ap−1B⊻ →֒ D<∞1,X/S ⊗AB⊻
∇can,D
FX/S∗(B⊻)−→ AB⊻,
where the first arrow arises from the inclusions D<p1,X/S →֒ D<∞1,X/S and Ap−1B⊻ →֒
AB⊻. It follows from Proposition 9.3.1 that this composite γ is an isomorphism
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of OX -modules that is compatible with the respective filtrations {D<p−j1,X/S ⊗
Ap−1B⊻ }pj=0 and {AjB⊻}pj=0. Hence, by taking quotients, we obtain an isomorphism
(1021) (D<p1,X/S/D<p−n1,X/S)⊗Ap−1B⊻
∼→ AB⊻/AnB⊻.
On the other hand, there exists a canonical isomorphism
(1022) (D<p1,X/S/D<p−n1,X/S)⊗Ap−1B⊻
∼→ D<n1,X/S ⊗ (T ⊗(p−n)X/S ⊗Ap−1B⊻ ).
Moreover, consider the isomorphism T ⊗(p−n)X/S ⊗ Ap−1B⊻
∼→ B∨ arising from the
isomorphism (1019). Thus, by composing this isomorphism, the isomorphism
(1021), and the isomorphism (1022), we obtain an isomorphism
(1023) γ : D<n1,X/S ⊗ B∨ ∼→ AB⊻/AnB⊻
of OX-modules. In the following, we shall write
(1024) F := D<n1,X/S ⊗ B∨ and F j := D<n−j1,X/S ⊗ B∨
(j = 0, · · · , n) for simplicity.
Proposition 9.3.2.
Let η : V → FX/S∗(B⊻) be the injection classified by an S-rational point of
Quotn,0
FX/S∗(B⊻)/X(1)S /S
.
(i) The composite
(1025) η˘ : F ∗X/S(V)
F ∗
X/S
(η)→ AB⊻ ։ AB⊻/AnB⊻
of the pull-back
(1026) F ∗X/S(η) : F
∗
X/S(V)→ F ∗X/S(FX/S∗(B⊻)) (=: AB⊻)
of η and the natural surjection AB⊻ ։ AB⊻/AnB⊻ is an isomorphism ofOX-modules.
(ii) Suppose further that η corresponds to an S-rational point of the closed
subscheme Quotn,O
FX/S∗(B⊻)/X(1)S /S
(cf. (1014)). Denote by
(1027) ∇can,FV : F → ΩX/S ⊗F
the S-(log) connection on F corresponding, via the composite isomor-
phism η˘−1 ◦ γ : F ∼→ F ∗X/S(V) (cf. (1023)), to the canonical S-(log)
connection ∇canV : F ∗X/S(V) → ΩX/S ⊗ F ∗X/S(V) on F ∗X/S(V). Then,
∇can,FV forms a dormant (GLn, 1,U)-oper on X/S (cf. Definition 4.9.4).
Proof. First, let us consider assertion (i). Since both F ∗X/S(V) and AB⊻/AnB⊻
are flat over S, we may assume, by considering the various fibers over S, that
S = Spec(k) for a field k. If we write
(1028) grjF ∗
X/S
(V) := F
∗
X/S(η)
−1(AjB⊻)/F ∗X/S(η)−1(Aj+1B⊻ )
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(j = 0, · · · , p− 1), then grjF ∗
X/S
(V) admits a natural embedding
(1029) grj(F ∗X/S(η)) : gr
j
F ∗
X/S
(V) →֒ AjB⊻/Aj+1B⊻
into the subquotient AjB⊻/Aj+1B⊻ of AB⊻. Since AjB⊻/Aj+1B⊻ is a line bundle (on
the smooth curve X over k), one verifies that grjF ∗
X/S
(V) is either trivial or a
line bundle. In particular, since F ∗X/S(V) is of rank n, the cardinality of the
set I :=
{
j
∣∣ grjF ∗
X/S
(V) 6= 0
}
is exactly n. Next, observe that the pull-back
F ∗X/S(η) of η via FX/S is compatible with the respective connections ∇canV and
∇canFX/S∗(B⊻). Thus, it follows from Proposition 9.3.1 that gr
j+1
F ∗
X/S
(V) 6= 0 implies
grjF ∗
X/S
(V) 6= 0. But this implies that I = {0, 1, · · · , n− 1}, and hence that the
composite
(1030) η˘ : F ∗X/S(V)
F ∗
X/S
(η)→ AB⊻ ։ AB⊻/AnB⊻
is an isomorphism at the generic point of X . On the other hand, observe that
(1031) deg(F ∗X/S(V)) = p · deg(V) = p · 0 = 0
and
(1032) deg(AB⊻/AnB⊻) = deg(D<n1,X/S ⊗ B∨) = deg(OX) = 0,
where the first equally of (1032) follows from the isomorphism γ (cf. (1023))
and the second equality follows from the definition of B. Thus, by comparing
the respective degrees of F ∗X/S(V) and AB⊻/AnB⊻, we conclude that the compos-
ite η˘ is an isomorphism of OX -modules. This completes the proof of assertion
(i).
Next, consider assertion (ii). Let us write
(1033) F ∗X/S(V)♥ := (F ∗X/S(V),∇canF , {F ∗X/S(η)−1(AjB⊻)}nj=0).
By the above discussion, the morphism grj(F ∗X/S(η)) (j = 0, · · · , n− 1) turns
out to be an isomorphism. Moreover, since F ∗X/S(η) is compatible with the re-
spective S-connections ∇canV and ∇canFX/S∗(B⊻), grj(F ∗X/S(η)) fits into the following
commutative square
(1034)
grjF ∗
X/S
(V)
grj(F ∗
X/S
(η))−−−−−−−→ AjB⊻/Aj+1B⊻
ks
j
F∗
X/S
(V)♥
y yksjA♥B⊻
ΩX/S ⊗ grj−1F ∗
X/S
(V)
idΩX/S⊗grj−1(F ∗X/S(η))−−−−−−−−−−−−−−→ ΩX/S ⊗ (Aj−1B⊻ /AjB⊻).
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This implies (by Proposition 9.3.1) that F ∗X/S(V)♥ forms a GLn-oper on X/S,
and hence, ∇can,FV turns out, via the isomorphism η˘−1◦γ, to form a (GLn, 1,B)-
oper on X/S.
Finally, by the assumption on η, one may choose an isomorphism ν : det(V) ∼→
O
X
(1)
S
. The automorphism F ∗X/S(ν) ◦ det(η˘−1 ◦ γ) ◦ triv−1B of OX (cf. (1006) for
the definition of trivB) coincides with the automorphism mR given by multipli-
cation by an element R of Γ(X,OX)×. But, X/S is geometrically connected,
proper, and smooth, so R lies in Γ(S,OS) (hence dX/S(R) = 0). It follows that
mR is compatible with dX/S . Hence, by the definition of d
B (cf. (1007)), the
S-connection dX/S on OX corresponds to the S-connection dB on det(F) via
the composite isomorphism
(1035) (mR ◦ trivB =) F ∗X/S(ν) ◦ det(η˘−1 ◦ γ) : det(F) ∼→ OX .
On the other hand, the pull-back F ∗X/S(ν) : F
∗
X/S(det(V)) ∼→ OX of ν is com-
patible with the respective S-connections ∇candet(V) (= det(∇canV )) and dX/S. This
implies that det(∇can,FV ) coincides with dB.
Consequently, (since it is easily verified that pψ(F ,∇
can,F
V ) = 0) ∇can,FV is a
dormant (GLn, 1,U)-oper, and this completes the proof of assertion (ii). 
Because of the above proposition, the moduli space Op♦
Zzz...
GLn,1,U,X/S
turns out
to be isomorphic to the Quot-scheme Quotn,O
FX/S∗(B⊻)/X(1)S /S
, as proved in the
following.
Proposition 9.3.3.
Let X/S and U be as above. Then there exists an isomorphism of S-schemes
(1036) Quotn,O
FX/S∗(B⊻)/X(1)S /S
∼→ Op♦Zzz...GLn,1,U,X/S .
Proof. The assignment
(1037) [η : V → FX/S∗(B⊻)] 7→ ∇can,FV ,
discussed in Proposition 9.3.2 (ii), determines a map
(1038) αS : Quot
n,O
FX/S∗(B⊻)/X(1)S /S
(S)→ Op♦Zzz...GLn,1,U,X/S(S)
between the respective sets of S-rational points. By the functoriality of the
construction of αS with respect to S, it suffices to prove the bijectivity of αS.
The injectivity of αS follows from the observation that any injection η :
V → FX/S∗(B⊻) classified by Quotn,O
FX/S∗(B⊻)/X(1)S /S
(S) may be identified, via the
functor FX/S∗(−), with the composite of the inclusion Ker(∇can,FV ) →֒ F and
the natural surjection F ։ F/F1 (= B⊻).
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Next, we consider the surjectivity of αS. Let ∇F be a dormant (GLn, 1,U)-
oper on X/S. Consider the composite
(1039)
(
F ∗X/S(Ker(∇F)) =:
) AKer(∇F ) ∼→ F ։ B⊻
of the isomorphism ν
(F ,∇F )
♯ : AKer(∇E ) ∼→ F (cf. § 8.1) with the natural surjec-
tion F ։ F/F1 (= B⊻). This composite determines a morphism
(1040) η∇F : AKer(∇F ) → F ∗X/S(FX/S∗(B⊻)) (=: AB⊻)
via the adjunction relation “F ∗X/S(−) ⊣ FX/S∗(−)” and pull-back by FX/S.
Here, we claim that η∇F is injective. Indeed, the composite
(1041) η∇F ◦ (ν(F ,∇F )♯ )−1 : F → AB⊻
is (tautologically, by construction!) compatible with the respective natural
surjections F ։ B⊻, AB⊻ ։ B⊻ to B⊻. Since∇F is assumed to be a (GLn, 1,U)-
oper, the following equality between OX -submodules of F holds:
(1042) F j+1 = Ker(F j ∇F |Fj→ ΩX/S ⊗ F ։ ΩX/S ⊗ (F/F j)).
Hence, the compatibility of the S-connections ∇F and ∇canFX/S∗(B⊻) via η∇F ◦
(ν
(F ,∇F )
♯ )
−1 implies that η∇F ◦(ν(F ,∇F )♯ )−1 is also compatible with the respective
filtrations on F and AB⊻. The resulting morphisms grj(η∇F ◦ (ν(F ,∇F )♯ )−1)
(j = 0, · · · , p−1) between the respective subquotients fit into the commutative
square
(1043)
F j/F j+1 gr
j(η∇F ◦(ν
(F,∇F )
♯ )
−1)−−−−−−−−−−−−−→ AjB⊻/Aj+1B⊻
ks
j
(F,∇F ,{Fj}nj=0)
y≀ ≀yksjA♥B⊻
ΩX/S ⊗ (F j−1/F j)
id⊗grj−1(η∇F ◦(ν
(F,∇F )
♯ )
−1)−−−−−−−−−−−−−−−−→ ΩX/S ⊗ (Aj−1B⊻ /AjB⊻).
Since gr0(η∇F◦(ν(F ,∇F)♯ )−1) = idB⊻ as we proved above, it follows from induction
on j that the morphisms grj(η∇F ◦ (ν(F ,∇F )♯ )−1) are injective, and hence, η∇F ◦
(ν
(F ,∇F )
♯ )
−1 (as well as η∇F ) is injective. This completes the proof of the claim.
Moreover, by applying a similar argument to the pull-back of η∇F via any
base-change over S, one concludes that η∇F is universally injective with respect
to base-change over S. This implies that Coker(η∇F ) is flat over S (cf. [Ma],
p. 17, Theorem 1).
Now, denote by
(1044) (η∇F )
∇ : FX/S∗(Ker(∇F))→ FX/S∗(B⊻)
the morphism obtained by restricting η∇F to the respective subsheaves of hori-
zontal sections in F and AB⊻. The pull-back of (η∇F )∇ via FX/S may be identi-
fied with η∇F , and F
∗
X/S(Coker((η∇F )
∇)) is naturally isomorphic to Coker(η∇F ).
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Thus, it follows from the faithful flatness of FX/S that (η∇F )
∇ is injective,
and Coker((η∇F )
∇) is flat over S. On the other hand, since the determinant
of (F ,∇F) is trivial, det(FX/S∗(Ker(∇F))) is isomorphic to the trivial OX(1)S -
module O
X
(1)
S
(by the equivalence of categories (870)). Consequently, (η∇F )
∇
determines an S-rational point of Quotn,O
FX/S∗(B⊻)/X(1)S /S
that is mapped by αS to
the S-rational point of Op♦
Zzz...
GLn,1,U,X/S
corresponding to ∇F . This implies that
αS is surjective, and hence, completes the proof of Proposition 9.3.3. 
9.4. Trivial determinant versus degree 0.
Next, we shall relate Quotn,O
FX/S∗(B⊻)/X(1)S /S
to Quotn,0
FX/S∗(B⊻)/X(1)S /S
. By pulling
back line bundles on X
(1)
S via the relative Frobenius FX/S : X → X(1)S , we
obtain a morphism
Pic0
X
(1)
S /S
→ Pic0X/S(1045)
[N ] 7→ [F ∗X/S(N )]
of S-schemes. We shall denote by
(1046) Pic0
X
(1)
S /S
[n]
the S-scheme defined to be the scheme-theoretic inverse image, via this mor-
phism, of the identity section of Pic0X/S. It is well-known (cf. [DG], EXPOSE
VII, § 4.3; [Mi], § 8, Proposition 8.1 and Theorem 8.2; [Me], APPENDIX,
Lemma (1.0)) that Pic0
X
(1)
S /S
[n] is finite and faithfully flat over S of degree
pg and, moreover, e´tale over the points s of S such that the fiber of X/S at s
is ordinary. (Recall that the locus of Mg,r classifying ordinary smooth curves
is open and dense.) Then, the following proposition holds:
Proposition 9.4.1.
There exists an isomorphism of S-schemes
(1047) Quotn,O
FX/S∗(B⊻)/X(1)S /S
×S Pic0X(1)S /S[n]
∼→ Quotn,0
FX/S∗(B⊻)/X(1)S /S
.
Proof. It suffices to prove that there is a bijection between the respective sets
of S-rational points that is functorial with respect to S.
Let (η : V → FX/S∗(L∨),N ) be a pair of data corresponding to an S-rational
point of the S-scheme exhibited on the left-hand side of (1047). It follows from
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the projection formula that the composite
ηN : V ⊗N η⊗idN→ FX/S∗(B⊻)⊗N(1048)
∼→ FX/S∗(B⊻ ⊗ F ∗X/S(N ))
∼→ FX/S∗(B⊻ ⊗OX)
∼→ FX/S∗(B⊻)
determines an element of Quotn,0
FX/S∗(B⊻)/X(1)S /S
(S). Thus, we obtain a map
(1049)
γS : (Quot
n,O
FX/S∗(B⊻)/X(1)S /S
×S Pic0X(1)S /S[n])(S)→ Quot
n,0
FX/S∗(B⊻)/X(1)S /S
(S),
which is verified to be functorial with respect to S.
Conversely, let η : V → FX/S∗(B⊻) be an injection classified by an element
of Quotn,0
FX/S∗(B⊻)/X(1)S /S
(S). Fix a pair of positive integers (a, b) satisfying that
1 + n · a = p · b. Let us consider the injection
(1050) ηdet(V)⊗a : V ⊗ det(V)⊗a → FX/S∗(B⊻),
i.e., the morphism defined in the same fashion as the construction of ηN (cf.
(1048)), where “N ” is taken to be det(V)⊗a. Here, observe that
det(V ⊗ det(V)⊗a) ∼→ det(V)⊗ det(V)⊗n·a(1051)
∼→ det(V)⊗p·b
∼→ (idX × FS)∗(F ∗X/S(det(V))⊗b).
Also, observe that
F ∗X/S(det(V)) ∼→ det(F ∗X/S(V)) γ
−1◦η˘→ det(D<n1,X/S ⊗ B∨) ∼→ OX ,(1052)
where the second arrow is an isomorphism by Proposition 8.3.2 (i), and the
third isomorphism is (1006). (In particular, F ∗X/S(det(V)⊗(−a)) ∼= OX .) Hence,
the determinant of V ⊗ det(V)⊗a is trivial. Consequently, the pair of data
(1053) (ηdet(V)⊗a , det(V)⊗(−a))
defines an S-rational point of Quotn,O
FX/S∗(B⊻)/X(1)S /S
×S Pic0
X
(1)
S /S
[n]. One verifies
easily that this assignment η 7→ (ηdet(V)⊗a, det(V)⊗(−a)) determines an inverse
to γS. This completes the proof of Proposition 9.4.1. 
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9.5. Comparing the degrees of the Quot-scheme and the moduli of
dormant sln-opers.
Recall that Op
Zzz...
sln,ℏ,g,0 is nonempty (cf. Theorem 3.12.3 (i)) and the natural
projection Op
Zzz...
sln,ℏ,g,0 →Mg,0 is finite and generically e´tale (cf. Theorem 8.8.2).
In the following, we shall verify the claim that
there exists a dense open substack W of Mg,0 over which the
projection Op
Zzz...
sln,ℏ,g,0/Mg,0 is finite and e´tale.
(One may prove, of course, the same claim in more general situations.)
Let {Il}Ll=1 be the set of irreducible components of OpZzz...sln,ℏ,g,0 that dominates
Mg,0. For each l = 1, · · · , L, there exists an open substack Iol of OpZzz...sln,ℏ,g,0
that lies in Il \
⋃
l′ 6=l Il′ , contains the generic point of Il, and is e´tale over
Mg,0. In particular, the open substacks I
o
1, · · · , IoL are mutually disjoint. De-
note by W′ the open substack of Mg,0 defined to be the complement of the
image of Op
Zzz...
sln,ℏ,g,0\
⋃L
l=1 I
o
l . Evidently, the open substack W
′ is nonempty and
moreover dense. If π : Op
Zzz...
sln,ℏ,g,0 → Mg,0 denotes the natural projection, then
π−1(W′) decomposes into a disjoint union
∐L
l=1 I
o
l ∩ π−1(W′). Each restriction
π|Iol∩π−1(W′) : Iol ∩ π−1(W′) → W′ of π is a dominant and generically finite
morphism of finite type between integral stacks. One verifies (cf. [Ha], Chap II,
Exercise 3.7) that there exists a dense open substack W′l ofW
′ (hence, of Mg,0)
such that π|Iol∩π−1(W′l) : Iol ∩ π−1(W′l) → W′l is finite (and e´tale). Finally, con-
sider the intersection W :=
⋂L
l=1W
′
l, which is a dense open substack of Mg,0.
Then, by the above discussion, the restriction π−1(W) (=
∐L
l=1 I
o
l ∩ π−1(W))
is finite and e´tale over W, and hence, this W satisfies the required conditions.
This completes the proof of the claim.
Now, suppose that the curve X/S under consideration is ordinary (cf. the
discussion preceding Proposition 9.4.1) and the classifying morphism S →
Mg,0 of X/S factors through the open immersion W → Mg,0. By Corollary
4.14.3 and Proposition 9.3.3 (and Theorem 3.12.3 (i)), Quotn,O
FX/S∗(B⊻)/X(1)S /S
is
isomorphic to Op
Zzz...
sln,1,X/S
(which is nonempty). Hence, by Proposition 9.4.1,
both Quotn,0
FX/S∗(B⊻)/X(1)S /S
and Quotn,O
FX/S∗(B⊻)/X(1)S /S
are nonempty and finite and
e´tale over S. In particular, it makes sense to speak of the degree
(1054) deg(Quotn,0
FX/S∗(B⊻)/X(1)S /S
/S), deg(Quotn,O
FX/S∗(B⊻)/X(1)S /S
/S)
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over S of Quotn,0
FX/S∗(B⊻)/X(1)S /S
and Quotn,O
FX/S∗(B⊻)/X(1)S /S
respectively. Moreover,
by Proposition 3.9.1 and the discussion preceding Proposition 9.4.1, the fol-
lowing sequence of equalities (for ℏ ∈ k×) holds:
deg(Op
Zzz...
sln,ℏ,g,0/Mg,r) = deg(Op
Zzz...
sln,1,g,0/Mg,r)(1055)
= deg(Op
Zzz...
sln,1,X/S
/S)
= deg(Quotn,O
FX/S∗(B⊻)/X(1)S /S
/S)
=
1
pg
· deg(Quotn,0
FX/S∗(B⊻)/X(1)S /S
/S).
Therefore, to determine the value of deg(Op
Zzz...
sln,ℏ,g,0/Mg,r), it suffices to calculate
the value deg(Quotn,0
FX/S∗(B⊻)/X(1)S /S
/S).
9.6. The Vefa-Intriligator formula.
In the following, we review a numerical formula concerning the degree of a
certain Quot-scheme over the field of complex numbers C and relate it to the
degree of the Quot-scheme in positive characteristic.
Let C be a connected proper smooth curve over C of genus g > 1. If n is a
positive integer, and E is a vector bundle on C of rank m (≥ n) and degree d,
then we define invariants
emax(E , n) := max
{
deg(F) ∈ Z ∣∣ F is a subbundle of E of rank n },(1056)
sn(E) := d · n−m · emax(E , n).
(Here, we recall that one verifies immediately, for instance, by considering an
embedding of E into a direct sum of n line bundles, that emax(E , n) is well-
defined.)
We review some facts concerning these invariants (cf. [Hi]; [LN]; [Hol]). De-
note by Um,dC the moduli space of stable bundles on C of rank m and degree d
(cf. [LN], § 1). It is known that Um,dC is irreducible (cf. the discussion at the
beginning of [LN], § 2). Thus, it makes sense to speak of a “sufficiently general”
stable bundle in Um,dC , i.e., a stable bundle that corresponds to a point of the
scheme Um,dC that lies outside some fixed closed subscheme. If E is a sufficiently
general stable bundle in Um,dC , then we have sn(E) = n(m−n)(g−1)+ǫ (cf. [LN],
§ 1), where ǫ is the unique integer such that 0 ≤ ǫ < m and sn(E) = n · d mod
m. Also, the number ǫ coincides (cf. [Hol], § 1) with the dimension of every
irreducible component of the Quot-scheme Quot
n,emax(E,n)
E/C/C . If, moreover, the
equality sn(E) = n(m − n)(g − 1) holds (i.e., dim(Quotn,emax(E,n)E/C/C ) = 0), then
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Quot
n,emax(E,n)
E/C/C is e´tale over Spec(C) (cf. [Hol], § 1). Finally, under this particu-
lar assumption, a formula for the degree of this Quot-scheme was given by Y.
Holla as follows.
Theorem 9.6.1.
Let C be a connected, proper, and smooth curve over C of genus g > 1, E a
sufficiently general stable bundle in Um,dC . Write (a, b) for the unique pair of
integers such that d = a · m − b with 0 ≤ b < m. Also, we suppose that the
equality
(1057) sn(E) = n(m− n)(g − 1),
or equivalently, the equality
(1058) emax(E , n) = (d · n− n(m− n)(g − 1))/m
holds (cf. the above discussion). Then, the degree deg(Quot
n,emax(E,n)
E/C/C /C) of
Quot
n,emax(E,n)
E/C/C over Spec(C) is given by the following formula:
deg(Quot
n,emax(E,n)
E/C/C /C)(1059)
=
(−1)(n−1)(b·n−(g−1)n2)/m ·mn(g−1)
n!
·
∑
ζ1,··· ,ζn
(
∏n
i=1 ζi)
b−g+1∏
i 6=j(ζi − ζj)g−1
,
where ζmi = 1 for 1 ≤ i ≤ n and the sum is over tuples (ζ1, · · · , ζn) with ζi 6= ζj.
Proof. The assertion follows from [Hol], § 4, Theorem 4.2, where “k” (respec-
tively, “r”) corresponds to our n (respectively, m). 
By applying this formula, we conclude the same kind of formula for certain
vector bundles in positive characteristic, as follows.
Theorem 9.6.2.
Let n be a positive integer with 2n < p, k an algebraically closed field of charac-
teristic p, X a connected, proper, and smooth curve over k of genus g > 1, and
B⊻ a line bundle on X satisfying that B⊻⊗n ∼→ T ⊗
n(n−1)
2
X/k (cf. (1010)). Suppose
that X/k is sufficiently general in Mg,0. (Here, we recall that Mg,0 is irre-
ducible (cf. [DM], § 5); thus, it makes sense to speak of a “sufficiently general”
X/k, i.e., an X/k that determines a point of Mg,0 that lies outside some fixed
closed substack.) Then, Quotn,0
FX/k∗(B⊻)/X(1)k /k
is (nonempty and) finite and e´tale
over Spec(k).
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If, moreover, p > n · (g − 1), then the degree deg(Quotn,0
FX/k∗(B⊻)/X(1)k /k
/k) of
Quotn,0
FX/k∗(B⊻)/X(1)k /k
over Spec(k) is given by the following formula:
deg(Quotn,0
FX/k∗(B⊻)/X(1)k /k
/k) =
pn(g−1)
n!
·
∑
(ζ1,··· ,ζn)∈C×n
ζ
p
i
=1, ζi 6=ζj(i6=j)
(
∏n
i=1 ζi)
(n−1)(g−1)∏
i 6=j(ζi − ζj)g−1
.
(1060)
Proof. Suppose that the curve X is ordinary and classified by a k-rational point
in the dense open substack W (obtained in the discussion at the beginning of
§ 9.5) of Mg,0. By the definitions of W and ordinariness of curves (cf, the
discussion preceding (1055)), Quotn,0
FX/k∗(B⊻)/X(1)k /k
is (nonempty and) finite and
e´tale over Spec(k).
In the following, we determine the value deg(Quotn,0
FX/k∗(B⊻)/X(1)k /k
/k). Denote
by W the ring of Witt vectors with coefficients in k and K the fraction field of
W . Since dim(X
(1)
k ) = 1, which implies that H
2(X
(1)
k , TX(1)k /k) = 0, it follows
from well-known generalities concerning deformation theory that X
(1)
k may be
lifted to a smooth proper curve X
(1)
W over W of genus g. In a similar vein, the
fact that H2(X
(1)
k , EndO
X
(1)
k
(FX/k∗(B⊻))) = 0 implies that FX/k∗(B⊻) may be
lifted to a vector bundle EW on X(1)W .
Now let [η] be the k-rational point of Quotn,0
FX/k∗(B⊻)/X(1)k /k
classifying an injec-
tive morphism η : F → FX/k∗(B⊻). The tangent space T[η]Quotn,0
FX/k∗(B⊻)/X(1)k /k
toQuotn,0
FX/k∗(B⊻)/X(1)k /k
at [η] may be naturally identified with the k-vector space
HomO
X
(1)
k
(F ,Coker(η)) (cf. § 9.1), and the obstruction to lifting η to any first
order thickening of Spec(k) is given by an element of Ext1O
X
(1)
k
(F ,Coker(η)).
On the other hand, since Quotn,0
FX/k∗(B⊻)/X(1)k /k
is e´tale over Spec(k), we have
HomO
X
(1)
k
(F ,Coker(η)) = 0, and hence, Ext1O
X
(1)
k
(F ,Coker(η)) = 0 by Lemma
9.6.3 below. This implies that η may be lifted to a W -rational point of
Quotn,0EW /X(1)W /W
, and hence Quotn,0EW /X(1)W /W
is finite and e´tale over W .
Now a routine argument shows thatK may be supposed to be a subfield of C.
Denote by X
(1)
C the base-change of X
(1)
W via the morphism Spec(C)→ Spec(W )
induced by the composite embedding W →֒ K →֒ C, and by EC the pull-back
of EW via the natural morphism X(1)C → X(1)W . Thus, the following equalities
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hold:
deg(Quotn,0
FX/k∗(B⊻)/X(1)k /k
/k) = deg(Quotn,0EW /X(1)W /W
/W ) = deg(Quotn,0EC/X(1)C /C
/C).
(1061)
To prove the required formula, we calculate the degree deg(Quotn,0EC/X(1)C /C
/C)
by applying Theorem 9.6.1.
By [Su], § 2, Theorem 2.2, FX/k∗(B⊻) is stable. Since the degree of EC coin-
cides with the degree of FX/k∗(B⊻), EC is a vector bundle of degree deg(EC) =
(p − n)(g − 1) (cf. the proof of Lemma 9.6.3). On the other hand, one veri-
fies easily from the definition of stability and the properness of Quot schemes
(cf. [FGA], § 5.5, Theorem 5.14) that EC is a stable vector bundle. Next, let
us observe that Quotn,0EC/X(1)C /C
is zero-dimensional (cf. the discussion above),
which, by the discussion preceding Theorem 9.6.1, implies that sn(EC) =
n(p − n)(g − 1). Thus, by choosing the deformation EW of FX/k∗(B⊻) ap-
propriately, we may assume, without loss of generality, that EC is sufficiently
general in U
p,(p−n)(g−1)
X
(1)
C
for Theorem 9.6.1 to hold. Now we compute (cf. the
discussion preceding Theorem 9.6.1):
emax(EC, n) = 1
p
· (degC(EC) · n− sn(EC))(1062)
=
1
p
· ((p− n)(g − 1) · n− n · (p− n)(g − 1))
= 0.
If, moreover, (a, b) denotes the unique pair of integers such that degC(EC) =
p · a− b with 0 ≤ b < p, then it follows from the hypothesis p > n · (g− 1) that
a = g − 1 and b = n · (g − 1). Thus, by Theorem 9.6.1 in the case where the
data
“(C,V, m, d, n, a, b, emax(V, n))”(1063)
is taken to be
(X
(1)
C , EC, p, (g − 1)(p− n), n, g − 1, n · (g − 1), 0),
the following equalities hold:
deg(Quotn,0EC/X(1)C /C
/C)(1064)
=
(−1)(n−1)(n(g−1)·n−(g−1)n2)/p · pn(g−1)
n!
·
∑
ζ1,··· ,ζn
(
∏n
i=1 ζi)
n·(g−1)−g+1∏
i 6=j(ζi − ζj)g−1
=
pn(g−1)
n!
·
∑
ζ1,··· ,ζn
(
∏n
i=1 ζi)
(n−1)(g−1)∏
i 6=j(ζi − ζj)g−1
This completes the proof of the required equality. 
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The following lemma was used in the proof of Theorem 9.6.2.
Lemma 9.6.3.
Let k, X/k, and B⊻ be as in Theorem 9.6.2, and η : F → FX/k∗(B⊻) an
injection classified by a k-rational point of Quotn,0
FX/k∗(B⊻)/X(1)k /k
. Then Coker(η)
is a vector bundle on X
(1)
k , and then the following equality holds:
(1065) dimk(HomO
X
(1)
k
(F ,Coker(η))) = dimk(Ext1O
X
(1)
k
(F ,Coker(η))).
Proof. First, we shall prove the claim that Coker(η) is a vector bundle. Since
FX/k : X → X(1)k is faithfully flat, it suffices to verify that the pull-back
F ∗X/k(Coker(η)) is a vector bundle on X . Recall (cf. Proposition 9.3.2) that
the composite
(1066) F ∗X/k(F)
F ∗
X/k
(η)
→֒ AB⊻
(
= F ∗X/k(FX/k∗(B⊻))
)
։ AB⊻/AnB⊻
of the pull-back F ∗X/k(η) of η with the natural surjection AB⊻ ։ AB⊻/AnB⊻
is an isomorphism. This implies that the natural composite AnB⊻ →֒ AB⊻ ։
F ∗X/k(Coker(η)) is an isomorphism, and hence that F
∗
X/k(Coker(η)) is a vector
bundle. This completes the proof of the claim.
Next we consider the asserted equality. Since the morphism FX/k : X → X(1)k
is a finite morphism and hence affine, therefore it follows that we have an
equality of Euler characteristics χ(FX/k∗(B⊻)) = χ(B⊻). Thus, by the Riemann-
Roch theorem, the following equalities hold:
deg(FX/k∗(B⊻)) = χ(FX/k∗(B⊻))− rk(FX/k∗(B⊻)) · (1− g)(1067)
= χ(B⊻)− p(1− g)
= (p− n)(g − 1).
Also, since rk(HomO
X
(1)
k
(F ,Coker(η))) = n(p − n), the following equalities
hold:
deg(HomO
X
(1)
k
(F ,Coker(η))) = n · deg(Coker(η))− (p− n) · deg(F)(1068)
= n · deg(FX/k∗(B⊻))− 0
= n(p− n)(g − 1).
Finally, by applying the Riemann-Roch theorem again, we obtain equalities
dimk(HomO
X
(1)
k
(F ,Coker(η)))− dimk(Ext1O
X
(1)
k
(F ,Coker(η)))(1069)
= deg(HomO
X
(1)
k
(F ,Coker(η))) + rk(HomO
X
(1)
k
(F ,Coker(η))) · (1− g)
= n(p− n)(g − 1) + n(p− n)(1− g)
= 0.
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
9.7. Joshi’s conjecture.
Finally, we shall conclude the paper with the following Theorem 9.7.1 (and
Remark 9.7.2), which yields an affirmative answer to Joshi’s conjecture (for
sufficiently general curves).
Theorem 9.7.1 (Joshi’s conjecture).
Suppose that p > n · max{g − 1, 2} and ℏ ∈ k×. Then, the generic degree
deg(Op
Zzz...
sln,ℏ,g,0/Mg,0) of Op
Zzz...
sln,ℏ,g,0 over Mg,0 is given by the following formula:
(1070) deg(Op
Zzz...
sln,ℏ,g,0/Mg,0) =
p(n−1)(g−1)−1
n!
·
∑
(ζ1,··· ,ζn)∈C×n
ζ
p
i
=1, ζi 6=ζj(i6=j)
(
∏n
i=1 ζi)
(n−1)(g−1)∏
i 6=j(ζi − ζj)g−1
.
Proof. Let us fix a connected proper smooth curve X/k and line bundle B⊻ on
X for which Theorem 9.6.2 holds. Then it follows from Theorem 9.6.2 and the
discussion in § 9.5 that
deg(Op
Zzz...
sln,ℏ,g,0/Mg,0)(1071)
=
1
pg
· deg(Quotn,0
FX/k∗(B⊻)/X(1)k /k
/k)
=
p(n−1)(g−1)−1
n!
·
∑
(ζ1,··· ,ζn)∈C×n
ζ
p
i
=1, ζi 6=ζj(i6=j)
(
∏n
i=1 ζi)
(n−1)(g−1)∏
i 6=j(ζi − ζj)g−1
.

Remark 9.7.2.
In [Wa1], we performed explicit computations of the values deg(Op
Zzz...
sl2,ℏ,g,0/Mg,0)
for small genus g (cf. [Wa1], § 6.2 (2)). Recall from [LO], § 2, Theorem 2.1 that
these values may be expressed as a polynomial with respect to the characteristic
p of degree 3g−3 (cf. the equality (2) in Introduction). Even in the case where
n = 3, one may compute explicitly the value d3,g := deg(Op
Zzz...
sl3,ℏ,g,0/Mg,0) by
expressing it as a polynomial with respect to p. Indeed, Theorem 9.7.1 implies
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the following sequence of equalities:
d3,g =
p2g−3 · (−1)g−1
6
·
∑
(ζ1,ζ2,ζ3)∈C×n
ζ
p
i
=1, ζi 6=ζj (i6=j)
(ζ1ζ2ζ3)
2(g−1)
((ζ1 − ζ2)(ζ2 − ζ3)(ζ3 − ζ1))2(g−1)
(1072)
=
p2g−3 · (−1)g−1
6
·
∑
0≤η1,η2,η3<p−1
ηi 6=ηj(i6=j)
1
((1− e 2π
√−1(η2−η1)
p )(1− e 2π
√−1(η3−η2)
p )(1− e 2π
√−1(η1−η3)
p ))2(g−1)
=
p2g−3 · (−1)g−1 · (2p)
6
·
∑
0<θ1,θ2,p−θ1−θ2
1
((1− e 2π
√−1θ1
p )(1− e 2π
√−1θ2
p )(1− e−2π
√−1(θ1+θ2)
p ))2(g−1)
=
p2g−2 · (−1)g−1
3
·
∑
0<θ1,θ2,p−θ1−θ2
1
((2 sin
(
πθ1
p
)
eπ
√−1( θ1
p
− 1
2
))(2 sin
(
πθ2
p
)
eπ
√−1( θ2
p
− 1
2
))(2 sin
(π(θ1+θ2)
p
) · eπ√−1(−θ1−θ2p − 12 )))2(g−1)
=
p2g−2
3
·
∑
0<θ1,θ2,p−θ1−θ2
1
(8 sin
(
πθ1
p
)
sin
(
πθ2
p
)
sin
(π(θ1+θ2)
p
)
)2(g−1)
.
According to [Sz], the discussion in § 3, the following equality holds:
∑
0<θ1,θ2,p−θ1−θ2
1
(8 sin
(
πθ1
p
)
sin
(
πθ2
p
)
sin
(π(θ1+θ2)
p
)
)2(g−1)
(1073)
= Resy=0Resx=0
(
k2cot(kx)cot(ky)dxdy
(8 sin(x) sin(y) sin(x+ y))2(g−1)
)
,
where Resx=0(−) and Resy=0(−) denote the ordinary 1-dimensional residues
at x = 0 and y = 0 respectively, taken assuming all the other variables to be
constants. Thus, the right-hand side of (1073) may be computed by considering
the relation 1
sin2(t)
= 1 + cot2(t) and the coefficients of the Laurent expansion
cot(t) =
1
t
+
∞∑
j=1
(−1)j22jB2j
(2j)!
t2j−1,(1074)
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where B2j denotes the (2j)-th Bernoulli number, i.e.,
w
ew − 1 = 1−
w
2
+
∞∑
j=1
B2j
(2j)!
w2j.(1075)
Consequently, by (1072), (1073) and an explicit computation, the value d3,g
may be expressed as a polynomial with respect to p. For instance, we obtain
the following explicit expressions of the polynomials for small g:
d3,2 =
p8
181440
+
p6
4320
− 11p
4
8640
+
47p2
45360
(1076)
d3,3 =
19p16
1120863744000
+
p14
1437004800
+
p12
62208000
+
139p10
391910400
+
7583p8
2612736000
− 269p
6
11404800
+
1422991p4
70053984000
d3,4 =
1031p24
15327282651512832000
+
p22
250092722880000
+
31p20
251073478656000
+
105359p18
39544072888320000
+
2689p16
57940033536000
+
19303p14
24141680640000
+
141011551p12
15817629155328000
+
115715659p10
1883051089920000
− 518113p
8
889218570240
+
1224856468291p6
2394887914298880000
d3,5 =
32293p32
118449240330891165696000000
+
911p30
42303300118175416320000
+
1763p28
2021180129869824000000
+
1400983p26
57937128422718504960000
+
2002933p24
3872155617224294400000
+
677p22
73952551895040000
+
339010759p20
2391625528285593600000
+
3036911p18
1423586623979520000
+
2254841161p16
85102321257676800000
+
4688714632351p14
19312376140906168320000
+
4013074350869p12
2554547108585472000000
− 539250373p
10
33307587016704000
+
59746303954645337p8
4164231105382892544000000
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d3,6 =
27739097p40
25048031592726595660148637696000000
+
669077p38
6121219841819793660837888000000
+
17351p36
3153337759397169856512000000
+
63632321p34
337722474031436891632435200000
+
278001151p32
56287079005239481938739200000
+
84750829p30
801187718759878754304000000
+
85048301147p28
44050757482361333691187200000
+
3990465223p26
128803384451348928921600000
+
1380198109p24
3066747248841641164800000
+
8628232370623p22
1376586171323791677849600000
+
7568113936878661p20
95011437707053856980992000000
+
22634647835562647p18
26803370954875943780352000000
+
55113411366175237p16
7817649861838816935936000000
+
11845004996053p14
268094988403251609600000
− 35245261p
12
73457621539061760
+
11954875855784102515639p10
27955392402596646942130176000000
Guten Abend, gut’ Nacht,
Mit Rosen bedacht,
Mit Na¨glein besteckt,
Schlupf’ unter die Deck’;
Morgen fru¨h, wenn Gott will,
Wirst du wieder geweckt.
Guten Abend, gut’ Nacht,
Von Englein bewacht,
Die zeigen im Traum
250 YASUHIRO WAKABAYASHI
Dir Christkindleins Baum;
Schlaf ’ nun selig und su¨ß,
Schau’ im Traum’s Paradies.
Johannes Brahms, Wiegenlied, “Op.”49-4, (1868).
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Index of Notation
alogE anchor map in Atiyah algebra of E ,
§ 1.2
AL := F ∗U/S(FU/S∗(L)), § 8.1
A1 affine line over k, (§ 3.8,) § 3.9
ad(a) adjoint operator determined by
a, § 1.1
AdG adjoint representation of G, § 1.1
Adh inner automorphism induced by h,
§ 1.1
b Lie algebra of B, § 2.1
b⊙ Lie algebra of B⊙, § 2.4
B upper triangular Borel subgroup of
PGLn, § 4.3
B line bundle on U , § 4.5
B⊻ := T ⊗(n−1)X/S ⊗ B∨, (§ 5.2) § 9.2
✶Bj
U log/Slog
:= HomOU (B, (Ω⊗nU log/Slog ⊗
B)⊗D<j
ℏ,U log/Slog
), § 4.5
✶BjU log/Slog := HomOU (T ⊗nU log/Slog ⊗
B∨,D<j
ℏ,U log/Slog
⊗ B∨), § 4.5
B Borel subgroup of G, § 1.4
B⊙ upper triangular Borel subgroup of
G⊙, § 2.4
c GIT quotient t//W of t by W-action,
§ 2.8
◦c := c \ Im([0]k), § 3.6
C(F ,∇F ) Cartier operator associated
with (F ,∇F ), § 6.7
Cg,r tautological curve over Mg,r, § 1.5
CasN :=
∑
λ∈I λ · λ∗, § 7.8
ClutD clutching morphism associated
with D, § 7.5
dE linear morphism d twisted by E ,
§ 1.2
dY log/T log universal logarithmic
derivation on Y log over T log, § 4.1
d♠
✷,ℏ,(ρ,)X/S
the duality isomorphism of
Op✷,ℏ,(ρ,)X/S , § 5.7 (§ 5.8)
d♠
Zzz...
✷,ℏ,ρ,g,r the duality isomorphism of
Op
Zzz...
✷,ℏ,ρ,g,r, § 5.9
d♠
p-nilp
✷,ℏ,ρ,g,r the duality isomorphism of
Op
p-nilp
✷,ℏ,ρ,g,r, § 5.9
DX/S e´tale effective relative divisor
determined by the marked points of
X/S, § 1.5
D clutching data for pointed stable
curve of type (g, r), § 7.1
D<✷
ℏ,U log/Slog
sheaf of ℏ-twisted
logarithmic crystalline differential
operators (i.e., ℏ-tlcdo’s) of order
< ✷ (✷ = 0, 1, · · · ,∞) on U log over
Slog, § 4.4
det(∇F ) T -ℏ-log connection on det(F)
induced by ∇F , § 4.1
′e✷[∇] (✷ = ♯ or ♭) morphism arising
from Hodge to de Rham spectral
sequence of K•[∇], § 6.1
′′e✷[∇] (✷ = ♯ or ♭) morphism arising
from conjugate spectral sequence of
K•[∇], § 6.1
E♠ (g, ℏ)-oper, § 2.2
E♠♦ (g, ℏ)-oper of canonical type, § 2.4
E♠⊻ dual (g, ℏ)-oper of E♠, § 5.7
E†
✷,ℏ,U/S
underlying ✷-torsor (✷ = B or
G) of (g, ℏ)-oper of canonical type,
§ 2.4, § 2.5
E†n,ℏ,U/S GLn-torsor associated with
D<n
ℏ,U log/Slog
⊗ B∨, § 4.12
E†n,ℏ,U/S PGLn-torsor induced by
E†n,ℏ,U/S , § 4.12
E†B,ℏ,U/S B-reduction of E
†
n,ℏ,U/S
, § 4.12
Et/U small e´tale site on U , § 2.3
expN exponential map from n to N, § 1.4
FY absolute Frobenius morphism of Y ,
§ 3.1
FY/T relative Frobenius morphism of Y
over T , § 3.1
F♥ (GLn, ℏ)-oper, § 4.2
F♥GO (GO2l+1, ℏ)-oper, § 5.1
F♥GSp (GSp2m, ℏ)-oper, § 5.1
F♥⊻ dual (GLn, ℏ)-oper, § 5.5
F♥⊻GO dual (GO2l+1, ℏ)-oper, § 5.5
F♥⊻GSp dual (GSp2m, ℏ)-oper, § 5.5
F♥⊗L (GLn, ℏ)-oper F♥ twisted by
(L,∇L), § 4.2
F [n] complex F shifted down by n,
§ 6.4
F
Zzz...
g,p dormant operatic fusion ring of g
at level p, § 7.10
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FN fusion ring associated with
pseudo-fusion rule N , § 7.6
FNred reduced ring associated with
fusion ring FN , § 7.7
g Lie algebra of G, § 1.1
g⊙ Lie algebra of G⊙, § 2.4
(g, r) pair of nonnegative integers
satisfying that 2g − 2 + r > 0, § 1.5
G connected smooth (or semisimple)
algebraic group (of adjoint type)
over k, § 1.1 (§ 1.4)
Gm multiplicative group over k, § 2.1
Gւ pinning of G, § 2.1
G⊙ projective linear group PGL2 of
rank 2, § 2.4
hE vector bundle associated with
E ×G h, § 1.2
ℏ parameter, § 1.2
ℏ-Diff ♣n,✷,U log/Slog sheaf of ℏ-tlcdo’s on
B of order n with prescribed symbol
depending on ✷ (✷ = B or U), § 4.5,
§ 4.9
ℏ-Diff♣
n,U,Xlog/Slog
moduli stack
classifying ℏ-tlcdo’s on B of order n
with prescribed symbol depending
on U, § 4.10
I nonempty finite set with involution,
§ 7.6
ℑc,(ρ,)X/S closed immersion⊕⊗∇
c,(ρ,)X
(1)
/S
→⊕⊗c,X/S , § 3.7
k (perfect) field, § 1.1 (§ 6.1)
Ker(N) kernel of fusion rule N , § 7.7
K•[∇] complex associated with ∇, § 6.1
Kosg isomorphism given by Kostant
section, § 2.8
Kos>
g,0,(ρ,)X/S
isomorphism
Opg,0,(ρ,)X/S
∼→⊕⊗∇c,(ρ,)X/S
determined by ☛triv, § 3.10
ksj
F♥
j-th Kodaira-Spencer map of F♥,
§ 4.2
lh left-translation by h, § 1.1
logN logarithmic map from N to n, § 1.4
Mg,r moduli stack classifying r-pointed
stable curves of type (g, r), § 1.5
mult(x) multiplication by x, § 7.7
n Lie algebra of N, § 1.4
n⊙ Lie algebra of N⊙, § 2.4
N pseudo-fusion rule on I, § 7.4
N unipotent radical of B, § 1.4
N⊙ unipotent radical of B⊙, § 2.4
N
Zzz...
g,p,g map of sets assigning
ρ 7→ NZzz...p,g,ρ,g,r, § 7.10
N
Zzz...
p,g,ρ,g,r the generic degree of
Op
Zzz...
g,ℏ,ℏ⋆ρ,g,r over Mg,r, § 7.5
op×ℏ′ morphism from Opg,ℏ,ρ,X/S given
by multiplication by ℏ′, § 2.10
Opg,ℏ,U/S stack in groupoids over Et/U
classifying (g, ℏ)-opers on U/S , § 2.3
Op♠sln,ℏ,U/S e´tale sheaf of isomorphism
classes of (g, ℏ)-opers on U/S , § 4.1
Op♥GLn,ℏ,U/S e´tale sheaf of equivalence
classes of (GLn, ℏ)-opers on U/S,
§ 4.2
Op♦GLn,ℏ,✷,U/S e´tale sheaf of
isomorphism classes of
(GLn, ℏ,✷)-opers (✷ = B or U) on
U/S , § 4.6, § 4.9
Opg,ℏ,(ρ,)X/S moduli stack classifying
(g, ℏ)-opers on X/S (of radii ρ), § 2.9
Opg,ℏ,(ρ,)g,r moduli stack classifying
pointed stable curves over k of type
(g, r) equipped with a (g, ℏ)-oper on
(of radii ρ), § 3.12
Op
Zzz...
g,ℏ,(ρ,)X/S
moduli stack classifying
dormant (g, ℏ)-opers on X/S (of radii
ρ), § 3.6
Op
Zzz...
g,ℏ,(ρ,)g,r moduli stack classifying
pointed stable curves over k of type
(g, r) equipped with a dormant
(g, ℏ)-oper (of radii ρ), § 3.12
Op
p-nilp
g,ℏ,(ρ,)X/S
moduli stack classifying
p-nilpotent (g, ℏ)-opers on X/S (of
radii ρ), § 3.8
Op
p-nilp
g,ℏ,(ρ,)g,r moduli stack classifying
pointed stable curves over k of type
(g, r) equipped with a p-nilpotent
(g, ℏ)-oper (of radii ρ), § 3.12
Op♦GLn,ℏ,U,X/S moduli stack classifying
(GLn, ℏ,U)-opers on X/S, § 4.11
Op♥GLn,ℏ,X/S moduli stack classifying
equivalence classes of (GLn, ℏ)-opers
on X/S , § 4.11
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Op♥GO2l+1,ℏ,X/S moduli stack classifying
equivalence classes of
(GO2l+1, ℏ)-opers on X/S , § 5.3
Op♥GSp2m,ℏ,X/S
moduli stack classifying
equivalence classes of
(GSp2m, ℏ)-opers on X/S , § 5.3
p1 sum of fixed generators of g1, § 2.1
p−1 sum of fixed generators of g−1, § 2.1
P/k pointed stable curve of type (0, 3),
§ 7.5
PicdX/S relative Picard scheme of X/S
classifying degree d line bundles,
§ 4.9, § 9.2
Quotn,d
E/Y/T Quot-scheme classifying
OY -submodules of E of rank n and
degree d, § 9.1
Quotn,O
E/Y/T Quot-scheme classifying
OY -submodules of E of rank n with
trivial determinant, § 9.2
rh right-translation by h, § 1.1
RT OS-algebra corresponding to T ,
(§ 3.8,) § 3.11
SOY (V) symmetric algebra on V over
OY , § 1.2, § 4.12
Sk(a) symmetric algebra on a over k,
§ 2.8
SN set of ring homomorphisms
FN → C, § 7.8
Sch/S category of S-schemes, § 2.3
Set category of sets, § 2.3
✷Symbj natural surjection
✷Bj
U log/Slog
։ Ω
⊗(n−j)
U log/Slog
(✷ =✶ or
✶), § 4.5
TY log/T log sheaf of logarithmic
derivations of Y log over T log, § 1.2
T˜E log/T log subsheaf of G-invariant
sections of π∗(TE log/T log), § 1.2
T maximal torus of G, § 2.1
TrK(h|V ) trace of h on K-vector space
V , § 7.7
trivσi,U trivialization of σ
U∗
i (TU log/Slog),
§ 1.6
triv✷,ℏ,(U,∂) trivialization of E†✷,ℏ,U/S
(✷ = B or G) w.r.t. log chart (U, ∂),
§ 2.4, § 2.5
T Y (total space of) tangent bundle of
Y , § 1.2
TqY tangent space of Y at q, § 1.2
U sm smooth locus of U \ Supp(DU/S),
§ 1.6
U (n, ℏ)-determinant data, § 4.9
U/S restriction of X/S to e´tale scheme
U over X , § 1.6
V∨ dual vector bundle of V , § 1.2
Vg,ℏ,U/S := ΩU log/Slog ⊗ gad(p1)E†
B⊙,ℏ,U/S
, § 2.6
cVg,ℏ,U/S := Vg,ℏ,U/S(−DU/S), § 2.6
V∨∧ := HomO
X
(1)
S
(V , ω
X
(1)
S /S
), § 6.9
V(V) relative affine space associated
with V , § 1.2
W Weyl group of (G,T), § 2.1
X/S pointed stable curve of type (g, r),
§ 1.5
Y
(1)
T Frobenius twist of Y over T , § 3.1
β
j
isomorphism
✶Bj
U log/Slog
∼→ ✶BjU log/Slog , § 4.5
ΘG Maurer-Cartan form on G, § 1.1
ιg injection determined by sl2-triple in
g, § 2.5
ιG injection into G corresponding to ιg,
§ 2.5
κg,ℏ,X/S morphism
Opg,ℏ,X/S →
⊕⊗
g,ℏ,X/S
given by
p-curvature, § 3.6
κ
H-M(∇)
g,ℏ,(ρ,)X/S
Hitchin-Mochizuki
morphism from Opg,ℏ,(ρ,)X/S , § 3.8
λFℏ := Fc/k ◦ λ, § 3.8
Λ♥→♠n,ℏ,U/S isomorphism of sheaves
Op♥GLn,ℏ,U/S → Op♠sln,ℏ,U/S , § 4.3
ΓΛ♥→♠GLn,ℏ,X/S isomorphism of stacks
Op♥GLn,ℏ,X/S
∼→ Op♠sln,ℏ,X/S , § 4.11
ΓΛ♥→♠GO2l+1,ℏ,X/S isomorphism of stacks
Op♥GO2l+1,ℏ,X/S
∼→ Opso2l+1,ℏ,X/S ,
§ 5.3
ΓΛ♥→♠GSp2m,ℏ,X/S isomorphism of stacks
Op♥GSp2m,ℏ,X/S
∼→ Opsp2m,ℏ,X/S , § 5.3
Λ♣→♦n,ℏ,✷,U/S isomorphism of sheaves
ℏ-Diff ♣n,✷,U log/Slog → Op♦GLn,ℏ,✷,U/S
(✷ = B or U), § 4.8, § 4.9
ΓΛ♣→♦n,ℏ,U,X/S isomorphism of stacks
ℏ-Diff♣
n,U,Xlog/Slog
∼→ Op♦GLn,ℏ,U,X/S ,
§ 4.11
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Λ♦→♥n,ℏ,U,U/S isomorphism of sheaves
Op♦GLn,ℏ,U → Op♥GLn,ℏ,U/S , § 4.11
ΓΛ♦→♥GLn,ℏ,U,X/S isomorphism of stacks
Op♦GLn,ℏ,U,X/S
∼→ Op♥GLn,ℏ,X/S , § 4.11
ΓΛ♦→♥GO2l+1,ℏ,U,X/S isomorphism of stacks
Op♦GO2l+1,ℏ,U,X/S
∼→ Op♥GO2l+1,ℏ,X/S ,
§ 5.3
ΓΛ♦→♥GSp2m,ℏ,U,X/S isomorphism of stacks
Op♦GSp2m,ℏ,U,X/S
∼→ Op♥GSp2m,ℏ,X/S ,§ 5.3
ΓΛ♦→♠
Zzz...
GLn,ℏ,U,X/S
isomorphism of stacks
Op♦
Zzz...
GLn,ℏ,U,X/S
∼→ OpZzz...sln,ℏ,X/S , § 4.13
µ
(E,∇E)
i monodromy of (E ,∇E ) at σUi ,
§ 1.6
ν
(F ,∇F )
♯ morphism AKer(∇F ) → F
arising from the adjunction relation
“F ∗U/S(−) ⊣ FU/S∗(−)”, § 8.1
ρˇ sum of fundamental coweights, § 2.1
ρD set of radii for D over S, § 7.3
ρ
(G,∇G)
i radius of (G,∇G) at σi, § 2.9
ψ(E,∇E) curvature of (E ,∇E), § 1.2
pψ(E,∇E) p-curvature of (E ,∇E), § 3.2
Ψc,ℏ,Y endomorphism of c×k Y given
by λ 7→ λFℏ , § 3.8
χ Chevalley map, i.e., adjoint quotient
from g to c, § 2.8
[χ] adjoint quotient from [g/G] to c,
§ 2.8
ωX/S dualizing sheaf of X over S, § 1.5
ΩY log/T log sheaf of logarithmic
differentials of Y log over T log, § 1.2
ℵ(g) := (g − 1) · dim(g) + r2 · (dim(g)
+rk(g)), § 2.6
cℵ(g) := (g − 1) · dim(g) + r2 · (dim(g)−rk(g)), § 2.6
[0]S zero element in c(S), § 2.9
[~0]S r-tuple of [0]S , § 2.9√
(0) nilradical of FN , § 7.7
∂x dual base of dlog(x), § 1.2
∂[p] p-th symbolic power of ∂, § 3.2
∇E,η log connection ∇E transformed by
η, § 1.3
∇τE difference between ∇E and trivial
connection w.r.t. trivialization τ ,
§ 1.3
∇canF (or ∇canF ,ℏ) canonical T -1-log
connection (or T -ℏ-log connection)
on F ∗Y/T (F), § 3.3
∇∨F T -ℏ-log connection on F∨ induced
by ∇F , § 4.1
∇F ⊗∇G T -ℏ-log connection on F ⊗ G
induced by ∇F and ∇G , § 4.1
∇⊗nF T -ℏ-log connection on F⊗n
induced by ∇F , § 4.1
∇♦ (GLn, ℏ,B)-oper (or
(GLn, ℏ,U)-oper), § 4.6 (or § 4.9)
∇♦GO (GO2l+1, ℏ,U)-oper, § 5.2
∇♦GSp (GSp2m, ℏ,U)-oper, § 5.2
∇♦⊻ dual (GLn, ℏ,U)-oper, § 5.7
∇♦⊻GO dual (GO2l+1, ℏ,U)-oper, § 5.7
∇♦⊻GSp dual (GSp2m, ℏ,U)-oper, § 5.7
∇♦⊗L (GLn, ℏ,B ⊗ L)-oper ∇♦ twisted
by L, § 4.7
∇adE S-ℏ-log connection on gE†
B,ℏ,X/S
induced by ∇E , § 6.2
∇ad(j)E restriction of ∇adE to gjE†
B,ℏ,X/S
,
§ 6.2
∇ad(j/j+1)E morphism from
gj
E
†
B,ℏ,X/S
/gj+1
E
†
B,ℏ,X/S
induced by ∇ad(j)E ,
§ 6.2
(c)∇ad⊛EB extension of ∇
ad(0)
E to
T˜
E
†log
B,ℏ,X/S
/Slog , § 6.3 (§ 6.5)
∇l·[σi] k-log connection on OX(l · [σi])
inducing dXlog/klog , § 9.3
⋆ Gm-action on c, § 2.8
⋆˜ extension A1 ×k c→ c of ⋆, § 2.8⊕⊗
g,ℏ,X/S
:= V(f∗(Ω
⊗p
Xlog/Slog
⊗ g
E
†
G,ℏ,X/S
)), § 3.6⊕⊗∇
c,(ρ,)X/S
relative affine space over S
associated with Ω×
Xlog/Slog
×Gm c,
§ 3.7⊕⊗
c,X/S
relative affine space over S
associated with (Ω⊗p
Xlog/Slog
)× ×Gm c,
§ 3.7
⊕⊗χ,ℏ,X/S morphism⊕⊗
g,ℏ,X/S
→⊕⊗c,X/S given by χ, § 3.7
☛ zero section of
⊕⊗
g,ℏ,X/S
, § 3.6
☛triv section of Opg,0,X/S determined
by trivial (g, 0)-oper, § 3.10
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♦B→B⊗L∨ isomorphism from
Op♦GLn,ℏ,B,U/S given by twisting by
L∨, § 4.7
Γ♦U→U⊗L∨ isomorphism from
Op♦GLn,ℏ,U,X/S given by twisting by
L∨, § 4.11
Γ♦
Zzz...
U→U⊗L∨ isomorphism from
Op♦
Zzz...
GLn,ℏ,U,X/S
given by twisting by
L∨, § 4.13
♣B→B⊗L∨ isomorphism from
ℏ-Diff ♣n,B,U log/Slog given by twisting
by L∨, § 4.7
Γ♣U→U⊗L∨ isomorphism from
ℏ-Diff♣
n,U,Xlog/Slog
given by twisting
by L∨, § 4.11
(−)⊻ involution on g (or c), § 5.8
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